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The present work is, in the main, a reprint of the article 
" Mechanics," which I wrote for the last edition of the 
a Encydopcedia Britannica, It was published in 1883, and 

yf I introduced it at once as one of the text-books in my 

d advanced class. I there found it so useful that I have 

* employed it ever since. The publishers have suggested 

^ that I should at last make a separate volume of it, 

instead of applying to them annually for a number of 
" pulls " from the stereotype plates. This course enables 
me to make use of the mass of corrections, modifications 
of portions which have been found to present difficulties, 
etc., which have been suggested to me from time to time 
by a long series of vitally interested and highly intelli- 
gent (albeit wholly unprofessional) critics. 

The article was written at the request of Dr. Robert- 
son Smith, who was at the time the acting editor of the 
Encyclopcedia ; and its arrangement and scope were, in 
great part, suggested by him, the main object being to 
give, in necessarily moderate compass, a tolerably com- 
plete elementary view of the subject, in so far as that 
was not already supplied by other articles in that great 
work. Some years earlier Dr. Smith had been my 
official assistant, and was thoroughly acquainted with the 
wants of students. 
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■ii difc Tvpttttt I have of course had to complete the 
^.,v.« ">" ■>--■=««: "P '*■* 8"1» al''««'y alluded to. For 
J. iimw I *«™ reprinted my article on Waves. 
tW i^ t^-MWMS of Ihis book which deal with such 
„,■^^^* j^ Altnwlion, Hydrostatics, Hydrokinetica, etc., 
"" \w^ aiWiiions to the origical article. I have 
"lljA.-MrvU w assimilate them, as far as I could, to the 
^ ^ A* ««t. drawing my materials mainly from 
'^ fiom time to time on my interleaved leoture- 
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M»ei»l plan, — acted up to as far as possible, 
|,r no mwoB uniformly, — has been to lay fully the 

^ of each branch of this extensive subject, and 
Mioueh of the mathematical development to show 
J modes of attack, keeping by preference to 
J whose main difficulty is physical rather than 
mathematical. 

J using the article for teaching purposes, I have 
e special advantage of having the formulse ready 
he students, In type ; so that I could profitably 
their time and mine upon the reasons for each 
e step, instead of making my lecture a mere 
if dexterity in " writing out " with chalk on the 
ird. After more than forty years' practice at 
rk one comes, however reluctantly, to the con- 
bat it is, in the true as well as in the usual sense 
ord, vanity. The real source of the mischief, so 
le student is concerned, is his spending in mere 
ctual copying or transcribing the time which 

be spent in sedulous attention to the explana- 
ich the teacher gives, or at least ought to give, 
.nipulating the chalk. 
bviouB objection may be made to many parts of 
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this book — undue brevity. It was inevitable, when 

much had to be compressed into moderate space ; yet, at 

the worst, is not brevity, if it but convey its message, 

transcendently preferable to prolixity ? Still, in teaching, I 

have found it advantageous to supplement the work at each 

stage by additional examples of the processes given in the 

text ; as well as by references to special books in which 

particular questions are examined with greater detail. 

Thus Tait and Steele's Dynamics of a Particle will supply 

much of what is wanted, both in the way of numerous 

additional examples and in that of minute detail in some 

important problems. 

I am particularly indebted to Messrs. A. D. Russell and 

A. C. Smith, at present workers in my Laboratory, for the 

care which they have bestowed on the correction of the 

proof-sheets. 

P. G. TAIT. 

38 George Square, Edinburgh, 
6th June 1895. 



p. 132. The values of p and q are intercliuiged. 
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CHAPTER I 

INTRODUCTORY 

Abstract Dynamics is the pure science which (as the 
derivation implies) treats of the action of Force upon 
Matter, but which is, correctly, the Science of Matter and 
Motion, or of Matter and Energy, 

With the view of making clear from the outset the 
reason for the arrangement adopted in this work, we 
commence by stating in Newton's own words (accompanied 
by a paraphrase) the Axiomata, sive Leges Motus, which 
form the entire basis of our subject. These laws will at 
once indicate the order in which the subject may most 
logically be treated. We defer to the end of the work 
the more close consideration of the idea introduced by the 
word "force," as well as general remarks on "energy," 
etc. For the present we are content to regard force as 
defined for us by Newton's Laws, which continue to form 
the simplest introduction to our subject, though there are 
many indications that this will not long be the case. But 
we may make the general remark that, as a rule, any 
apparent necessity for the introduction of the idea of force 
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arises from our taking an incomplete view of the conditions 
of a problem. 



NewtovCs Laws of Motion 

§ 1. Lex I. Corpus omne perseverare in statu suo qui- 

escendi vel movendi unif ormiter in directum, 

to! kw! ^isi quatenus illud a viribus impressis cogitur 

statum suum mutare. 
Every body continues in its state of rest, or of uniform 
motion in a straight line, except in so far as it is compelled by 
force to change that state. 

Lex IL Mutationem motus proportionalem esse vi 
motrici impressse, et fieri secundum lineam 

Second law. . *..,,. . . 

rectam qua vis ilia impnmitur. 

Change of {quantity of) motion is proportional to force, 
and takes place in the straight line in which the force acts. 

Lex III. Actioni contrariam semper et «qualeni esse 
reactionem : sive corporum duorum actiones 
ir aw. .^ g^ mutuo semper esse sequales et in partes 
contrarias dirigi. 

To every action there is always an equal and contrary 
reaction; or the mutual actions of any two bodies are always 
equal and oppositely directed, 

§ 2. In 1863 Thomson and Tait (upon whose Treatise 
. on Natural Philosophy much of what follows 

o lum. .g based) called attention to the fact that, as 
regards Lex III., Newton gives in a scholium a second 
sense in which the words may be interpreted. In the 
first sense the action and reaction are mere forces, in the 
second they are the rates at which forces do worh Hence, 
and for another reason which will appear later, the word 
" activity " has been introduced as the English equivalent 
of the word actio in Newton's second sense. Here is the 
passage : — 

Si aestimetur agentis actio ex ejus vi et velocitate con- 
junctim ; et similiter resistentis reactio aestimetur con- 
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junctim ex ejus partium singiilarum velocitatibus et viribus 
resistendi ab earum attritiono, cohsesione, pondere, et 
acceleratione oriundis ; enint actio et reactio, in omni 
instrumentorum usu, sibi invicem semper sequales. 

If the activity of an agent he measured by its amount and 
its velocity conjointly; and if similarly^ the counter-activity 
of the resistance be measured by the velocities of its several parts 
and their several amounts conjointly, whether these arise from 
friction, molecular forces, weight, or a^xeleration ; — activity and 
courUer-activity, in all combinations of machines, wUl be equal 
and opposite. 

This may be looked upon as a Fourth Law. But, in 
strict logic, the First Law is superfluous, because its con- 
sequences are all implied (by negation) in the statement 
of the Second Law. (See § 8 below.) Hence there are, 
virtually, only three laws, so far as Newton's system is 
concerned. 

§ 3. These laws are to be considered as deductions from 
observation and experiment, and in no sense 
as having an a priori foundation. Their Ne^on'^s^laws. 
proof, so far as rigorous proof is attain- 
able in physical matters, is commonly looked on as 
being furnished in the most conclusive form by obser- 
vational astronomy. The Nautical Almanac, published 
usually about four years in advance, contains the predicted 
places of the sim, moon, and principal planets from day to 
day, in some cases from hour to hour, throughout the year. 
The predictions are entirely based upon the laws of 
motion (along with the law of gravitation), and could not 
possibly be accurate unless these laws are true. So 
thoroughly satisfactory has hitherto been the coincidence 
between prediction and observation that, when a deviation 
occurs, no one dreams of a defect in the principles of the 
reasoning. On the contrary, such deviations are utilised 
for the purpose of correcting our knowledge of the 
"elements" of the orbits of the moon and planets, or 
our estimates of the masses of these bodies ; and, as in the 
brilliant investigations of Adams and Leverrier, they have 
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enabled us to discover the existence and even assign the 
position of a planet never before recognised. 

§ 4. It is not clear in what order, or by whom, these 

laws were first discovered. Galileo was 
predecessors undoubtedly acquainted with the first 

two; and Huygens, Wren, Hooke, and 
others were acquainted with the Third Law in some 
of its many applications. But they were first sys- 
tematised and, as we have seen, extended in a most 
important manner by Newton. Though they were sadly 
disfigured in Britain during the fifty years which elapsed 
after the revival of mathematics in the early part of 
this century, they have of late been restored to the* 
form in which Newton gave them. This readoption of 
Newton's simple but comprehensive system has of itself 
aided in no small degree the recent rapid advance of 
science. 

One peculiarity of Newton's language must be noticed 

here, though very briefly, as we will return 

mOTphisms ^ *^® subject towards the end of the 
book. A force is said to "compel" a 
change of state in a body ; bodies are said mutually to 
"act" on one another, etc. Such language is, of course, 
in its literal acceptation, of an anthropomorphic character ; 
but, if one thinks of the habitual use even in scientific 
books oi such expressions as " the sun rises," " the wind 
blows," etc., it cannot be construed into an assertion that 
force has real objective existence. 



Comments on the Laws of Motion 

§ 5. Law I. First of all this law tells us what happens 

to a piece of matter which is left to itself, 

^^^i^*ir*^^ i.e. not acted on by forces. It preserves 

its " state," whether of rest or of uniform 

motion in a straight lina This property (which, as we 
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shall presently show, § 7, is considerably extended by New- 
ton himself) is commonly called the "inertia" 
of matter, in virtue of which it is incapable of 
varying in any way its state of rest or motion. It may be 
the sport of forces for any length of time, but so soon as 
they cease to act it remains in the " state " in which it 
is left until they recommence their action on it. Hence, 
whenever we find the " state " of a piece of matter chang- 
ing, we conclude that it is under the action of a force or 
forces. Thus, for the present, we have the definition of 
" force " as part of this First Law : — 

Force is whatever changes the state of rest or uniform motion 
of a body. 

When a body, originally at rest, begins to move, we 
conclude that force is acting on it. And when the motion 
of a body is seen to change either in speed or in direction we 
conclude that this is due to force. [The words we have 
italicised will be seen to have very important bearings on 
certain old errors which even now crop up, and which have 
introduced one of the most inappropriate and apparently 
ineradicable of terms ("ceatrifugal force") into the usual 
vocabulary of our subject.] 

§ 6. But there is much more than this, even in the 
First Law. What is " rest " ? The answer 
must be that the term is relative. Absolute relative*" 
rest and absolute motion are terms to which 
we find it impossible to assign a meaning. Maxwell 
has well said (in his Matter and Motion) : — 

*' All our knowledge, both of time and place, is essentially relative. 
When a man has acquired the habit of putting words together, 
without troubling himself to form the thoughts which ought to 
correspond to them, it is easy for him to frame an antithesis between 
this relative knowledge and a so-called absolute knowledge, and to 
point out our ignorance of the absolute position of a point as an 
instance of the limitation of our faculties. Any one, however, 
who will try to imagine the state of a mind conscious of knowing 
the absolute position of a point will ever after be content with our 
relative knowledge." 

As will be seen later, the First Law gives us also a 
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physical definition of " time," and physical modes of meas- 
uring it. 

§ 7. Newton's own comment on this law is as 
follows : — 

Projectilia perseverant in motibus suis, nisi quatenus 

Newton's * resistenti^ aeris retardantur, et vi gravi- 
comments on tatis impelluntur deorsum. Trochus, cujus 
the first law. partes cohserendo perpetuo retrahunt sese 
a motibus rectilineis, non cessat rotari, nisi quatenus ab 
aere retardatur. Majora autem planetarum et cometarum 
corpora motus suos et progressivos et circulares, in spatiis 
minus resistentibus factos, conservant diutius. 

It is particularly worthy of notice that we have here 
the undisturbed rotation of a body about an axis intro- 
duced as another of those " states " in which it will con- 
tinue, in virtue of the First Law, until force acts to compel 
it to change that state. Also it is to be noticed that 
Newton adduces a hoop, whose axis is fixed in direction 
both in the body and in space, as an example of this new 
form of state maintained in virtue of inertia. Later, it 
will be seen that the same thing is true of a body free in 
space and rotating about the principal axis of greatest or 
of least moment of inertia through its centre of mass. [It 
is also, in a partial sense, true of a free body of which two 
principal axes through the centre of mass have equal 
moments of inertia. In that case, as we will show later, 
even when couples act upon the body, provided they be in 
planes passing through the third axis, the rate of rotation 
about that axis remains unaltered, tlwugh its direction in 
space changes. This is approximately the case of the earth. 
The attractions of the sun and moon on the protuberant 
parts about the equator produce " precession " and " nuta- 
tion," but do not influence the length of the day.] 

§ 8. Law II. "What Newton designates by the word 
motus is, as he has clearly pointed out, 

°sec^d^aw.° ^^® ^™® ^^ ^^ expressed by quantitas 

motuSy that for which we now usually 

employ the term "momentum." Its numerical value 
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depends not only on the rate of motion, but also on 
the amount of matter, or " mass," of the moving body, and 
is directly proportional to either of these when the other 
is unaltered. But it is regarded by Newton as having 
direction as well as magnitude. It is, in fact, what in the 
language of quaternions is called a " vector." The change 
of such a quantity may be either in numerical magnitude, 
or in direction, alone, or simultaneously in both. We 
now see what this Second Law enables us to do. For 

(a) Given the mass of a body, the force acting on it, 
and the time during which it acts, we can calculate the 
change of motion. This is the direct problem of dynamics 
of a particle. 

(b) Given the mass, and the change of velocity in a 
given time, we can calculate the magnitude and direction 
of the force acting. This is the inverse problem. 

(c) We can compare, and so measure, forces by the 
changes of motion they produce in one and the same 
body. 

(d) We can compare the masses of different bodies by 
finding what changes of velocity one and the same force 
produces in them. 

(e) We can find the one force which is equivalent, in its 
action, to any given set of forces. For, however many 
changes of motion may be produced by the separate forces, 
they must obviously be capable of being compounded into 
a single change, and we can calculate what force would 
produce that. [It is to be observed here that Newton's 
sUence is as expressive as his speech. When he says 
" change of motion " we understand that it does not matter 
what the original motion was; and, when he mentions 
only one force, he implies that the effect of any one force 
is the same whether others are also at work or not. In 
fact, with Newton there can be no balancing of forces, 
though there may be balancing of the effects of forces, a 
very different thing.] 

§ 9. Hitherto, we have spoken of the motion of a body, 
— thus implying (except, of course, in the case of Newton's 
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hoop or that of the earth) that all its parts are moving 

in exactly the same way. From this point 

ttdrd*Uiw°^ * ^^ ^^^^ every body, however large, may be 
treated as if it were a single particle. But 
when the parts of a body have different velocities, as 
when a rigid body is rotating, or as when a non-rigid 
body is suffering a change of form, the question becomes 
much more complex. We cannot at this stage enter into 
a full explanation, but will take a couple of very simple 
cases to show the nature of the new difficulties, and thence 
the necessity for an additional law. 

Suppose a bullet to be thrown in any direction, and (for 
simplicity) disregard the resistance of the air. If we know 
with what force the earth attracts it, the calculation of the 
path it will pursue depends on the Second Law, which 
gives all the necessary preliminary information. But let 
two bullets be tied together by a string : we know by trial 
that each moves, in general, in a manner very different 
from that in which it would move if free. The path of 
each is now, usually, a tortuous curve, while its free path 
would be plane. It is no longer subject to gravity alone, 
but also to what is called the " tension " of the string. If 
we knew the amount of this tension on either of the bullets 
and its direction, we could calculate, by the help of the 
Second Law alone, all the circumstances of the motion of 
that bullet. But how are we to find this tension ? Is it 
even the same for each, bullet ? This, if answered in the 
affirmative, would simplify matters considerably, but we 
should still require to know the amount and direction of 
the tension. It is clear that, without a further axiom, we 
cannot advance to a solution of the question. 

§ 10. Law III. Furnished with this, in addition to our 

previous information, we can attack the 

oUhird law ^ question with more hope. We see by this 

law that, whatever force be exerted by the 

string on one of the bullets, an equal and opposite force, 

which must therefore be in the direction of the string, is 

exerted on the other. Still, the magnitude of these equal 
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forces remains to be found. But the string in no way 
interferes with the motion of either bullet _. ., ^ . ^ 

7 '1 • J- r.± • 1 x-L j'j. 1 Rigid constraint. 

1*^/^55 it IS hghty t,e, unless the distance be- 
tween the bullets is equal to the length of the string. 
Hence, whenever the unknown force comes into play, at 
the same time there comes in a geometrical relation of 
relative position between the two bullets. This suj>plies the 
additional egv/xtion necessary for the determination of the new 
unknovm quantity, 

§ 11. As a further illustration, suppose the string to be 
made of india-rubber. The Third Law 
tells us that the tensions it exerts on the ^*^8^®t!°^ 
bullets are still equal and opposite. But 
we no longer have the geometrical condition we had before. 
We have, however, what is quite sufficient, a knowledge of 
how the tension of the stnng depends on its length. Thus the 
tension can be calculated from the relative position of the 
bullets. 

§12. Scholium to Law III. On this we will, for the 
present, remark only that it furnishes us 
with the means of studying directly the ^l^^^^^ 
transference of energy from one body or 
system to another. Experiment, however, was required to 
complete the application of this part of Newton's systematic 
treatment of the subject. What was wanted, and how it 
has been obtained, will be treated of later. The first words 
of the scholium, however, claim for Newton the discovery 
of the Law we have extracted from it. For they run thus : 
Hactenus principia tradidi a mathematicis recepta, et 
experienti^ multiplici confirmata. 

§ 13. What has now been said enables us to see the 
order in which the fundamental ideas should 
be taken up, so that the necessities of each the^ub^ect. 
may be provided for before its turn comes. 
An indispensable preliminary is the study of motion in the 
abstract, i.e, without any reference to what is moving. This 
is demanded in order that we may be able to apply the 
Second Law. The science of pure motion, without reference 
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to matter or force, is an extension of geometry by the 
introduction of the idea of time and the consequent idea 
of velocity. Ampere suggested for it the term Cinerruitigue, 
or, as we shall write it, KinemoUics, . We include under it 
all changes of form and grouping which can occur in 
geometrical figures or in groups of points. 

We shall then be prepared to deal with the action of 
force on a single particle of matter, or on a body which 
may be treated as if it were a mere particle. Thus we 
have the Dynamics of a Particle. This, again, splits into 
two heads. Statics and Kinetics of a Particle. But all this 
requires the Second Law only. When we have two or 
more connected particles, or two particles attracting one 
another or impinging on one another, the Third Law is 
required. Next in order of simplicity come the Statics 
and Kinetics of a Kigid Solid. Then we have to deal with 
bodies whose form, etc., are altered by forces — ^flexible 
bodies, elastic solids, fluids, etc. Finally, we must briefly 
consider the general principles, such as "conservation of 
energy," " least action," etc., which are deducible by proper 
mathematical methods from Newton's Laws, and of which 
some at least, if we could more clearly realise their 
intrinsic nature, would probably be found to express even 
more simply than do Newton's Laws the true fundamental 
principles of abstract dynamics. 

We will not restrict ourselves to one uniform course 
in the application of mathematical methods. Eather, as 
considerations of space require to be attended to, we will 
vary our methods from one part of the subject to another, 
so as to exhibit, each at least once, all the more usual 
processes. And we will endeavour to make the large type 
portions of the book, in which only the most elementary 
mathematics will be introduced, a self-contained treatise 
which may be read by students of very moderate mathe- 
matical knowledge. 



CHAPTER II 

KINEMATICS 

Position and the Means of Assigning it 

§ 14. Motion (or displacement) consists simply in "change 
of position." Hence, to describe motion, ^ . . 

J. -t .-t £ * ' Position. 

we must nave the means of assigning 
position. This is, of course, a question of geometry. 

From universal experience it appears that the position 
of one free point with reference to another (all these space 
relations are relative, as we have already said) depends on 
three numbers, of which one at least must involve the unit 
of length. In Cartesian rectangular co-ordinates, we denote 
these by x, y, z, which indicate respectively the distance of 
the point from each of three planes at right angles to each 
other, and all passing through the origin (or reference 
point). From another point of view they 
may be called " degrees of freedom." When frSdom* 
the value of one is assigned, say by 

the point is said to have lost one degree of freedom, or to 
have had imposed upon it one " degree of , , . ^ 

. ' , ji r^ \ T • 1 of constraint, 

constraint. It must now lie m a plane 

parallel to the first of the reference planes, and at a distance 

a from it. When a second degree of constraint is applied, 

say by 
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another degree of freedom is lost. The point's position is 
limited to lie in a second plane in a given position at right 
angles to the first. It must therefore lie somewhere on the 
straight line which consists of the series of points common 
to the two planes. A third degree of constraint 

z=c 

takes away its one remaining degree of freedom ; and its 
position is now definitely assigned as the single point of 
intersection of three given planes. 

§ 15. But constraint may be applied in other ways. 
Thus if we assign the condition 

we deprive the point of one degree of freedom by compel- 
ling it to remain at a distance a from the origin. It is 
now limited to the surface of a sphere, but its latitude and 
longitude on that sphere may be any whatever. Here 
again the imposition of one degree of constraint has taken 
away one degree of freedom. 

§ 16. In general, one degree of constraint may be ex- 
pressed as 

This, when ^ has an assigned value, is the equation of a 

definite surface on which the point must 
^conTt^ifnt^ lie. Three such conditions determine the 
position of the point, and may therefore 
be looked upon as introducing ^, rj, f, another set of 
co-ordinates, which may be used in place of x, y, z. The 
number of such systems is, of course, unlimited ; but it is 
often possible to choose one in which the conditions of a 
problem are much more simply expressed than they were 
when expressed in a:, y, z. The whole question belongs to 
what is called " change of variables." To give an element- 
ary instance of its use, — suppose we take the ordinary 
simple pendulum, a pellet supported by a fine thread or 
wire, and oscillating in a vertical plane. If the origin be 
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placed at the point of suspension, and the axis of z be 
vertical, we have two conditions : — 

where a is the length of the thread ; and 

y/a:=tan a, 

where a denotes the azimuth of the plane of oscillation. 
There is but one degree of freedom left, because two 
degrees of constraint have been imposed. We may choose 
for this either «, y, or z ; but we should in each case be led 
to complex expressions. If, however, we consider that all 
the freedom left to the pendulum is to oscillate in a given 
plane, we may denote its sole remaining degree of freedom 
by d, the angle which the string makes with the vertical ; 
and form our dynamical equation in terms of this. When 
6 is found by dynamical considerations, we have 

x=a sin 6 cos a, y=a sin ^ sin a , z=a cos 0, 

Here comes in as what is called a "generalised 
coK)rdinate." 

If the pendulum be not limited to one plane, the azimuth, 
as well as the angle, of the displacement 
from the vertical may be any whatever. ^'orSel''^" 
Hence there are two degrees of freedom, 
which are indicated by the generalised co-ordinates a and $, 

§ 17. In general, in any system originally with any 
number m of degrees of freedom, and subjected to a number 
n of degrees of constraint, the whole motion can be fully 
characterised by m-n independent quantities, called 
generalised co-ordinates, and corresponding to the degrees 
of freedom which remain. The elegance and simplicity of 
a solution often depend in a marked manner upon the choice 
of these ; and the transformation of the general equations 
of motion from Cartesian to generalised co-ordinates forms 
one of the most powerful and elegant of the contributions 
to abstract dynamics which Lagrange made in the Mdcanique 
Ajwlytique, 
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§ 18. A rigid system has only six degrees of freedom: — 
threa translations for any one of its points, 

rSd system* *^^ three independent rotations about axes 
passing through that point. 

When one point is fixed, it loses the three translations, 
and has only three degrees of freedom. When a second 
point is fixed, it loses other two ; in fact it can no longer 
move except by turning round the line joining the fixed 
points. When a third point, not in line with the other 
two, is fixed, there is no degree of freedom left ; the system 
is fixed. 

§ 19. It may be well to notice here that, in all cases which we shall 

Tinoov t.^iQf^/>T,a require to consider, whatever be the relations among 

among small different sets of variables which we employ 

displacements, jjtematively to determine the relative positions of 

the parts of any system, the equations which give the 

relations between corresponding small increments of these variables 

are always linear so far as these increments are concerned. Thus, for 

instance, if we have as above a condition of the form 

f(Xy y, 2) = ^, 

we deduce from it at once 



{%y^-(S)'^<%>=^^- 



Here the differential coefficients are partial. 

In such cases, any homogeneous function of the second order in 
dXj Sy, 5Zf etc., will be represented by a homogeneous function, also 
of the second order, in 5^, drj^ etc. , however many be the co-ordinates 
in the separate systems. When, however, one or more of the 
equations of condition involves the element of time explicitly, the 
relations among corresponding small increments of the alternative sets 
of co-ordinates, though still linear, will not be homogeneous. Thus a 
homogeneous function of the second order in one set will be a function 
of the second order in the other set, but not homogeneous, unless the 
increments are produced instantaneously. 

To give a simple instance, suppose that the string of a simple 
pendulum (not necessarily oscillating in one plane) contracts uniformly. 
We shall now have 

si^ + y^+z^={a-eif 

instead of the equation in the example § 15, and one of our equations 
among increments is 

xdx + ydy + z8z= - e{a - et)Uj 
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which, though still linear, is no longer homogeneous in the increments 
of co-ordinates. But if the increments are produced by an impulse (i. e, 
instantaneously) the right-hand member of the equation vamshes ; and 
with it the non-homogeneity. 

Again, if the point of suspension moves uniformly, say along the 
axis of Xf we shaU have 

from which similar conclusions may be derived. 



Kinematics of a Point 

§ 20. The one necessary characteristic of the path de- 
scribed by a moving point is its continuity, 
mre caJ be no blE or gap in it ; un Js ^^^ 
(of course) the point be supposed to 
vanish at one end of the gap and reappear at the 
other. But, as we study kinematics, at present, solely for 
its physical applications, we impose a restriction on such 
complete generality. The path of a moving particle must 
be one of continuous curvature^ unless either (1) the motion 
ceases and commences again in a different direction (in 
which case we have two separate and successive states of 
motion to consider), or (2) an infinite force is applied to 
the particle (a case which we need not consider). A similar 
remark, we may say in passing, applies to velocity also. 
So that, for our purpose, we may confine ourselves to the 
geometrical properties of the motion of a point whose rate 
and direction of motion change continuously, if at all, and 
not by fits and starts. 

§ 21. If the point describe a straight line, that line gives 
the direction of its motion at every instant. 
If it describe a curve, the direction of its motion ° 
motion is at every instant that of the 
corresponding tangent to the curve. 

Let A, B, C, D represent four points on the path taken 
in close succession, in the order in which the 
moving point reaches them. From A the direc^on. 
point moves to B, so that the line joining 
A and B (the tangent) is the direction of motion at A. 



16 DYNAMICS 

Similarly the line joining B and C gives the direction 
of motion at £. The points A, B, G of course lie in one 
plane. This is the plane in which, for two successive 
elements of its path, the point is moving. It is therefore 
that in which the change of direction of motion takes 
place, and is called the "osculating plane.*' And, just 

as the straight line through A and B gives 
%ane^^ the direction of motion at A, so the circle 

passing through the points A, B, C de- 
termines the " curvature " of the path at A. If we apply 
the same reasoning to the three successive points B, 
C, D, we see the difference between a "plane" and a 
"tortuous" curve. For, if D lie in the plane ABC, the 
osculating plane is the same at A and at B ; and if the 
same holds for other successive points, the whole bending 
takes place in one plane. But if D be not in the plane 
ABC, BCD is the osculating plane at B, and we thus see 
that successive positions of the osculating plane of a tortuous 

curve are produced by its rotation about 
or uous pa . ^^^ tangent BC to the path ; for BC is in 

both planes ABC and BCD. We shall not have space here 
to deal in detail with cases of tortuosity; but it was 
necessary to point out their essential nature. 

§ 22. The curvature of ABC obviously depends upon 
the change of direction from AB to BC, and 
is directly proportional to it. But it is 
obviously greater, for the same amoimt of change of direc- 
tion, as ABC is less. In a circle the curvature is the same 
at all points, and, as the radius is everywhere perpendicular 
to the tangent, the change of its direction is the same as 
that of the tangent. Hence the curvature, being the change 
of direction per unit length of the arc, is measured simply 
by the reciprocal of the radius. 

Generally, if be the angle between the tangent at A and any fixed 
line in the osculating plane, and if s represent the length of the curve 
measured from any tixed point on it to A, we have, by the fundamental 
property of infinitesimals, 

L-^ = -:r = curvature. 
08 as 



J 
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(We will use, as above, the letter L for a limit, in the sense in which 
that term was introduced by Newton. ) 

In a circle we have always (a being the radius) 

and hence the curvature 

ds a * 

so that in general the measure of curvature is the reciprocal of the 
radius of the circle passing through three consecutive points of the 
path. 

For a curve in space (whether tortuous or not) we have 

while the direction cosines of the radius of curvature are 

cPx cPy cPz 
^* ^^' ^' 

§ 23. The chief properties connected with the curvature 
of a plane curve are made very clear by 
the artifice of regarding it as an " involute." ^^^^ol^t^"^ 
This idea introduces us to the kine- 
matics of a flexible and inextensible line. Suppose such 
a line, held tight, to be wrapped round a cylinder of 
any form, in a plane perpendicular to its axis, each point 
of it, when it is unwound in its own plane, will describe a 
curve whose form depends upon that of the transverse 
section of the cylinder. Let P^M'M 
(Fig. 1) be such a section of the cylin- 
der ; MP, MT', two positions of the free 
part of the cord ; P, P', the correspond- 
ing positions of a definite point of the 
cord ; PPT^ the path described by that 
point. Then PPT^ is one of the in- 
volutes of MMT^; the others are the 
curves traced by other points of the 
string. But, with reference to PP'P^, the curve MMT^ is 
the "evolute." The evolute of such a curve is, in fact, 
unique ; for it is obvious that the line MP, in any of its 
positions, is revolving about the point of contact M with 

2 
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the evolute ; so that P describes an infinitesimal arc of a 
circle of which M is the centre. Thus the evolute of a 
plane curve is the locus of its centre of curvature. And 
it is clear from the genesis of the involute that 

PM = FM' + M'M = PoM'M. 

The subject of evolutes is of importance in various 
branches of physics, especially in optics. In dynamics its 
chief use is connected with the theory of the pendulum, as 
it shows how to cause the bob to move in a cycloid, the 
only path in which the time of oscillation is the same what- 
ever be the extent of the oscillations. 

§ 24. When the line, curved or straight, in which the 
motion takes place is given, the position 
^^ * of the moving point is at once assigned 
in terms of a single numerical quantity. In fact, it has 
only one degree of freedom, and its position is known by 
the length of the arc of the curve from any fixed point to 
the given position. In such a case as this we are not 
concerned with the direction of the motion, for that is 
already assigned at every point of the path. We are 
concerned only with what we may call the " speed " of the 
motion. (We purposely avoid the use of the term " velo- 
city " here, because it properly includes direction as well 
as speed, as will be seen later.) 

§ 25. Suppose an observer to be watching the motion 
(as, for instance, a traveller by rail notes 
ag pee . ^^^ telegraph posts which he passes, refer- 
ring at each to his watch), and to find that at any time t^ 
the moving point was at s^, while at time t^ it was at Sg. 

Then it is clear that the average speed during this part 
of the motion is to be found by dividing the number of 
units of space passed over by the number of units of time 
employed. For it must be greater as the former is greater 
and less as the latter is greater. Hence the average speed 

is 7—^. If the speed has been uniform during the 
motion observed, this average value has coincided with 
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the actual value all through; and, if the measures of 

space and time are accurate, we shall get 

exactly the same value of ^this ratio whether ^^^^ ° 

the interval of time is small or large. 

Hence, if v be the speed of a uniformly moving point, the 

space it describes in time t is vt But if the speed has 

been variabky it must at some parts of the 

interval have been greater, at others less, *^ speed.^ 

than this average. And the shorter we 

take the interval the less will be the difference between 

the greatest and least speeds during its lapse, so that 

the average speed will coincide more and more nearly 

with the actual speed. In the language of "fluxions** 

(which was invented for the sake of this subject) the 

measure of the speed at any time ti is 

when the interval ^2 - ^i is shortened indefinitely. It must 
be jnost carefully noticed that the accuracy of the preceding 
process depends entirely upon the limitations we have 
introduced (§ 20) for the purpose of confining ourselves to 
cases which can occur in ordinary physical problems. For 
the general reasoning on which it is based is obviously 
inapplicable to cases in which the speed alters by jerks : — 
at least during the interval considered, small as it may be. 
But we are fortunately not required to discuss here the 
very delicate questions to which this may give rise. 

Considerable difficulty is sometimes felt by a student 
when he is told that at a certain part of its course a point 
has a speed say of 10 miles an hour, while the whole course 
may be only a few inches. Thus, as we shall find (§ 29), 
the legs of a tuning-fork, which are oscillating 256 times 
per second through a range of -^ of an inch only, have 
at the middle of their course a speed of more than 4 feet 
per second, or nearly three miles an hour. But the diffi- 
culty arises from the novelty of the conception. It is not 
meant, when we speak of a speed of 10 miles per hour. 
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that the motion necessarily lasts for an hour, or even for a 
second, but only that, if the then speed were to he maintained 
constant for an hour, the moving poinfs jnUh, of whatever form, 
woiddhe exactly 10 miles long. In actual experience in a 
railway train we can judge the speed (roughly at least), 
and we find nothing strange in saying, " Now we are going 
at twenty miles an hour," " Now at six," and so on. And 
it is clear that, after the steam is put on, the train, however 
short its run, must go through all rates of speed from zero 
to its maximum, and then through all of them to zero 
again, when the steam is cut off and the brake applied. 

In the language of the differential calculus this becomes 

^s ds 



The fluxional notation of Newton, in which the dot oyer a quantity 
expresses the rate of its increase, i.e. its differential coefficient with 
regard to time considered as the independent yariable, is still yery 
conyenient in abstract dynamics, and is, in fact, indispensable when 
we come to the higher generalisations. "We shall, therefore, freely 
employ it when it is specially useful. 

§ 26. Whether uniform or variable, speed depends for 
its numerical value upon the units chosen 
™8p©Bd^ ° for linear space and for time. Its dimen- 
sions are [LT~^], and consequently its 
numerical expression is increased in proportion as the 
unit of time is increased, and diminished in proportion as 
that of length is increased. Thus the speed represented 
by 10 in feet per second becomes 

3600 ^^_75 

6280 • -^""n 

when expressed in miles per hour. 

§ 27. The rate at which the speed (when not uniform) 

changes is foimd by a process precisely 

^o^f speed '^^^ similar to that employed for the speed 

itself. Let the speed 

at time t^ be observed to be v^. 
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then the average rate of increase of speed during the 
interval is 

The dimensions of this quantity are obviously [LT-^]. 
Thus its numerical value is diminished, like that of speed, 
in proportion as the unit of length is increased. But it is 
increased in the duplicate of the proportion in which the 
unit of time is increased. For instance, a rate of increase 
of speed of 32*2 feet per second per second (the mere 
statement is enough to show the double dependence on the 
time unit) becomes 

32-2^|^'=79,036 nearly, 

when expressed in terms of miles and hours. 

§ 28. When the rate of increase of speed is uniform, the 
above average value is its actual value 
throughout the interval. Hence with uni- ^"^ofsp/ed^^^ 
form rate of increase = a, a speed V becomes 
in time t 

Also, as it increases uniformly, its average value during 
time t is half-way between its values at the beginning and 
end of that time ; i.e. it is 

Y+hu. 

The space described during the interval is at once found 
(§ 25) as the product of the interval and the average speed 
during its lapse ; — i.e. it is 

s=Yt + lafi. 
And it is easy to see from these expressions that 

which gives the speed acquired in terms of the space 
traversed. 

This is the only case in which the result can be reached 
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without formally using the methods of the integral 
calculus. 

§ 29. These very simple expressions enable us at once 
to solve a great number of common ques- 

verticaUr"^ tions connected with the motion of a stone 
or bullet, under the action of gravity, in a 
vertical line; the resistance of the air being left out of 
accoimt. For it is found by experiment that gravity 
impresses, in every second, a downward speed of about 
32*2 feet per second on an unsupported body, near the 
earth's surface in our latitudes ; and, by the Second Law, 
this is independent of the body's previous motion. 

Hence, if a stone be simply let fall, its speed after / 
seconds is 32-2^, and the space fallen through is 16*1^. 
Also, if it fall through s feet, it will acquire a speed whose 
square is t;^ = 64*45. 

Again, if a stone be thrown upwards with a speed of 
300 feet per second, after t seconds its speed will be 
300 - 32*2^, and the height to which it has then ascended 

is 300^-16*1/2^ Thus it stops, and turns, after ^^ 
seconds ; and the greatest height it reaches is ^^ feet. 

From the statement above, putting §=v, we find 

t^ — tri ~ dt 

From this expression the preceding results may be at once 
obtained. Thus, assuming 

we have by integration 

and again 

As an instance of the indirect problem — i.e, to find the speed, and 
its rate of increase, when the law of the motion is given : — suppose 

5= a cos o;^. 

(This equation describes the simplest form of vibratory motion, 
and will be fully treated later.) We have, by taking the fluxion, 

s= -Od) sin (at, 
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and again, 

8= - cua^ cos <at= - u^s, 

^ The illustration in § 25 above requires a=tV inch, w=512t per 
second ; so that the maximum value of s, which occurs when 5=0, 

is - (nearly 50*26) inches per second. 

§ 30. Velocity, as we have already said, involves the 
ideas of speed and of direction of motion 
conjointly.^ To compound two velocities eocM- 
(as is required in the application of Newton's Second 
Law), we have the following obvious construction. 
From any assumed point 
(Fig. 2) draw a line OA re- 
presenting, in magnitude and 
direction, one of the two 
velocities. From its extremity 
A draw AB representing in 
the same way, and on the 
same scale, the other. Com- 
plete the triangle OAB. Then 
OB represents, in magnitude fio. 2. 

and direction (still on the 

same scale), the resultant velocity. We have called the 
construction obvious because one has only to think of how a 
point can be said to have simultaneous velocities, in order 
to see its truth. Thus, if OA represents the velocity of a 
railway train, AB that of a passenger walking in a saloon 
carriage, may be looked upon as the position of the point 
of the carriage at which he began his walk, at the moment 
when he did begin it ; while B represents the position of 
the point of the carriage which he has reached at the end of 
his walk, just at the moment when he did reach it. Here 
OA is the velocity of the carriage relative to the earth, AB 
that of the passenger relative to the carriage. This pro- 
position may be called the triangle of velocities. Another 

^ It is, in fact, in the language of quaternions, a " vector," of which the 
speed is the " tensor " or length, and of which the " versor " assigns the 
direction. And the laws of composition of velocities are in all respects 
the same as those of vectors. 
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obvious mode of stating it is to complete the parallelogram 
of which OB is a diagonal (Fig. 3) ; and then we have the 
same construction in the form : — If the two velocities to 
be compounded, represented by OA and OC, be taken as 
contiguous sides of a parallelogram, the conterminous 
diagonal OB represents their resultant. 

§ 31. From the triangle of velocities we may pass at 

once to the polygon of velocities, which 
S^^locS Sives us the resultant of any number 

of simultaneous velocities. Thus, beginning 
as above at any point O (Fig. 4), lay off OA, AB, 
BC (however many there may be) as successive sides 
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of a polygon all taken in the same direction round. The 
separate velocities may be in one plane or not. When 
this is done, the final point C is easily seen to be inde- 
pendent of the order in which the separate velocities were 
taken, and is thus a perfectly definite point. 00, com- 
pleting the polygon, represents the resultant velocity. 
But it is taken in the opposite direction round. If C coincide 
with 0, there is no resultant; — Le, a point which has, 
simultaneously, velocities represented by the successive 
sides of any polygon, plane or gauche^ all taken the same 
way round, is at rest. 

While we were dealing with a known path, we denoted the 
position of the moving point by the single quantity s. But if we 
think of its Cartesian co-ordinates a;, y, Zy we see that in general each 
of these must vary during the motion. And just as we represented 
the whole speed by a, so we may speak of x as the speed in the 
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direction of the axis of x, etc. And now we have a hint of a most 
important character. For, by the ordinary laws of the differential 
calculus, we have three equations of the form 

X dx . dx. 
~=-r* 0Tx=-j-s. 
8 ds ds 

Now -r- is the cosine of the inclination of the tangent at 5 to the 

axis of X. And so with y and \ since the axis of x may be any 
line whatever. These relations give us 

^.*...=,((|)V(4)V(g)>,. 

Hence we see that a speed in any direction may be resolved into 
three in any assigned directions at right angles to one another ; that 
the speed in any one of these is determined by multiplying the 
whole speed bv the cosine of the angle between its direction and that 
of its resolved, part ; and that the square of the whole speed is the 
sum of the squares of the speeds in the resolved motions. These 
results, however, can be obtained more directly, and in a more 
instructive manner, by the consideration of 'Velocities," and not 
of mere "speeds." But, before we take this step, let us take the 
second fluxions of the co-ordinates, and see to what they lead us. 
From 

. dx . 

X = -=-'8 

ds 
we obtain at once 

.,_dx^ dhi.^ 

or, introducing in the last term, both as a multiplier and as a 
divisor, the radius of curvature of the path (§ 22), 

,. dx^ , d?x s^ 
ds '^dsr p 

with similar expressions for y and z. These show that the rates of 
increase of speed, parallel to the three axes respectively, may be 
considered as made up of the resolved parts of the two directed 
quantities 5 and sr^/p. The first is in the direction of the tangent to 
the path, the second in the direction of the radius of curvature ; and 
the law of resolution is, for each, multiplication by the cosine of the 
angle between the two directions concerned. We shall presently 
recognise these as the components of the acceleration. 

§ 32. To resolve a velocity is of course a perfectly 
indefinite problem, unless the number of 
conditions requisite for definiteness be im- of^velocitv 
posed. For, in general, it may be taken as 
one side of any complete polygon, whether in one plane or 
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not ; and the other sides, all taken in the opposite order 
round, represent its components. 

The only ca^s which we need consider, in which the 
conditions are such as to ensure one definite solution, are 
— (1) when a velocity is to be resolved into components 
parallel and perpendicular to a given line; and (2) an 
extension of the same case to components parallel re- 
spectively to three lines at right angles to one another. 
In case (1) the given velocity is to be taken as the 
hypotenuse of a right-angled triangle of which one of the 
sides is parallel to the given line. In case (2) it is to be 
taken as the diagonal of a rectangular parallelepiped of 
which the edges are parallel to the three lines respectively. 
In either case the magnitude of each component is found 
by multiplying the amount of the velocity by the cosine 
of the angle between its direction and that of the com- 
ponent ; and the square of the whole velocity is equal to 
the sum of the squares of the components. 

We are now prepared to take up the requisite pre- 
liminaries for the application of the Second 
velocrty ^^' What, in fact, is "change of velo- 
city " ? The preceding statements at once 
enable us to give the answer. For let OA (Fig. 5) 
be the velocity of a point at one instant, OB at a 

succeeding instant. To convert 
OA into OB, we must com- 
pound with it a velocity repre- 
sented .by AB. AB represents 
the change. Hence if, during 
any motion whatever of a point, 
a line OA be constantly drawn 
from a fixed point 0, so as to 
represent at every instant the 
magnitude and direction of the 
velocity of the moving point, 
the extremity of OA will describe a curve (plane if the 
original path be plane, but not otherwise, except in certain 
special cases ; e,g, a right helix uniformly described) which 
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possesses the following important but obvious properties : 
— (1) the tangent at A is the direction of the change of 
velocity in the original path ; (2) the rate of motion of A 
is the rate of change of velocity in the original path. 
Hence in this auxiliary curve, called the Hodograph, the 
velocity represents, in magnitude and direc- ^^ ^ 
tion, what is called "acceleration" in the °^^^ ' 

original path. And, because the acceleration can thus be 
represented as a velocity, the laws of composition and 
resolution of velocities hold good for accelerations also. 

§ 33. Hence, if we desire- to know the whole acceleration 
in any case of motion of a point, we need . , ^. 
only find its components in, and perpen- 
dicular to, the tangent to the path. That in the tangent 
has already been found ; it is v or § as in § 29. Pgr that 
perpendicular to the path we may study the simple case 
of uniform motion in a circle. 

§ 34. If a point move with uniform speed V in a circle, 
the hodograph is evidently a circle of radius Acceleration in 
V, and is described unif onnly in the same uniform cir- 
time as the orbit (see Fig. 6). Hence the ^^^"^ °'°*^^°- 
speeds in the two circles are as their radii. Let R be the 
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radius of the orbit. Then the magnitude of the acceleration 
in the orbit (the speed in the hodograph) is found from 

A:V::V:R; 
that is, 

A=V7R. 

The direction of this acceleration, being that of the 
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tangent to the hodograph, is perpendicular to the corre- 
sponding radius of the hodograph, i.e. to the tangent to 
the orbit. Hence it is along the radius of the orbit and 
directed inwards to Us centre, 

§ 35. In other words, to compel a mass to describe an 
unnatural (because curved) path, it must 

celwfugaWofce. ^ ^^^^ ^^ ^7 » ^^^ce directed towards 

the centre of curvature of the path. We 
anticipate so far as to introduce here mass and force, 
although, strictly, we are dealing with kinematics. But 
the student cannot be too early warned of the dangerous 
error into which so many have fallen, who have supposed 
that a mass has a tendency to fly outivards from a centre 
about which it is revolving, and therefore exerts a " cen- 
trifugal force," which requires to be balanced by a 
"centripetal force." The centripetal force is required if 
the path is to be curved ; it is required for the purpose of 
overcoming the inertia of the moving mass, and thus pro- 
ducing the curvature: not because there is any tendency 
to fly out from the centre. 

§ 36. Thus, in any motion of a point, the whole 
acceleration is the resultant of two parts 

acceleration^ — ^^^ ^^®^ ^^ ^^® direction of motion and 
of magnitude equal to the rate of in- 
crease of speed, the second directed towards the centre 
of curvature and of magnitude proportional to the curva- 
ture and the square of the speed conjointly. The sole 
effect of the first component is to alter the speed, of the 
second to alter the direction, of the motion. There is no 
acceleration perpendicular to the osculating plane, because 
two successive values of the velocity, and therefore also the 
corresponding change of velocity, are in that plane. 

§ 37. A very convenient expression for acceleration 

which changes the direction of motion is 

velwity^ furnished in terms of what is called the 

"angular velocity," ie, the rate at which 

direction changes. This also is properly a vector,- or 

directed line, perpendicular to the plane in which the 
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chaDge of direction takes place, and of length proportional 
to the rate at which the angle assigning the direction 
changes. 

§ 38. In the case of uniform motion in a circle of radius 
R, with speed V, the time of describing the complete 
circumference (27rR) is 27rR/V. Hence the angular 
velocity is V/R, usually denoted by w. Thus the above 
expression for the acceleration in a direction perpendicular 
to the path of a point (§ 34) may be written in the form 
p(a% where p is the radius of curvature of the orbit and 
CD the angular velocity of that radius. The direction of 
this acceleration, as we have seen, is always towards the 
centre of curvatiu-e. 

§ 39. The general difficulty of any question concerning 
acceleration is usually a purely mathematical one, involving 
only such physical considerations as are required for the 
formation of the differential equations, and for the deter- 
mination of the so-called arbitrary constants or arbitrary 
functions involved in the integrals. We will not now 
discuss the various forms in which the difficulty may 
present itself, because in the course of the work many of 
the more important of these will be fully treated in con- 
nection with motions actually observed among terrestrial 
or cosmical bodies. 

§ 40. We have sufficiently considered (§§ 27-29) uniform 
acceleration in the line of motion. Let us ^t * 

. , .- 1 . • • n t Uniiorm 

now consider uniform acceleration in a fixed acceleration 
direction, whether the motion of the point parallel to a 
be in that direction or not. This is ^^^^^^^ 
the most general case of the motion of an unresisted pro- 
jectile, on the supposition that its path is confined to a 
region throughout which gravity is sensibly constant alike 
in direction and in intensity. Two well-known geometrical 
properties of the parabola lead to an immediate solution of 
our problem. 

Let Fig. 7 represent a parabola, defined completely by 
its focus S and its directrix MN. We suppose it to be 
placed with its axis vertical, and vertex upwards. Take 



30 



DYNAMICS 



any point P, join PS, and draw PM perpendicular to the 
directrix. Then we know from geometry that — 




Pio. 7. 

(a) If PQ bisect the angle SPM, it is the tangent to 
the parabola at P. 

(jb) Let Q be any point in the tangent, and let QR, 
drawn parallel to MP, meet the curve in R. Then we 
have 

PQ2 = 4SP . QR. 

§ 41. Now suppose a point, originally moving along 

Path of an nn- ^Q ^^^ uniform speed V, to have its motion 

resisted accelerated in a direction parallel to MP, 

projectile. the acceleration being a, a constant. Then, 

after t seconds it would have moved along PQ through 

a space V^, and parallel to MP through a space ^ai'^. Hence, 

if R be its position at that time, 

PQ=V«, qR=^t^ 

From these equations we find at once 

PQ2=£1.QR. 
a 

This relation is of the same form as that already written 
for a parabola, (b) above, and (as it does not involve t) it 
holds for every point of the path. Hence the point 
moves in a parabola whose axis is vertical, which touches 
PQ (the direction of projection) in P, and in which SP = 
y^/2<x. But these three data determine the parabola. 
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For we have only to draw PM vertical, make the angle 
QPS = QPM, and measure off the lengths PM and PS 
each equal to Y^j2a, M is a point in the (horizontal) 
directrix, and S is the focus. Hence the path is com- 
pletely determined. 

It is well to notice that, as V^ = 2aPM, M is the point 
which the projectile would just reach if it were projected 
vertically upwards (§ 29). 

§ 42. If th,e speed of projection bo kept constant, while 
the direction of PQ alters in a vertical Examples of 
plane, S describes a circle about P as motion of 
centre. This consideration enables us easily projectile. 
to find the direction of projection that a given object may 
be struck. Let (Fig. 8) be the object. Join PO, and let 
it cut in B the circle MBS 
(whose centre is P). Draw 
ON perpendicular to the com- 
mon directrix, and with radius 
ON describe a circle about 0. 
This will (in general) cut MBS 
in two points F and F'. These 
are the foci of the two paths by 
either of which the projectile can 
reach 0, For by construction 
FO = ON, so that lies on 
the path whose focus is F and 
directrix MN. Similarly for F^ 

To find the most distant point along PO which can be 
reached, with the given speed of projection from P, we 
have merely to note that, as is taken farther and 
farther from P, F and F' approach B, and finally coincide 
with it. If O be then at A, we have AT = AB, where 
AT is perpendicjilar to the directrix. Hence, if we pro- 
duce AT to ^ so that T^ = BP, we have At = AP. Draw 
through t a line tm parallel to TM. Then A lies on the 
parabola whose focus is P and directrix mt. This parabola 
is the envelop of all the possible paths from P. Any 
point within it can be reached by two different paths. 




Fig. 8. 
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These become coincident when the point lies on the curve ; 
and no point outside it can be reached. 

From this it easily follows that the direction of pro- 
jection which gives the greatest range on an inclined plane 
through P is equally inclined to the plane and to the 
vertical; and that the two paths by which any nearer 
point can be reached are, at starting, equally inclined 
(above and below) to the direction for the greatest range. 

§ 43. Many of the most important cases of motion of 
a point involve acceleration whose direc- 

^fix^^Se.**" *i^^ is always towards a definite " centre," 

as it is called. In such cases the motion 
is obviously confined to the plane which, at any instant, 
contains the centre and the line of motion of the point. 

Also the " moment " of the point's velocity about the 
centre remains constant. Here a slight digression is 
necessary. 

Def. — Given a directed quantity (a velocity , force^ etc.) in 

B Moment « ^ ^^ (Kg- 9)- If a 

,v perpendtcmar OF be drawn 

/ \ to AB from any point 0, the " momeni " of 

/ \ the directed quantity about is the product 
/ )f of its amount by the length of the perpertr 

/^^.^-^"""^ >^ dicular. 

f.^'^" A If the directed quantity be reversed, 

the sign of the moment is changed. 

The moment is, in fact, properly a 

directed quantity (or vector) perpendicular to the plane 

OAB. And its numerical magnitude is double the area of 

the triangle OAB. 

[§ 44. The convention usually made as to the sign of 

p, .. rotation about an axis is to regard it as 

to sign of angle, positive when it is in the same sense as 

angular velocity, that in which the earth turns about its axis, 

®*®* as seen by a spectator above the north pole. 

This is in the opposite direction to that of the hands of a 

watcL Hence the plane angle AOP (Fig. 10), representing 

the change of direction of a line originally coincident with 
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OA, is positive, and is looked on as due to rotation about 

an axis drawn from upwards from the plane of the 

figure. Thus the rotation of the sun and the orbital 

motions of the planets take place in 

the positive direction about axes 

drawn on the whole northwards from 

the plane of the ecliptic ; or we may 

put it thus : — seizing an axis by the 

positive end, we must wwscrew — by 

the negative end, we must screw fio. lo. 

— to give positive rotation. And 

when, later, we consider rotations about three rectangular 

axes, Oic, Oy, 0^, we shall suppose them so drawn that 

rotation through a positive right angle 

about Ox changes Oy into Ozy 
„ Oy „ Oz „ Oic, 
„ Oz „ Ox „ Oy, 

the three letters being throughout arranged in cyclical 
order, xyz^ yzx, etc.] 

§ 45. Here we must introduce a simple geometrical 
proposition :— 

If any point he taken in the plane of a parallelogram, and 
triangles be formed with the point as vertex and ^ ^ . , 

lTrPnTTlPTnCfl.1 

iinth contiguous sides and the conterminous proposition. 
diagonal as their respective bases, the (algebraic) 
sum of the areas of the first two triangles is equal to the area 
of the third. 

Thus, in areas (Fig. 11), 

OAB + OAC=OAD. 

If lie within the angle BAG, as in Fig. 1 2, the propo- 
sition becomes 

OAC-OAB=OAD. 

§ 46. Eemembering that these areas represent half the 
moments of the bases of the respective triangles about the 
point (that of OAB being negative in the second case 
above), we see that 

3 
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The momerU of a diagonal of a parallelogram ahoui any 
point in the plane of the figure is the (algebraic) sum of the 
rmmemts of tvx) cont&rminous sides. 

Now, suppose the sides of the parallelogram to re- 
present a velocity and its change. If the direction of the 
change pass through 0, its moment is nil. Hence, for 





Fia. 11. 



Fio. 12. 



acceleration directed towards a fixed point the moment of the 
velocity about that point is constant. 

This is commonly expressed by saying that the radius- 

EquaWe vectoi' describes equal areas in equal times about 

description of the point to which the cuxeleration is directed, 

areas. "poT the moment of the velocity is double 

the area so traced in unit of time. 

Another way of expressing the same thing is to say 
that the angular velocity of the radius-vector is inversely 
as the square of its length. For the product of the square 
of the radius-vector and its angular velocity is double the 
area described by it in unit of time. 

The converse of this proposition is also evidently true ; 
i.e. when a point moves so that the moment of the velocity about 
a point in the plane of its motion is constanty its acceleration 
relative to thai point (if any) is directed Umards or from thai 
point, 

§ 47. Analytically : if P be the acceleration, directed towards a 
. 1 4.« 1 fixed point which we choose as origin, we have 

treatment of X = - P cos ^ = - Fx/r 

central •♦ -n • /i t» / 

acceleration. y = - P sin «= - Fy/r, 

(r and being the polar co-ordinates of the moving point ; we have 
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already 8een that the path is neceBsarily plane). Eliminating P, we 
have 

=xy-yx. 

But, analytically, we have the relation 

Thus 

xy - ya5=r*^= const. = A. 

This may be transformed, at once, by the methods of the differential 
.calculus, into 

ps=pv=h, 

where p is the length of the perpendicular from the origin to the 
tangent to the path. Ck>nversely, if equal areas be described by the 
radius-vector in equal times, we have 

v^d=opif-yx=h. 
Whence 

xy-yx=0, 
or 

«=Q«, y=Qy. 

Hence the whole acceleration is Qr, and is directed towards or from 
the ori^n. 

While we are dealing with these formulse we may investigate the 
general expressions for velocity and acceleration in Polar 

terms of polar co-ordinates for a point moving in a co-ordinates 
plane. 

We have 

a;=rco8^, y=r sin ^. 
From these 

*iB=f cos $-rd sin $ 

y=rsijid + r6coad. 

Hence the speed along the radius- vector is 

icos^-l-ysin^=f; 

and that perpendicular to the radius-vector (in the direction in which 
$ increases) is 

y cos ^ - * sin ^ = r<^. 

These expressions might have been written down at once, if we note 
that 5r and rd$ are the resolved parts of ds along, and perpendicular 
to, r. But we must be careful how we carry this species of reasoning 
one step further. Taking the second fluxions of x and y, we have 

2=(r-r^)cos^-(2f^-»-r6'')8in^ 
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Hence the acceleration along the radius- vector is 

a; cos ^+y sin ^=r-r^, 

and that perpendicular to it (positive when in the direction in which 
d increases) is 

y cos ^ - a: sin ^ = 2^^ + rd = i ^rr^^). 
° rat 

Thus, although f represents truly the speed along r, r does not 
represent the acceleration in that airection. It represents, in fact, 
only the acceleration of speed along r. But we have seen that there is 
acceleration along r, if its direction changes, even when its length is 
constant, i.e. when the path is circular ; and in that case r^ is the 
quantity which we designated as pu^ in § 38. 

As a verification of these formulse, let us consider uniform motion 
in a straight line. 

Here 

rcos^=a, 

the equation of the straight line, and 

a tan ^=V^, 
the condition of uniform motion. We have 

r=a seed tan ^. d 

r=Ysmd 

.. „ . . aV . a^V^ 
r=Ycos6.6= — $= — =- • 

r TT 

Here, although there is no acceleration, r has a definite value. But 

r - r^^a^r^lr' - a^Y^/T^ = 0. 

From the expressions for the acceleration along and perpendicular 
to the radius-vector we at once obtain the result above (§ 46). For, 
if there be no acceleration perpendicular to the radius- vector, we have 

rdt 

from which 

r2^= const. =h. 

We have, in addition to this, the expression for the acceleration 
towards the origin. 

Eliminating ^, we have 
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This gives r in terms of t^ and thus redu^ces (if we please) any case of 

a central orbit to a corresponding case of rectilinear 

motion. The difference between the accelerations in Redaction to a 

the reyolving radius- vector and in the fixed line is a case of rectilinear 

term depending on the inverse cube of the radius- motion. 

vector. But the usual mode of proceeding is as 

follows. 

Multiply by fc2^ and integrate, then 

The left-hand member obviously represents the square of the 

velocity, as it is the sum of the squares of r and of -, i.e. r^. BiTt 

we have 

,_dr-_dr h 

so that we may write the above equation as 

This gives a relation between r and ^, which is therefore the polar 
equation of the path described. It is usual to employ, instead of r, 
its reciprocal l/r=w. With this the equation becomes 



'■((S)*-)""*'/^"- 



du 
Differentiating with regard to 0, and dividing by 2A^ j^, we obtain 

finally 

cP^i _ P Polar equation 

55«"^^~^V of path. 

an equation of very great importance. 

When there is acceleration T perpendicular to the radius- vector, in 
the plane of the path, as well as - r along it, this equation takes the foim 

P_Tc?w 



d0^ 



^/J^ 



H^ in this equation is the constant of integration in the equatioii of 

rdt" 



lis equatioi 
moment of velocity, viz. 
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which giTes hy integrating, after multiplication by 2f^0dt, 

(r3d)»=H«+2/Tr»dtf. 

§ 48. There are two specially important cases of central 

acceleration. The first is that of the gravi- 

peci cases, ^^.j^^^ j^^^^ ^j^^ other that of Hooke's law. 

We will take these in order, but by very different methods. 

§ 49. Planetary Motion, — With the gravitation law the 

acceleration varies inversely as the square 

motion^ ^^ *^® distance from the point to which it 
is directed. But, as we have just seen, the 
angular velocity of the radius-vector, Le, of the direction 
of acceleration, varies according to the same law. Hence 
in the hodograph, the linear velocity (whose magnitude U 
that of the acceleration in the path) is proportional to 
the angular velocity of the tangent (whose direction is 
parallel to the acceleration). 

Thus, in the hodograph, the angle between successive 

tangents is proportional to the arc between 

hodograph their points of contact; and therefore the 

curvature is constant ; — i.e. the hodograph is 

a circle. Many processes, of which a few are given below, 

may now be employed to deduce the form of the path itself. 

Let A (Fig. 13) be the centre of this circle, the pole 

of the hodograph, P any position of the 

plan^t^ orbit, tracing point. Then OP is, in magnitude 

and direction, the velocity in the orbit. 
But it may be looked on as consist- 
ing of two parts, OA and AP. Of 
these both are constant in magni- 
tude; but OA is constant in direc- 
tion, while AP is perpendicular to 
the direction of acceleration in the 
orbit. Hence the velocity in the 
orbit is the resultant of two constant 
parts, — one always in a fixed direc- 
tion, the other always perpendicular to the radius- 
vector. 
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This gives the form of the orbit as follows : — 

x=a{e- yjr), y = axjr ; 
so that 

rr=:xx-\-yy=eryy 
or 

r=e{y-\-h); 

where the meanings of the quantities are obvious, and the conic is 
shown by its focus-directrix property. 

Otherwise : — if PO cut the circle again in ^, Op is pro- 
portional to the perpendicular on the tangent to the orbit 
from the centre of acceleration (because PO . Op is con- 
stant) and is at right angles to it (because it is in the 
direction of the velocity). Hence the path is such that 
the locus of the foot of the perpendicular from the centre 
of acceleration on the tangent is a circle. This property 
belongs exclusively to conic sections, one focus being the 
point from which the perpendiculars are drawn. 

A third and even simpler mode of treating this most 
important problem is as follows. Draw OM perpendicular 
to PA (produced if necessary) and PN perpendicular to 
OA. Then OM is the resolved part of OP parallel to the 
tangent at P, ie, it is the speed with which the length of 
the radius- vector changes. Also PN is the resolved part 
of OP perpendicular to the fixed line OA, i,e, it is the 
speed with which the moving point travels in a fixed 
direction. But by similar triangles 0AM, PAN, we have 

OM : PN : : OA : AP=a constant ratio. 

Hence the increment of the radius-vector bears a constant 
ratio to the simultaneous increment of the distance of the 
moving point from a fixed line in the plane of motion. 
This is only a slightly altered form of statement of the 
focus and directrix property of conic sections. 

When is within the circle, the constant ratio is less 
than unity, and the conic is an ellipse ; when without, the 
ratio is greater than unity, and we have an hyperbola. 
When is on the circumference of the hodograph, the 
path is a parabola ; for the ratio is unity. 
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In a subsequent section we wilPreturn to this question, 
and treat it from the point of view of Kepler's Laws of 
Planetary Motion. 

Simple as are the geometrical methods above, the direct analytical 

* 1 i.- 1 i? one is still simpler. For we have 
Analytical proof. ^ 



so that 






K=-^co8^, y=-^8in^. 



Hence, as before (§ 47), 

and therefore, by eliminating r*, we have 



so that 



a;=-^CQs^.^, y= -~ain0 , 0, 



a;-a=-^sin^, y-p=+^cos6. 



These give at once, by squaring and adding, 

the equation of the circular hodograph. Also, by multiplying the 
first of them by yj and subtracting it from the second multiplied by 
Xf we have 

h-px + ay = rfilhf 

the equation of the orbit. This is evidently a conic section of which 
the origin is a focus. The directrix corresponding is the line 

ay-px + h = 0, 
and the excentricity is 

From these the axes can be calculated. 

§ 50. Elliptic Motion about the Centre. — When a point 
^ , moves uniformly in a circle, the motion 

acceleration presents very different appearances according 
proportional to to the spectator's point ^f view. If we 
radms-vector. jj^ppoge j^jm ^ }yQ situated at a distance very 

great compared with tlie radius of the circle, he sees what 
is practically an orthographic projection of the orbit on a 
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plane perpendicular to the line of sight. In general, an 
orthographic projection of a circle is an ellipse — whose 
centre is the projection of that of the circle. As equal 
areas are projected orthographically into equal areas, the 
appearance is therefore elliptic motion, in which the radius- 
vector from the centre describes equal areas in equal times. 
Hence (§ 46) the acceleration is directed towards the centre. 
But accelerations are projected like velocities, and like lines. 
Hence, as the acceleration in uniform circular motion is 
constant, and directed towards the centre, so in elliptic 
motion, with equable description of areas about the centre, 
the acceleration is towards the centre, and is proportional 
to the length of the radiv^-^ector.^ But this projected orbit 
may again be projected orthographically, as often as we 
please, on different planes. It will always remain elliptical, 
and with the radius- vector from the centre describing equal 
areas in equal times. And the acceleration will always 
be in the same proportion as before to the radius-vector. 
However different in size and shape these elliptic orbits 
may be, they have one common property — the time of 
describing them is the same. 

Thus we see that when the orbit is an ellipse described 
about its centre of figure the acceleration is central, and 
proportional to the radius- vector. The time of describing 
such an ellipse depends only upon the ratio of the accelera- 
tion to the length of the radius-vector ; or, if we choose, 
upon the magnitude of the acceleration at unit distance. 
And the converse of this proposition is also evidently true. 
When we look edgewise at the uniformly-described circular 
path with which we commenced, it is seen projected into 
a straight line, in which the moving point appears to 
oscillate. This is the case, for instance, very approximately, 
with the satellites of Jupiter as seen from the earth. Sun- 
spots, the red-spot on Jupiter, etc., all appear to move 

^ The elastic force called into play by displacement is, by Hooke's law, 
proportional to the displacement, and tends to restore the displaced 
particle to its equilibrium position. We mention this, in passing, to 
show the importance of the present investigation. 
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approximately in this way. But the extreme importance 
of this species of motion is that it is the simplest type of 
oscillation of a particle of matter displaced from a position 
of stable equilibrium. The vibrations of the ether when 
homogeneous plane-polarised light is passing through it, of 
the air when a pure musical note is sounded, the oscilla- 
tions of a pendulum (through small arcs), the simplest 
vibrations of a pianoforte wire or a tuning-fork, the indica- 
tions of a tide-gauge when the sea is calm, — all are 
instances of it. Hence the special necessity for stud3ring 
it in detail. 

§ 51. Dkf. — Simple harmonic motion is the resolved part^ 

parallel to a diameter^ 
^^^V^^^o^of unifmn ar«^r 

motion. 
Let a point P (Fig. 14) move uni- 
formly in the circle APA'. Then, 
drawing any diameter AOA', and 
PM perpendicular to it, the motion 
„ ,, of M is simple harmonic. 

clQ. 14. _^ * _ , » •»«■ 

The speed and acceleration of M 
are obviously the resolved parts, along AA', of the speed 
and acceleration of P. Hence if V be the speed of P, we 
have 

speed of M=pjyV, 
acceleration of M=-pT:r x acceleration of P, 

_M0 V^__^„^ 
~ PO* P0~P02 

From these expressions we see that, if we call u> the angular 
velocity of OP, so that w = V/PO, we have 

speed of M= PM . w, 
acceleration of M = MO . (o^. 

Thus the speed of M increases from A to 0, — being zero 
at A, and Y at ; then it falls off to zero at A', and goes 
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through the same numerical values in the opposite order, 
when the direction of motion is reversed at A'. 

The acceleration of M is always directed towards 0. It 
has its greatest value at A and again at A', and is always 
proportional to the distance from 0. If T be the period of 
the simple harmonic motion, i,e, the period of rotation of 
P in the circle, we have 

w V ' 

where a is the radius of the circle, or, as it is also called, 
the "amplitude" of the simple harmonic . ,.^ , 

.. xiT -x xi_ 1- Amplitude. 

motion. We may now write as the char- ^ 

acteristic of this species of motion 

acceleration = -=g- x displacement ; 

or 

^displacement 
acceleration 



'=2t /— 
\/ ac 



§ 52, In our further remarks about simple harmonic 
motion the following terms will be found «^ , , 

. -r* • ^1 •^' ^ . • A £ Phase and epoch. 

convenient. P is the position at time r of 
the point moving in the circle. Let E be its position at 
the zero of reckoning, when ^ = 0. Then the angle AOP 
may be called the " phase " of the simple harmonic motion, 
and AOE the " epoch." In time units the values of the 
phase and epoch are found from their circular measure by 
dividing by (o. 

If the position of the point moving with simple harmonic 
motion be denoted by a;, we obviously have 

a;=OM=OPcosPOA 
=OPcos(POE + EOA) 
= acos(w^ + e). 

This expression is to be found, perhaps more frequently 
than any other, in all branches of mathematical physics. 
It is in terms, or series of terms, of this form that every 
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periodic phenomenon can be described mathematically, as 
will be seen later. From the expressions for the longitude 
and radius-vector of a planet or a satellite to those of the 
most complex imdulations whether in water, in air, or in 
the luminiferous medium, all are alike dependent upon it 

The results obtained geometrically above are easily reproduced from 
this form : — Thus 

x= -OM sin {tat + c) ; 
and 

a;= - a«2 cos {tat + e) = - aso;'. 

§ 53. The simplest graphical method of exhibiting the 

nature of any kind of rectilineal motion is 

repr^ntotion. ^ compound it with a uniform velocity in 

a direction perpendicular to the line in 
which it is executed. This is, in fact, what is done in 
the majority of self-registering instruments, where a slip 
of paper is drawn by clock-work uniformly past the moving 
point, in a direction perpendicular to its line of motion, 
and a record is made by mechanical means, by a pencil, 
by an electric spark, or (best of all) by photographic pro- 
cesses. When this process is applied to a simple harmonic 
motion the record is of the general form of the curve in 
Fig. 15. This curve has long been known as the "curve 




Fio. 16. 



of sines," or the " harmonic " curve. All its forms can be 
deduced from any one of them by mere extension or fore- 
shortening in the vertical or horizontal directions in the 
figure. It represents the simplest forms into which a 
vibrating string can be thrown, as well as the instantaneous 
form of a section of the surface of water along which a 
simple series of oscillatory waves or ripples is passing. 
In this case the form of the section remains the same as 
time goes on, but the whole figure moves steadily onwards 
in the direction in which the waves are travelling. 
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This is expressed analytically by the form 

y = aco3{nt-mx), 

where x and y are horizontal and vertical co-ordinates of a point at 
the surface of the water, y being measured from Analytical 

the level of the undisturbed surface, and x drawn «^«««„f-^„ *«« 
.1 J. .. . 1 • 1 XI- -J. IT expression lor 

in the direction m which the wave is travelling. ^ wave 

When X is constant we study, for all time, the simple 

harmonic rise and fall at a particular place. When t is constant we 

have the above-figured instantaneous glance of a section of the whole 

water-surface. 

The rate at which the wave travels is obviously n/m ; for, if we 
increase t by any quantity r, and x by the corresponding quantity 
?tr/m, the value of y is unaltered. 

In passing we may anticipate so far as to say that a precisely equal 
system of waves, moving in the opposite direction, is obviously repre- 
sented by 

y =a cos {nt + mx). 

If the disturbances produced by these be superposed, the outline of 
the section of the water-surface has, at any moment, the equation 

y =a C08 {nt-mx) + a cos {nt + mx) 
= 2a cos nt cos Tnx, 

This expresses what is called a stationary wave -motion. The surface 

remains undisturbed wherever 

Stationary 

cos?7MB=0, wave. 

while all intervening portions have simple harmonic motion of period 
2ir/7i, and amplitude acosmx; and the phase is the same in all. 
Thus the *' nodes" on a vibrating string indicate the constant 
travelling, in opposite directions, of equal wave-motions 

§ 54. We have next to consider the result of superposing 
orcompounding two simple harmonic motions ^ .. - 
which take place in the same line. The simple harmonic 
geometrical method amply suffices for this motions in one 
purpose provided the periods of the two are ®* 

equal, however different may be their amplitudes and their 
phases. For, if we suppose PQ (Fig. 16) to turn about P 
in the same plane and with the same angular velocity as 
OP about O, the angle OPQ will remain unaltered, and 
therefore the triangle OPQ will remain of constant size 
and form while turning about 0. Thus Q describes a 
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circle about in the given period. The resolved parts of 
OP, PQ, along any diameter OA, together make up the 

resolved part of OQ along the same 
line. Hence ttDo simple harmonic motions^ 
of the same period and in the same line, 
are equivalent to a single simple har- 
mmic motim of the commm period. The 
amplitude of the resultant simple 
harmonic motion is OQ, and depends 
only upon OP, PQ, and the angle 
OPQ, — the amplitudes of the two 
^°'^^* component simple harmonic motions 

and the supplement of the difference of their phases. 

§ 55. When the difference of phase is mZ, or any whole 
Amplitude number of circumferences, the resultant am- 
etc, of plitude is the sum of the amplitudes of the 
resultant. components, which is its greatest value. 
When the difference of phase is an odd number of semi- 
circumferences, the amplitude of the resultant is the differ- 
ence of those of the components. 

If we produce QP to meet OA in R, we see that QOA, 
the phase of the resultant simple harmonic motion, is inter- 
mediate in value to the phases of the components, which 
are POA and QRA respectively. Its excess over the one, 
and its defect from the other, are the angles at and Q 
in the triangle OPQ ; and their sines are to one another 
as the separate amplitudes QP, PO. Hence, when these 
amplitudes differ, the phase of the resultant coincides more 
nearly with that of the component whose amplitude is the 
greater. 

Analytical Analytically the resultant motion is expressed by 

treatment. a. = a cos {u>t + €) + a' cos {u>t + e') 

= (a cos € + a' cos c') cos fat - (a sin e + a' sin e') sin tat 

= Pcos(w^ + Q), 



provided that 
and 



P cos Q = a cos € + a' cos e', 
P sin Q= a sin e + a' sin c'. 
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These expressions give for the amplitude of the resultant 

P = V(a cos e + a' cos e')* + (a sin c + a' sin c')^ 

= \/{a^ + 2aa' cos (e - c') + a'^. 
This may be put in either of the forms 

V(a + ay - 4Ma' sin2i(c - c'), or V(a - a')^ + 4aa' cos^iCc - «'), 

from which the above conclusions follow at once. 
Also, for the phase of the resultant, we have 

^ asinc + a'sinc' 

tan Q = ; — ; 7 . 

a cos e + a cose 

When € and e' are both positive and less than }ir, this is obviously 
intermediate in value to tan € and tan e'. 

When the periods of the components are nearly, but not exactly, 

equal, the simple artifice which follows enables us p«riQas nearlv 

still to apply the same method of composition. We eaual 

have now ^ 
35 = a cos («^ + e) + a' cos (w'^ + e') 

= a cos (u)t ■{•€)+a' cos (ut + e' + ( w' - <a)t). 

Hence the above values of P and Q will still satisfy the conditions 
if we write e' + («' - (a)t instead of e'. Thus we may treat the two 
components as being of the same period, but make the phase of one 
of tnem steadily increase with an angular velocity equal to the 
difference of the angular velocities in the generating circles of the 
components. 

The triangle OPQ will no longer preserve its form ; it will pass 
continuously through all the various forms which we have seen would 
be given to it by various differences of phase in the component simple 
harmonic motions. The time in which it returns to a former value 
is evidently 2ir/(w' - w), which is greater the more nearly equal are 
the periods of the components. 

§ 56. One of the best examples of the principles we 
have just discussed is furnished by the Example, 
tides. If there were but one tide -pro- Solar and lunar 
ducing body, we should have (approxi- *^^®^- 
mately) a simple harmonic rise and fall of the sesrlevel at 
any given place twice over in the course of about twenty- 
four hours, and the phase would depend simply upon the 
distance of the tide-producing body from the meridian 
(whether above or below the pole). The joint effect of the 
sun and moon is practically the resultant of the effects 
which they would separately produce. Hence, when these 
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bodies are in conjunction or in opposition (i,e, at new or 
at full moon), the whole rise of the tide is the sum of the 
solar and lunar tides ; and we have what are called " spring 

tides." When the moon is in quadrature, 
^P"°fi*^g^ ^^P the ampKtude of the tidal rise or fall is 

the excess of the lunar over the solar 
tide, for it is low water as regards the sun when it is 
high water as regards the moon. In intermediate positions 
the effect lies between these extremes, but the joint high- 
tide lies nearer to the crest of the lunar than to that of the 
solar tide. In the first and third quarters of the moon, 
high tide is earlier than the high tide due to the moon 
alone; in the second and fourth later. This is what is 

called "priming" and "lagging" of the 
l^ging.^ tides, and is seen at once to follow from 

the construction given above. Had the 
lunar and solar tides been of equal amplitude, spring tides 
would have been of double the altitude of either, and there 
would have been no tide at all at the time of neap. 

The mode in which we have treated this special case is 
an illustration of the general method (above described) of 
combining -simple harmonic motions in which the periods 
are slightly different. 

§ 57. What we have said of the tide-waves holds of 
^ ... . course of all waves in which the separate 

Composition of , . , ,, , t . . /« 

two wave distiu'bances are so small that the joint effect 
motions is found by superposing the separate effects, 
generally. Thus when, at sea, two series of waves 
of equal length meet at any place, the resultant is still a 
set of waves of the same length, but the altitudes and 
phases of the components determine those of the resultant. 
When crest meets crest, we have waves of the sum of the 
original amplitudes ; when crest meets trough, the differ- 
ence. In the latter case we have still water when the 
amplitudes of the components are equal. What is called a 
" jabble," — where, for a short time, a portion of a stormy 
sea is almost calm, and after a little it is violently agitated, 
— ^is the result of a number of " cross seas." 
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§ 58. If we now consider the instantaneous 
form of a section of the surface, 
instead of the successive displace- «v«^^™r° 

. -T^ pnenomena. 

ments of one portion of it, we can 
easily account for a striking phenomenon which 
is very frequently observed on a shelving beach. 
We often notice that every ninth or tenth wave 
or so is higher than those immediately before 
or after it. "This is the result of superposition 
of two or more sets of waves in which the dis- 
tance from crest to crest is different in the 
different sets. In the joint system we have, re- 
presented as in . § 53, phenomena akin to the 
spring and neap tides, and the priming and 
lagging of the tides. 

Fig. 17 shows part of the result when the 
amplitudes are equal, and the wave-lengths as 
15 to 17. It gives also a rough approximation 
to the whole result when the lengths are as 7 to 
8 or as 8 to 9. 

§ 59. To compound any number of simple 
harmonic motions, of equal periods, 
in one line, we may obviously take ^^rfthlrtwo 
them two by two, and apply the simple harmonic 
preceding process over and over motions of one 
again till we have as final resultant ^^"^ * 
another simple harmonic motion of the common 
period. 

Or thus : — 

x=^LaGos{(at + c) =cosw^ 2(acos6) - sinw^ 2(asinc) 

= Pcos(w^ + Q) 
where 

PcosQ = S(acose), PsinQ = 2(a8ine). 

When the separate periods are not equal, and 
not even nearly equal, it is only in special cases 
that any simplification can be effected by ana- 
lytical processes. But this is not much to be 
regretted, because for most purposes a graphic 
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method is sufficiently accurate, and it can always be easily 
carried out. 

§ 60. We must now consider the composition of simple 

_, . harmonic motions in directions at right 

harmonic angles to each other ; — but for the present 

motions at we confine ourselves to the case in which 

nght angles, their periods are equal. In this case we 

know that the acceleration is in the same ratio to the 

displacement in each of the two rectangular directions. 

Hence by the general theorem of § 50 the motion is elliptic, 

with un&orm description of areas about the centre. 

To analyse this, suppose, 
at starting, that their ampli- 
tudes also are equal. Let 
OA, OB (Fig. 18) represent 
the two rectangular directions. 
With centre 0, and radius 
equal to the common ampli- 
tude, describe a circle. Let 
AOE, BOF represent the 
epochs of the two components 
(the corresponding circular mo- 
tion being supposed positive 
for each), then obviously EOF exceeds by a right angle 
g. , the difference between the phases of the 

harmonic motions in OB and OA. Then if P, Q 
motions at represent at time t the corresponding posi- 
right angles, ^j^j^g ^^ ^j^g common circle, we have arc FQ 

= arc EP ; and if perpendiculars be drawn, PM to OA, and 
QN to OB, their intersection S is the position at time t in 
the resultant motion. The locus of S is, by what has been 
proved above, an ellipse which touches the sides of the 
square CDC'D'. 

When EOF is a right angle, i,e, when the phases are 
alike, this ellipse becomes the diagonal GG of the square 
touching the circle at the extremities of AA' and BB'. 
When EOF is three right angles, the ellipse becomes the 
diagonal DD'. When it is two right angles, or four, i & 
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when OB is one quarter, or three quarters, of a period in 
advance of OA, the ellipse becomes the circle ABA'B'. 
To find in any case whether it is described positively or 
negatively (§ 44), we have only to notice how OS turns. 
Now while P is near A, MS remains closely coincident 
with AC. K, then, Q be anywhere in the semicircle BA'B', 
N moves in the direction BB' and the angle AOS diminishes. 
Hence the ellipse is described negatively (or in the direction 
of the hands of a watch) if the epoch of the motion in OB 
exceeds that of the motion in OA by anything up to two 
right angles. And similar reasoning shows that, if the 
excess be from two to four right angles, the ellipse is 
described positively. 

* If the amplitudes be not equal, we have only to extend 
or foreshorten the figure parallel to OA or to OB. The 
square CDC'D' becomes a rectangle, in which the orbits 
(all of which, with the exception of the diagonals, are now 
ellipses) are inscribed. Everything else is as before. 

§ 61. When the periods in the two component motions 
are nearly, but not quite, equal, the phase 
of one gains gradually on the other, and ^'"equa^*'"^^ 
the path passes continuously through the 
forms of all the possible ellipses, but remains possessed 
of the one property common to them all. It becomes 
a species of spiral, but in every convolution it touches, 
in succession, each side of the square or rectangle above 
discussed. 

§ 62. Similar reasoning shows that the superposition of 
any number of simple harmonic motions in a- i i. 

•'-. . i»i TT -I Simple narmonic 

any du'ections and with any amplitudes and motions of one 
differences of phase; provided the period is period, in any 
the same for all, gives rise to motion in an <iirection8. 
ellipse about the centre. But this follows more easily from 
analysis. 

Take, first, two simple harmonic motions of the same period parallel 
to the axes of x and y. We have 

SB=acos (ut + e) 
' y=a' coa{<at + €'). 
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Eliminating t between these equations, we have at once 

'^-2^co8(c'-c) + 4=8in«(c'-e), 

the equation of an ellipse. 

It becomes a circle when and only when 

a = a'f cos (c' - 6) = 0, 

i.e. when the amplitudes are equal, and the phases differ by an odd 
number of right angles. 

It becomes the straight line 

when e' - € is zero ; and 

«/a+y/a'=0, 

when c' - e is two right angles. 
If SOA be called 0, we have 

X a cos {(at + e) 
= —(cos (c' - c) - sin (c' - e) tan (<at + en. 

Hence, taking the fluxion of each side, 

a' 
sec'^ .&= w sin (e' - e) sec'(«< + e). 

Thus, as before, $ is essentially negative, i.e, the rotation in the 
ellipe is right-handed if e' - c lie between and x, left-handed if it 
lie between ir and 2t. 

For a simple harmonic motion, denoted by 

f=acos(w< + e), 

in a line whose direction cosines are Ij m, n, we have the components 
% 972^, 71^ parallel to the three axes respectively. Hence for the 
resultant of any number of such, all having the same period, we have 

x=^,al cos ((ot + e) = cos <otX(al cos c) - sin <at^al sin e). 

Thus we have three equations of the form 

x=A cos ut - A' sin utt 

y=B cos (at - B' sin (at 

z=C cos (at - 0' sin (at. 

If we take three quantities X, ft., y, such that 

XA+A*B + i'C=0 

XA'4-/*B'-»-»^0'=0, 

we have also 

The first two equations determine wi^ out ambiguity the ratios of /a 
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and y to X. Hence the third is the equation of a definite plane in 
which the path lies. We may now choose this plane as that of x, y. 
The value of z above becomes identically zero ; and the elimination 
of t between the equations for x and y gives the ellipse as before. 

§ 63. When the periods of the simple harmonic motions 
are not equal we have 

x=a(ioa(<at + e), y=a' cos («'<+«'). 

It is easy to trace the corresponding curve by points; 

but, except when there is a simple numerical 

ratio between (o and o)', the equation cannot ^^e^i^'''* 

be presented as an algebraic one between z 

and y. If 2(t)' = (o, we may shift the epoch so that the 

equations may be written 

X =a cos (2oi)'t + a), y=a' cos <a*t. 
Eliminating t from the first by the help of the second, we have 

X f2y^ \ 2y /' ^ . 

This denotes, in general, a curve of the fourth order, of a figure-of-8 
form, as in Fig. 19. When a=nir the curve is a portion of a parabola, 
its vertex being to the right or left as n is odd or even. This parabola 
corresponds, in the present case, to the straight lines in the case of 








Fio. 19. 

§ 62. When the periods differ slightly from the ratio 2:1, the path 
passes in succession through the forms traced, forward and backward 
alternately ; and, each time that it opens out from the paraboHc form, 
the tracing-point describes it in the opposite direction to that in 
which it described it before the path collapsed into the parabola. 

§ 64. The principles already illustrated are sufficient 
for the examination of every case of this Composition of 
kind. But one or two particular cases uniform 
merit special notice. The case of two ^^^" motions, 
uniform circular motions of equal periods, in one plane, 
we have already noticed (§ 54). Q describes its circle 
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about P, P its circle about O, and the result is uni- 
form circular motion of Q about 0. The radius of 
this circle may be equal to the sum or difference of the 
r^ii of the separate 'circles, or may have any intermediate 
value, according to the difference of phase. If the periods 
be not exactly equal, the motion takes place virtually in 
a circle whose radius continuously oscillates between the 
above limits. The path is a species of spiral, which lies 
between two concentric circles of these radii. 

§ 65. When the component circular motions are in 
opposite directions, we have an extremely interesting and 
important case. It is obvious that there must now be 
positions in which OP and PQ are in the same straight 
line. Let OA, AB (Fig. 20) be one of these. Then, in 

any other position, OP and 
PQ are equally inclined to OA. 
The path of Q is an ellipse, 
of which the major semi-axis 
OB is the sum of the radii, 
and the minor axis their differ- 
pj^ ence. Hence when the radii 

are equal the result is simple 
harmonic motion in the line OBB'. Thus we have the 
proposition, of very great importance in optics, that a 
simple harmonic motion may be looked upon as the result- 
ant of two equal and opposite circular motions in one 
plane. When the periods are not exactly equal, the motion 
may be regarded as simple harmonic motion, in a line which 
rotates with uniform angular velocity in a plane. This is 
the case of Foucault's pendulum, and of plane polarised 
light passing along the axis of a crystal of quartz, or 
through a piece of glass or other transparent substance in 
the magnetic field. 

§66. Uniform circular motions, of different periods, 

give epicycloids, etc. A particular case is 

'' uniform circular motion superposed on 

uniform rectilinear motion, in which case we have cycloids, 

etc. But these we merely mention. 
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§ 67. By far the most important of the applications of 
simple harmonic analysis is summed up in what is called 

FouRiER^s Theorem. — A complex harmonic fundiony with 
a constant term added, is the proper expression 
for any periodic single-valued function, and, theorem* 
consequently, can express any single - valued 
function whatever between any assigned values of the variable. 

To show the importance of this in physics we need take 
but a single example. The one essential characteristic of 
a musical sound is its "periodicity." Hence it may be 
analysed into a series of simple harmonic disturbances. 
Their respective periods are the fundamental period, its 
half, third, fourth part, etc. The first gives the pitch of 
the note ; the others determine its quality. From the 
physical point of view, this is no mere mathematical device 
for expressing the facts. A highly-trained musical ear can, 
in many cases, distinguish several of these components in 
what, to ordinary ears, is a perfectly homogeneous sound. 
But, by the use of proper resonators, each of these com- 
ponents may be selected from the whole so as to be heard 
by itself, even by an untrained ear. 

The investigation which follows is not intended to 
prove the theorem; it is merely introduced as readily 
suggesting it.^ 

The essence of periodicity of a function /is that we must have 
whatever be ic, if 2p be the period. This may be written as 

± d 

Now the equation 

besides the real root ^=0, has an infinite series of imaginary roots all 
included in the form 

^ For the most recent discussion of the basis of this theorem, and the 
convergency of the Fourier series, see Kronecker's Vorlesungen, 1894. 
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where m is essentially an integer. Thus we haye 

e^-e-^=|(l+f»/T2)(l+f»/2V2)(l+f»/3V) . . . 

so that the differential equation for /{x)j above given, has an infinite 
number of particular integrals belonging to equations of the type 

Thus we may put 

/(aj)=Ao+2?P«cos ^^+Q«j. 

It is usually convenient to write d for the angle irx/pf and to range 
separately the sines and cosines of the integral multiples of 0. Thus 
we may write any periodic function of ^ as 

F(^) = Ao + S? A« cos me + S"B« sin mO. 

If we multiply on both sides by dS, and integrate through a full 
period, all the harmonic terms vanish ; and we have 

2irAo= / ¥{e)de, 
Jo 

Multiply both sides of the equation by cos rnddd, and again integrate 
through a full period. Similarly with the factor sin mSdO. The results 
are 

/•2ir 

irA«= / ¥{0) cos mOde 







/•2ir 
irB«= I ¥(e)Bmmede; 

J 

because all terms such as 

cos m0 cos n0j cos m0 sin n0f or sin in0 sin n0, 

in which m and n are different from one another, can be expressed as 
sums or differences of sines or cosines of {m + n)0 and (?/i-7i)^, and 
thus their integrals throughout a peripd vanish. The only exceptional 
case is when m and n are equal. Then 



dn^ } ^^ = i(l ±cos 2m0), 



cos^ 
sin^ 
but 

sin m0 cos m0 = } sin 2m0 ; 



and these lead at once to the results above written. 

As an example, suppose that F(^) is + 1 for the first half of the 
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period, and - 1 for the other half. This describes the end-condition 
of a bar alternately heated and cooled as in Angstrom's Thermal 
Conductivity method; alternate "make and break" in telegraph 
signalling, etc. We have 

2ir 

=0 



2tAo= I ( + 1)^^ + / ( - l)d^= 
i= icosm^cW- /< 



•2ir 

rAm= Icosm^ci^- |cosm^(2^=0 



-cosm^Xw /-C08md\2ir 



^Bm =: / sin mBdB - f sin mBdB 



(- COS md \ «• _ / - cos \ 

2 
= — (1 - cos wit) = or 4/m, 



7. 



as m is even or odd. Thus, finally, 

*^(^)-x^* 2m+l • 

Another simple example is the vertical motion of a falling-hammer, 
raised uniformly by a cam, and then falling at once. Here the datum 
is 

F(d) = dfromO to 2ir; 

or, more simply for integration, shifting the origin to the position at 
the middle of the period, 

F(d) = d from -IT to + T. 

We find 

2 
Ao=0, Aw=0, B„^=-^osmir; 

so that 

F(^)=+2(sin^-isin2^ + Jsin3^- . . . ) . (1). 

To get an idea of the nature of this representation of a discontinuous 
function, we may consider F(^) as double of the limiting value of the 
obviously convergent infinite series 

y=csin^-5-sin2^ + r-sin3^-etc. (6<1) . . (2) 

when e increases so as to become iDdefinitely near to unity. 

Trigonometrical processes enable us to sum this series in the finite 
form 

. 1 csin^ ,-. 
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and a period and a half (from 0= -irto$= 2ir) of the curve represented 
by this equation is traced in Fig. 21 for the following values of e, viz. 
0-5, 0*7, 0*9, 0*99. The crests of all these curves lie in one straight 
line, as shown in the figure. 

As the value of e increases, the curvature of this undulating locus 
obviously becomes everywhere less and less ; except in the immediate 
neighbourhood of the crests and troughs, where it increases. In the 
limit the whole becomes a line altogether without curvature, except 
at certain points where there is infinite curvature, i.e. a finite angle. 
In fact (3) becomes, as in the data for (1), 

F(^)=2y=2tan-^ tan|=^. 

Of course the expression (2) may be recovered from (3) by the 
Fourier process, though the integration of the general term is trouble- 
some, but from any one expression of this kind we may easily deduce 
a number of others. Thus, reversing the sign of the expression (1) and 
changing its phase by a, we have as the result of superposition 

FiW = FW-F(d-o). 

This expresses a fimction whose value is -(2ir-a) from ^= -ir to 
6= -{ir-a\ and a from 0=-('ir-a) to ir. Put a = 7r, and we re- 
produce the first example given above, viz. the function which has a 
constant negative value for half the period, and equal positive value 
for the rest Shift the axis of 6 parallel to itself, and we have 

F2W = FW-F(d-a)-a. 

This has the value - 2ir from ^= - t to ^= - (t - a), and vanishes for 
the rest of the period ; thus expressing periodic contacts (of any 
duration short of the period) with the pole of a battery. 

Shift the origin back half a period, and change the sign of the 
whole. We thus obtain for a function whose value is 1 from ^=0 to 
^=a, and zero throughout the remainder of the period, the expression 
we should have got directly by Fourier's method, viz. 

-(i + S f^sin me - sin m(e - a)) V 

§ 68. -^ l^ni describes a logarithmic spiral vdth constant 
angular velocity about the pole ; find the acceleration,^ 

Since the angular velocity of SP (Fig. 22) and the 

Resisted Inclination of this line to the tangent 

harmonic are each constant, the linear velocity of P 

^°*^^^- is as SP. Take a length PT, equal to 

e . SP, to represent it. Then the hodograph, the locus of 

^ The physical application of this problem to pendulum motion, taking 
place in a medium in which there is resistance proportional to the velocity, 
will be afterwards discussed analytically. 
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Py where Sp is parallel and equal to PT, is evidently 
another logarithmic spiral, similar to the former, and 

described with the same con- 
stant angular velocity. Hence 
ptf the acceleration required, 
is equal to e . S/7, and makes 
with Sp an angle equal to 
SPT. Hence, if Fu be drawn 
parallel and equal to pt, and 
uv parallel to PT, the whole 
acceleration "Pu may be re- 
solved into "Pv and vu; and 

P,g 22. -^^^ ^ ^^ isosceles triangle, 

whose base angles are each 
equal to the angle of the spiral. Hence Pv and vu bear 
constant ratios to Pi^, and therefore also to SP or PT. 

The acceleration, therefore, is composed of a central 
acceleration proportional to the distance, and a tangential 
retardation proportional to the velocity. And, if the 
resolved part of P's motion parallel to any line in the 
plane of the spiral be considered, it is obvious that in it 
also the acceleration will consist of two parts — one directed 
towards a point in the line (the projection of the pole of 
the spiral) and proportional to the distance from it, the 
other proportional to the velocity but retarding the motion. 
Hence a particle which, unresisted, would have a simple 
harmonic motion has, when subject to resistance propor- 
tional to its velocity, a motion represented by the resolved 
part of the spiral motion just described. 

If a be the angle of the spiral, o> the angular velocity of 
SP, we have evidently PT . sin a = SP . o). 
Hence 

Pv=Ptt=^=:^=-Ji_PT=-rVSP=7i». SP (suppose), 
•^ SP sina sin^a ^^ 

and 

mi = 2Vv . cos a = — : PT = 2A? . PT (suppose). 

sin a ^ ^'^ ' 
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Thus the central acceleration at unit distance is n^ = w^sin V 
and the coefficient of resistance is 2k = 2(i) cos a/sin a. 

The time of oscillation is evidently 27r/o> ; but, if there 
had been no resistance, the properties of simple harmonic 
motion show that it would have been 2'nr/n; so that it 
is increased by the resistance in the ratio cosec a : 1, or 

n : s/n^ - A;^. 

The rate of diminution of SP is evidently 

PT.co8a=^:i?^SP=;fcSP; 
sma 

that is, SP diminishes in geometrical progression as time 
increases uniformly, the rate being k per unit of length per 
unit of time. By an ordinary result of arithmetic (com- 
pound interest payable every instant) the diminution of log 
SP in unit of time is L 

Hence, in the resolved part of the motion parallel to any 
fixed line, the logarithm of the amplitude is diminished, 
every half vibration, by kTr/(a, 

This process of solution is applicable only to resistance 
of harmonic vibrations when n is greater than k. When n 
is not greater than k the auxiliary curve can no longer be 
a logarithmic spiral, for the moving particle never describes 
more than a finite angle about the pole; and then the 
geometrical method ceases to be simpler than the analytical 
one. 

§ 69. What we have said about composition of motions 
is merely a particular case of the eeneral r» , 4.. 

^' £ 1 J.' ^' !-• i_ • .. Relative motion. 

question of relative motion, which m its 
main principles is exceedingly simple. It is entirely com- 
prehended in the following propositions, — which may be 
regarded as almost self-evident. 

Given the motion of A with regard to a poird 0, and that of 
B with regard to A, to find thai of B with regard to 0. 

By compounding the vectors of relative position OA, 
AB, we have at once the required vector OB. Thus it 
is obvious that we have only to add the separate com- 
ponents of the velocity of A with regard to 0, and those 
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of B with regard to A, to obtain those of B with regard 
to 0. And, of course, the same rule applies to the 
accelerations. 

If X, y, z be the co-ordinates of A (referred to 0) at time t ; x\ y', 2' 
those of B referred to parallel axes from A ; ^, 17, i" those of B referred 
to ; we have at once 

^=a;+a;', 'n=y+y'i ^=2+2'. 

They give, by differentiation with regard to <, 

|=*+«', etc., i*=«+»', etc., 
which constitute the analytical proof of the statement above. 

§ 70. Hence we have the solution of the further question : 
Given the motions of A and B with regard to 0, to find the 
relative motion of B with regard to A, In this case, of course, 
before compounding, the vector of A must have its sign 
changed. 

Another very important case is that in which the motion 
is referred to axes which are themselves moving. So long 
as their directions remain unchanged, this reduces itself to 
the former investigation as a mere question of changed 
origin ; so that we need consider only the effect of the 
change of direction of the axes. And this is at once 
deducible from the results of last section. For we have 
only to consider, instead of the moving point, its projec- 
tions on the moving axes, and find their velocities and 
accelerations relative to fixed axes. 

}, if the rectangular axes of x and y be fixed, and those of ^ and 

Revolving axes. ^^^ '*°^^^'!? ^^ *^^ T"^ 
** plane, we have a datum 

of the form, 

^= angle ^Ox=f(t\ 

giving the position of the moving axes in 
terms of the time. Let P be the moving 
point, and PM perpendicular to 0^ (Fig. 
23). Then, as the polar co-ordinates of M 
Fio. 28. are ^, ^, we have, for its velocity, 

i along 0^, ^e along MP. 
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But these must be combined with the velocity of P relative to M, 
which consists of 

ij along MP and - 17^ parallel to OM. 

Thus the velocities parallel to fixed lines corresponding to the instant- 
aneous positions of 0^ and O17 are, respectively, 

{-97^ and 17 + ^^. 

In the same way it is easy to see, by § 47, that the corresponding 
components of the acceleration are 

i-^^'Hi'n'e) and 'ri-r,0» + l^(^d). 

Kinematics of a Rigid Plane Figure^ displaced in its 

own Plane 

§ 71. When a rigid plane figure is displaced anyhow in 
its own plane, the displacement may always 
be regarded as the result of a definite rota- pj^ne figure in 
tion about a definite aids perpendicular to its plane, 
the plane. 

The proof of this follows at once from the fact that, 
under the assigned conditions, the figure has only three 
degrees of freedom ; and consequently its position is 
determinate whenever the positions of any two of its 
points are given. Also, a single rotation can, in general, 
be found which will transfer 
these two points from one pair 
of assigned positions to another. 

Let A, B, A', B' (Fig. 24) 
be successive positions of two 
points of the figure. Bisect AA' 
by the line Oa perpendicular to a 
it, and let 06 do the same for 
BB'. Let these perpendiculars 
meet in 0. Then it is clear 
that the two triangles OAB, 
OA'B' are similar and equal. 
Hence AB may be regarded as 
having passed to the position A'B' by rotation about an 
axis through perpendicular to the plane of the paper. 
The angle of rotation is AOA' or BOB'. 
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The construction fails when Oa and Ob coincide, but in 
this case it is evident that the required point is the point 
of intersection of BA and B'A' (Fig. 25). It also fails when 
the bisecting perpendiculars are parallel (Fig. 26). But 
then AA' and BB' are equal and parallel, and the displace- 
ment is a pure translation, the same for every point of the 





'"*. 
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Fig. 26. 



plane figure, which may be regarded as an infinitely small 
rotation about an infinitely distant axis. 

§ 72. Since any displacement in one plane corresponds 

Composition of in general to a rotation, any two or 

rotations about more rotations about parallel axes can 

parallel axes, always be compounded into a single one. 

Of two equal and opposite rotations the resultant is simple 

translation. This is evident from Fig. 27. In both cases 

A and B are the initial posi- 
tions, A' and B' the final 
positions of the two axes. 
In the first we begin with 
the rotation about A, in the 
B^ second with that about B. 

§ 73. When these equal 
rotations are simultaneous in- 
^ stead of siuxessive, the figure 
becomes a rectangle; — Le. the 
translation is perpendicular to the line joining the axes. 
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For in this case we may suppose the two rotations to be each 
broken up into successsive equal but infinitesimal instal- 
ments. And the principles of infinitesimals show that two 
such instalments, either about the same or about different 
axes, produce the same ultimate effects whether they be 
applied simultaneously or successively. The general 
principle of which this is a particular case is called the 
principle of superposition of small motions. 
It is merely an application of the fact that ^Z!if ?!i*;?^„ °^ 

• £ -i. • 1 £ Ii. J J 1- small motions. 

infinitesimals of the second order may be 
neglected in comparison with those of the first order. 

The consideration of simultaneous rotations is very important. 
Suppose a plane figure to rotate in its own plane, rjom^o •+ • ^ q* 

with angular velocity w, about the origin. Then , ? ®* ^\ . 

• . • r • j_i j_ "^ . J. .. ° J* 1 rotations about 
it 18 obvious that rw, m a direction perpendicular ,, , 

to r, is the velocity of a point whose distance from ^^^^ ® *^®^* 

the origin is r. The components are, therefore. 

If the rotation be about the point a, 6, these become 

x= -{y-b)(jj, y={x-a)cj. 

Hence, when there is any number of simultaneous rotations about 
parallel axes, we have 

ife= -2/Sw + S(6a;), i/=a;Sw-S(aw). 
If we write 

and 

S(a«) ^_ 2(M 
2« ' '^ Sw ' 
we have 

x=-{y-^)Q, y = (a;-a)0. 

These are the component velocities which the point «, y would 
have if there were only a single rotation, with angular velocity 0, 
about an axis passing through the point a, p. 
When 

S(«) = O=0, 
we see that 

x=S(Jw)» y=-2(a«), 

so that all points of the figure have equal velocities. This is the case 
of pure translation. Here a and j3 are (in general) each infinite ; — 
t.e. we have as resultant a vanishing angular velocity about an 
infinitely distant axis. 

5 
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§ 74. As any displacement of a plane figure in its own 

plane is equivalent to a rotation, we may 

^^^on^urvr^^^ represent a series of displacements by 

a series of rotations. Also if we know 
the positions, in the figure itself, of the points which are 

successively the axes, and likewise the 
9 position which each of them occupies 
in space at the instant when the rota- 
tion about it takes place, we can con- 
struct the whole motion. Let them 
be 0, A, B, C, etc., and 0, a, b, c, etc., 
respectively (Fig. 28). Then the figure 
turns about till A coincides with a. 
Next it turns about A (or a) till B 
coincides with &, and so on. Hence 
the motion will be represented by the 
rolling of the polygon OABC, fixed in the moving figure, 
on the polygon Oabc fixed in the plane of the motion. 

In the limit, when the axis continuously shifts its 
position in the figure while the rotation goes on round it, 
the polygons become plane curves. Thus we have the 
fundamental proposition that any motion of a plane figure 
in its own plane can be represented by the rolling of a 
curve attached to it, on a curve fixed in space. Both 
curves are situated at an infinite distance when the motion 
is one of pure translation. 
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Kinematics of a Rigid Figure 

§ 75. When a spherical cap, or skin, moves on the 
Displacement of surface of a sphere of equal radius with 
sphere about which it is everywhere in contact, we 
its centre. ^^^ mdkQ the construction of § 71 
with great circles bisecting the arcs AA' and BB'. Two 
great circles (unless they coincide) always intersect at the 
extremities of one definite diameter. The case of coin- 
cidence is met exactly as it was in § 71. Hence every 
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motion of a spherical skin on a sphere is equivalent to a 
rotation about a definite axis through the centre of the 
sphere. Thus any number of successive or simultaneous 
rotations about axes passing through one point can be com- 
pounded into a single rotation about an axis passing 
through that point. And the construction of § 74 can be 
carried out with spherical polygons or curves, so that we 
see that any motion of a rigid figure, one point of which is 
fixed, can be represented by the rolling of a pyramid or 
cone, fixed in the figure, upon another fixed in space. 

§ 76. The law of composition of simultaneous angular 
velocities about axes which pass through one ^ ... - 

. , , ' 1 j.r. XT. ^ i! • Composition of 

pomt IS precisely the same as that for sim- rotations about 
ultaneous linear velocities of a moving point, axes which 
The following simple geometrical process intersect. 
establishes the proposition for two intersecting axes ; and 
it is easy to see that it can be extended to any number of 
such. Let OA and OB (Fig. 29) re- 
present the two axes, and let the 
lengths of these lines (both drawn in 
the positive direction for the rotation 
about them) represent the angular b, 
velocities corresponding. Then a 
point P, in the angle between the ^ 
positive ends of the axes, is raised 
above the plane of the paper by q 
rotation about OA, but depressed be- fio. 29. 

low it by the rotation about OB. 
The amounts of the elevation and depression are proportional 
to the distance from either axis, and to the angular velocity 
about it, conjointly. Hence they will annihilate one 
another if, perpendiculars PM, PN being drawn to the 
axes, we have 

OA.PM=OB.PN. 

This is equivalent to saying that the areas of the triangles 
OAP, OBP are equal, — which necessitates that P should 
lie on the diagonal of the parallelogram of which OA, OB 
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are conterminous sides. Let OC be the diagonal of this 
parallelogram. From what has been said above it is evi- 
dent that the displacement of any point in the plane is 
necessarily proportional to the algebraic sum of the 
moments of OA and OB about it, and therefore (§ 46) to 
the moment of OC. Hence all points in the line OC 
remain at rest, and the figure turns about that line with an 
angular velocity represented by its length. This analogy 
to moments shows the reason for the remarkable proposi- 
tion that angular velocities, about axes which intersect, 
are to be compounded according to the same law as linear 
velocities. 

§ 77. Any proposition regarding simultaneous linea.r 
* , V J. velocities or accelerations has thus its 

Analogy between ^ ^ . , i .^. j 

linear and counterpart in angular velocities and ac- 

angular celerations. Thus, as we have seen (§36) 
velocities. ^j^g^^ under acceleration in one plane, always 
perpendicular to the direction of motion, a point moves 
with uniform velocity, so, if a figui'e be rotating about one 
axis, and have angular acceleration about a second axis 
always perpendicular to the first, the direction of the axis 
about which it rotates is changed, but not the angular 
velocity. 

It is to be noted that in such a case the direction of the 
axis changes not only in space, but also in the rotating 
figure itself. This, however, is merely the result of § 36 
in a slightly altered form. 

If «, be the angular velocity of a figure about the line which, for 
p ... « the moment, coincides with the axis of 2, the 

(imposition consequent displacements during time dt of a point 

veloS about *' 2/, ^ are (§ 73) 

velocities about ^^^ _ 5^ dy=xu^L 

intersecting axes. o » f i^ » 

Of course similar results hold for the angular velocities about lines 
for the moment coinciding with the axes of x and of y. The joint 
effect therefore is found by adding the various separate values 
obtained by permuting the letters aj, y^ z in cyclical order. Thus 

5x={z(ay-y<ag)St 
dy=lx<ag-z(t)x)St 
Sz={y<ax-x<a^)8t, 
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The right-hand members of these equations vanish if 

(ax (>>p <ag 



(1). 



These correspond to the two equations of the instantaneous axis, 
and reproduce, in an analytical form, the result of § 76. 
The angul^ velocity about this axis is 

For it is clear that the direction cosines of the displacement of 
JB, y, z are proportional to 

showing that it takes place in a line peiyendicular to the plane 
passing through aj, y, z and (1). It is therefore perpendicular to (1). 
Also the whole displacement is 

V(5a;)2+(52/)2 + (5s)2= dt^/{z<a, - yuj^f + (ajw, - zw,)* + (yw, - X(ayf 

The last factor is the distance of a;, y, z from (1). Hence the 
second is the angular velocity about (1). 

It appears at once from this result, and from the form of (1), that 

iOx ^y ^z 

Q ' ' Q 

are the direction cosines of the instantaneous axis. 

If the figure be rotating simultaneously about a number of axes, — 
say with angular velocity (a\, about an axis whose direction cosines 
are Zi, r/ii, Wi, etc., — we have evidently 

From these the single instantaneous axis is found immediately as 
above. 

§ 78. Any displacement whatever of a rigid figure may 
be effected by means of a screw motion, 
i.e. translation parallel to some definite line, Rigid figure 

. anvbow 

accompanied by a proportionate rotation displaced, 
about that line. Let A and A' be successive 
positions of any point in the figure, and suppose the body 
to be brought back by a mere translation so that A' coin- 
cides again with A. Then we have seen (§ 75) that (me 
line of the figure through A is necessarily restored to its 
original position. Let P be any plane section of the figure, 
perpendicular to this line, P' its position after displace- 
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merit. These fully determine the initial and final positions 
of the whole figure. Shift P into the plane of F by a 
translation perpendicular to either, and let P" be its position. 
P" can (§ 71) be brought to coincide with P' by a rotation 
in its own plane. Hence the proposition. There is an 
exceptional case when P" requires only translation to make 
it coincide with P'. But then the whole figure is merely 
translated. 

§ 79. We have seen that the straight line representing 
. , an angular velocity is to be resolved by 

acceleration the Same process as that representing a 
about a moving linear velocity. K we consider a figure to 
""* be rotating about axes fixed relatively to it, 

accelerations of angular velocity about these will be repre- 
sented by changes in the lengths of the lines representing 
the angular velocities, and will therefore be subject to the 
same conditions as the angular velocities themselves. Thus, 
as it is obvious that a figure is rotating at any instant with 
the same angular velocity about an axis fixed relatively to 
itself, and about another axis fixed in space^ which at the 
given instant coincides with the former, it follows that the 
angular accelerations about these axes are equal at that 
instant. 

This is really the same proposition as that r is the 
velocity along a fixed line coinciding with the radius-vector 
r (§ 47). But, just as ¥ is not the complete acceleration 
parallel to r, if r be rotating, so the proposition above, 
though true for the first fluxion of the angular velocity 
about a moving line, is not generally true for fluxions of 
higher orders. 

As this subject is commonly regarded as somewhat obscure, we 
may give a more formal examination of it by an analytical process. 
Suppose fa^i, u>2y cus to be the angular velocities about rectangular axes 
OA, OB, OC fixed relatively to a figure, and w the angular velocity 
of the figure relatively to a line OS fixed in space. Let Z, w, n be 
the direction cosines of the latter line with regard to the former three, 
then 

6) = Z«i + Tivu^ + nwj, 
and 
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But 

and if, at a particular instant, we have 1=1, m=0, 7i=0, this gives 
also ^=0, so that we have 

Now 

m = cos BOS = cos d suppose. 
Hence 

7/1= -sind. 0. 

But, at the instant in question, 6=^ and 0=(i}2, 
so that 

m= — W3. 

In the same way we see that 

n= +0^ ; 
and thus we have 

which is the proposition above given. 

§ 80. To complete the kinematics of a rigid figure of 
which one point is fixed, we require to have Position of 
the means of calculating its position, after "gi*^ H^^^ ^^ 
the lapse of any period during which it has rotetiTabout 
been rotating with given angular velocities axes fixed in 
about given axes. space ; 

If' the axes about which the angular velocities are given 
be fixed in space^ the formulae of § 77 give at once, for a 
unit line fixed in the figure, the expressions 

/= wwy — mw, 

771= l(i)g-nU)x 

n = rmjx - Ifa^, 

Here /, m, n are the direction cosines of the unit line at 
time t ; and they satisfy, of course, the condition 

But, except in some special cases, these equations are in- 
tractable. This, however, is of little consequence, because 
in the applications to kinetics of a free rigid body the 
physical equations usually give the angular velocities about 
lines fixed in the body. Our problem, then, takes the form 
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fixed in the 
figure. 



§81. Given the angular velocities of a figure about each of 
a system of three rectangular axes which are 
rigidly attached to it, find at any time its 
position in space. 
It is clear that, if we know the positions of the revolving 
axes, referred to a fixed system, with which they at one 
instant coincided, the corresponding position of the figure 
is detennined. The method usually employed is as 
follows. 

About the common origin of the two sets of axes sup- 
pose a sphere of unit radius to be described. Let X, Y, Z 

(Fig. 30) be the traces on this 
sphere of the fixed axes, and 
A, B, C those of the revolving 
axes. Draw a great circle 
ZC so as to meet in A' the 
quadrant BA produced. Then 
it is clear that the figure can 
be constructed (i,e, that the 
data are sufficient for calcula- 
tion) if we know (a) the angle 
XZC,— this we call ^; (b) 
the arc ZC, called 6 ; (c) the 
angle A'CA, or the arc A'A, called <^. For X, Y, Z are 
given. Then (a) shows how to draw the great circle ZC, 
whose pole is N on the great circle XY. Hence (b) gives 
us the points C and A". We can next draw the great circle 
A'N, and A and B are found on it by (c), for A'A = NB = <^. 
We have now only to determine these angular co-ordinates 
in terms of the angular velocities of the figure about OA, 
OB, OC, which we denote by w^, Wg,. Wg respectively. 

The velocity of C along ZC is 0. But it is produced 
by the rotations about A and B. Thus we have 

^ = W2 cos + wi sin 0. 

The velocity of C perpendicular to ZC is sin . ^. This 
also is part of the result of the rotations about A and B, 
so that 

sin 6 . \f = tO'2 sin - wi cos </>. 
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The velocity of A along AB is that of A' together with the 
rate of increase of A'A. Also it is entirely due to rotation 
about OC. Hence 

These three equations determine 0, ^, </> when coj, Wg, Wg 
are given as functions of t 

§ 82. The process above is essentially unsymmetrical. 
The first suggestion of a symmetrical sys- 
tem is due to Euler, and depends upon the ^™es"°* 
general proposition of § 75. What we must 
seek is the single axis, and the angle of rotation about 
it, which (by one operation) will bring the system or figure 
from its initial state determined by X, Y, Z to its state at 
time /, determined by A, B, C. 

Let /, m, n be the direction cosines of this axis, CT the 
angle of rotation about it. Then by the elementary 
theorems of spherical trigonometry we find 

cos XA = ^2 +{l-P) cos CT 

COS YB = m^ + (1 - m^) cos tcr 
cos ZC=n^ + (1 - ^^) cos tnr. 

Thus, as we have an independent relation among l\ m\ n\ 
these quantities, as well as cr, can all be expressed in terms 
of the cosines of the three angles between the original and 
final directions of the three axes severally. 

We have other six equations, of which only one need 
be written, viz. : — 

cos YA = lm{l - cos tzr) + n sin cr. 

§ 83. If we put 

?«j = cosJt3r, x = lsmizSf y = msmiTS, z=7isinJcT, 

which involve the equation of condition 

the nine direction cosines of the new positions OA, OB, OC, 
referred to the fixed lines OX, OY, OZ, become 
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to^+x^-y^-z^ 2{v}z+xy) 2{xz-v)y) 

2{yx-vjz) vj^-os^+y^-z^ 2{yz + vjx) 

2{xz + ioy) 2{yz-iKc) tir^-x^-y^ + s^. 

These expressions, rational in terms of the four quantities 
, w, «, y, z, are due to Rodrigues, who, 
co-ordK^. however, gave them in a slightly diflferent 
form. 

If Wj, Wg* ^3 t© the angular velocities about OA, OB, OC re- 
spectively, we have 

2tt;= - jB«i - t/Wg - «W3 

2x = wcji - Zia^ + y Wj 

2y = z(i}i + w(i)2 - aJWs 

22 = -yWi +X(JJ2 +t«^«3. 

If Ux, ti)yy Wg be the angular velocities about OX, OY, OZ re- 
spectively, we have 

2w= - xux - y(t>y - ziOg 

2x = w(»>x + zwy - yci>i 
2y = -zbJx + wta^ + xcjg 
2z = ycax-xwp + Wdjg, 

Each of these sets is equivalent to three independent equations only, 
on account of the relation 

ww+xx + yy+zz=0. 

Kinematics of a Deformable Figure — Strain 

§ 84. So far, we have considered change of position of 
g. . a figure of invariable form. We must 

now consider changes of form and volume 
in the figure itself. This is required for application to 
physical problems, such as compression of a liquid or gas, 
the distortion of a piece of india-rubber, etc. Any such 
change of volume or form is called a " strain." The treat- 
ment of strains is entirely a kinematical question, until 
we come to regard them as produced in physical bodies, 
and consider their cause. 

The system of forces which is said to produce a strain 

g, is called a " stress." But, just as we study 

velocity as a preparation for the discussion 

of the effect of force on a free body, so we study strains 

as a preparation for the discussion of the effects of stress. 
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§ 85. In order to fix the ideas, it is convenient to 
suppose the figure which is to undergo 
strain U> be "^ut up into an infinil -te^— 
number of similar, equal, and similarly 
situated parallelepipeds. This is effected at once by sup- 
posing it to be cut by three series of planes, those of each 
series being parallel to one another, and equidistant. No 
two of these three series may be parallel, but the distance 
from plane to plane need not be the same in any two of 
the series. If the strain be ccntinuous there will be no 
finite diflference of eflfect upon any two neighbouring 
parallelepipeds, provided they be small enough; — but in 
general their edges, which originally formed three series 
of parallel straight lines, will become series of curves. No 
two parallelepipeds of the system will in general be altered 
in precisely the same manner. This is called "hetero- 
geneous strain." 

§ 86. We found it convenient to study uniform speed 
before proceeding to consider variable speed, 
and so we find it convenient to take up first ^'XSr''' 
what is called 

Homogeneous Strain, — A figure is said to be homo- 
geneously strained when all parts of it originally equal, 
similar, and similarly situated remain equal, similar, and 
similarly situated, however much they may individually 
have been altered in form, volume, and position. 

Now recur to our set of parallelepipeds. After a 
homogeneous strain these remain equal, similar, and 
similarly situated. Hence they must remain parallele'pipedsy 
for they must together still continuously make up the 
volume of the altered figure. Thus planes remain planes, 
and straight lines remain straight lines. Equal parallel 
straight lines remain equal and parallel. Parallel planes 
remain parallel, ellipses remain ellipses (as is obvious from 
their properties relative to conjugate diameters), ellipsoids 
remain ellipsoids, conjugate planes remain conjugate 
planes, etc. 

We can now easily see how many conditions fully 
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determine a homogeneous strain. For if we know how 
each of three conterminous edges of any one of the original 
parallelepipeds is altered in length and direction, we can 
build up the whole altered system. Hence, to fully 

describe a homogeneous strain, we require 
^^wmsSnts?^ merely to know what changes take place 

in the lengths and directions of three 
unit lines not in one plane. Three numbers are re- 
quired for the altered lengths, and two (analogous, say, 
to altitude and azimuth, or latitude and longitude, or R.A. 
and N.P.D.) for each of the altered directions. Hence, in 
general, a homogeneous strain depends upon, and is fully 
characterised by, nine independent numbers. 

§ 87. The simplest form of strain is that which is 

due to uniform hydrostatic stress acting 

daSltio". o? a homogeneous isotropic body. Here 
directions remain unaltered, and the lengths 
of all lines are altered in the same ratio. Every portion 
of the original figure remains similar to itself, and similarly 
situated : — ^its linear, superficial, and volume dimensions 
being altered as the first, second, and third powers of that 
ratio. 

Next in order of simplicity is the case in which there 
p . . are three sets of lines, at right angles 
Pure strain. ^ ^^^ 2.not\iQT, which suffer no change 

except as regards length. This state of things would 
be produced in a homogeneous isotropic body by 
three longitudinal extensions or compressions in lines 
at right angles to one another, or by hydrostatic 
pressure in a homogeneous non-isotropic solid. In this 
case, if the changes of length above spoken of are all 
different, an originally spherical figure becomes an ellip- 
soid, with three unequal axes parallel respectively to the 
lines whose directions remain unaltered. Every line in 
the body not originally parallel to one of these is altered 
in direction. If one of the principal changes of length be 
an extension, and another a shortening, there will be a cone 
formed of lines which are not altered in length. This is 
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seen at once by describing about the centre of the ellipsoid 
a sphere equal to the original sphere. One axis of the 
ellipsoid being greater than the radius of the sphere, and 
another less, the ellipsoid and sphere must intersect ; and 
all lines drawn from the common centre to the curve of 
intersection are unaltered in length (though all altered, as 
before remarked, in direction). 

When two only of the changes of length are equal, the 
ellipsoid becomes one of rotation, oblate or prolate as the 
case may be ; and if the radius of the sphere be inter- 
mediate in value to the axes of this rotation-ellipsoid, we 
have a right cone of rays unaltered in length. 

When all three changes of length are equal we have 
the simplest possible case, — which has been already 
treated. 

The essential element in these particular cases is that 
three lines at right angles to one another are unaltered in 
direction by the strain. Here there is a mere change of 
form, and the strain is said to be "pure," or "free from 
rotation." Such a strain, in its most general form, is fully 
characterised by six independent numbers. For a system 
of three mutually perpendicular lines is fully given in 
direction by three numbers, and three more are required 
for the changes of length which they severally undergo. 

§ 88. But, in general, a strain is not pure. We have 
seen, however, that conjugate planes re- 

, 1 T 1 Rotational 

mam conjugate planes. In a sphere strain. 
all sets of conjugate planes are rect- 
angular. Thus the principal planes of the ellipsoid into 
which a sphere is changed by any strain, and which is 
called the "strain ellipsoid," were origin- 
ally diametral planes of the sphere at eUipsoid. 
right angles to one another. Hence the 
strain may be looked upon as made up of two opera- 
tions, viz. a pure strain, and a rotation through a definite 
angle about an axis in a definite position in space. The 
values of these operators will depend upon the order in 
which they occur, for they are not generally commutative. 
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§ 89. It is useful, in further considering the subject, to 
introduce along with the original strain 
"Tt^^."'" (thus analysed) another which is called 
its "conjugate. This is defined as com- 
posed of an equal pure strain with the first with an 
equal but opposite rotation. And the separate component 
operations must be taken in the opposite order in the strain 
and in its conjugate. [In the analysis which follows (§ 93) 
we will show how to build up, from this point of view, the 
expressions for a strain and its conjugate.] 

The successive application of the strain and its conjugate 

thus necessarily leads to the reduplication (or squaring) 

of the pure part of the strain, and to the annihilation of 

the rotation. For, call the parts, as operators, P and E. 

The strain and its conjugate, referred to axes fixed in 

space, may be either 

RP and PR-^, 
or 

PiRiandRi-iPi, 

according as the pure strain or the rotation is first applied. 
The operations in each group are written, from right to 
left, in the order in which they are performed. Thus RP 
means the pure strain P, followed by the rotation R 

§ 90. The final results are P^ and Ri-ip^^, if the 

o . strain be followed by its conjugate. In the 
application of first case we have the pure strain, followed 

conjugate by the rotation; then (by the conjugate) 
strains. ^^^ rotation is undone, and the pure strain 
reapplied. In the second we rotate first, then apply the 
pure strain twice, and finally undo the rotation. Thus the 
student must be cautioned against the error of supposing 
that the results of applying PR and RP separately are 
generally the same. If the conjugate be applied first, the 
final results are RP^R"^ and P^^ respectively. 

Perhaps it will be easier for the reader to consider the 
"reciprocal," instead of the conjugate, of 

^^Sf^ a strain. For if the strain be RP, the 

reciprocal is obviously P"iR"^; if it be 

PR, the reciprocal is R"P^"^. Ether pair of these. 
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taken in either order, restores the figure to its primitive 
form. The one point to be noticed is that, in whatever 
order the direct component operations are supposed to 
occur in the strain, their reciprocals must be taken in the 
opposite order in the reciprocal strain. The reciprocal 
strain simply undoes the strain, and therefore differs from 
the conjugate by a factor, the square of the pure part of 
the strain. 

From this we have at once, as will be seen later, the 
means of decomposing a given strain into its pure and its 
rotational factors. This is effected as soon as we can form 
the expression for the conjugate strain in terms of that for 
the strain itself. 

§ 91. As, in general, any strain converts a spherical 
portion of a figure into an ellipsoid, and ^, 
as an ellipsoid has two series of par- 
allel circular sections, it appears that in every strain 
there are two series of plants of m distortwn} The 
consideration of these planes leads us to a second and 
very different mode of analysing a strain into simpler com- 
ponents. Perhaps the most elementary mode of considering 
this subject is by thinking of the motion of water flowing 
slowly down a uniform channel. We know that water, at 
ordinary pressiu'es, is practically incompressible ; also that 
the upper layers of the water in a canal flow faster than 
those below them. Hence the definition of a "simple 
shear. '^ Let one plane of a figure be fixed, and let the 
various planes parallel to it slide over it and over one 
another, all in the same direction, and with velocities 
proportional to their distances from the fixed plane. It 
is clear that this shear produces homogeneous strain in 
the figure, but it is mere change of form without change 
of volume. The fixed plane and all those parallel to it, 
are planes of no distortion. But we have seen that there 
must be two sets of such planes. To find the second set, 
let us suppose the plane of Fig. 31 to be parallel to the 

^ We here exclude spheres and ellipsoids of rotation. The latter have 
only one series of circular sections, the former an infinite number. 
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common direction of sliding, and perpendicular to the 
fixed plane. This plane, so defined, is the plane of the 
p |v| p'q^ 0/ shear. Let AB be the trace 

7 on it of the fixed plane, PQ 

/ that of one of the sliding 

planes, PP' the amount of its 

sliding. Bisect PP' in M by 

a perpendicular, meeting AB 

A B in A. Join AP, take AB = 

^'^- ^^' AP, and draw BQ parallel to 

AP. Consider the strain of the rhomboidal portion APQB 
of the figure. P moves to P', and Q to Q', where 
QQ' = PP'. Hence the rhombus remains a rhombus, for 
AP' = AP = AB. But the lengths of its diagonals have 
been interchanged. It has been subjected to an elongation 
of AQ, and a contraction of BP, each in the same ratio 
(so that their product, Le, double the area of the rhombus, 
remains unaltered), while all lines perpendicular to the 
plane of the figure remain unaltered. From the symmetry 
of the rhombus it is obvious that AQ' and BP' are the 
greatest and least axes of the strain ellipsoid, while AB 
and AP' are parallel to its circular sections. Planes 
originally parallel to AP and perpendicular to the paper 
are therefore the second set of planes of no distortion. 
The rotational part of the shear is given by the angle PAM, 
or (what is obviously equal to it) the angle PBP', and its 
axis is perpendicular to the plane of the figure. The 
most convenient measure of the shear is the ratio of PP' 
to AM, or, what involves the same, the angle PAP'. 
Another mode of measuring it is by means of the ratio 
BP/AQ, = 1 + 2e, suppose. If e be a small quantity, as 
is usually the case with solids, we may write 1 ± e for the 
measure of the shear. Here e indicates the extension per 
unit of length along one diagonal of the rhombus, and the 
contraction per unit of length along the other. 

§ 92. It is quite clear from what has been said that 
we can analyse a strain by the help of simple shears 
compounded with different forms of pure strain. For 
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the shears may be taken in an infinite number of 

ways so as to produce the rotational part 

of the given strain, while also producing ofa"^rain^^ 

deformation without change of volume. 

The final adjustment is to be made by a pure strain, 

whose axes are those of the strain ellipsoid due to the 

shears. As a shear depends on four quantities only (two 

for the aspect of its plane, one for the direction of sliding 

in that plane, and one for the amount of sliding), two 

shears and a dilatation furnish the nine constants required 

for a homogeneous strain. 

The successive application of two pure strains does not, 
except in special cases, give rise to a pure 
strain. This is, physically, a inost im- ^pSJ^^strZs!"^ 
portant proposition. Thus, for instance, 
the instantaneous strains of each element of a perfect 
fluid in which there is no vortex motion are pure; 
and yet, if the element be followed in its motion, it will 
be found in general to rotate. Its motion is said to be 
" differentially irrotational." 

To prove this proposition by the help of a particular 
case is simple enough. Take, for instance, a compression 
in one direction, followed by an equal extension in a 
different direction. Only when these directions are at 
right angles to one another is the resultant strain pure. 

§ 93. The analytical theory of strains is, at least in its 
elements, an immediate application of the . , . 
properties of determinants, usually of the 
third order. We may treat it from many points of view, 
as will be seen from the following slight sketch : — 

We have seen that it is only necessary, for the full characterising 
of a strain, that we should know what becomes of three unit lines not 
originally coplanar. Take these parallel to the axes of a, i/, z. Then 
if the X unit becomes a line which is the diagonal of a parallelepiped 
with sides a, d, g parallel to the axes, y similarly that of 6, e, ^, and 
z of c, /, %, we see at once that the co-ordinates of the point originally 
at aj, 2/, 2 become 

x' = ax-\-hy +cz\ 

y'=dx + ey +fzV . . . (A). 
z'=gx-\-hy-\-iz) 

6 
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Here it is obvious, from the premises, that the nine quantities 
a, ft, c; d, e,/; gr, ^, i are all real, and altogether independent, at 
least so far as kinematics is concerned.^ 

For brevity we will occasionally denote the strain by simply 
writing the group thus : — 

a h c 
d e f 
g h i. 

To obtain an idea of their nature from another point of view, let 
us suppose the axes (which, so far, may be any three non-coplanar 
lines) to be rectangular. In what follows we will adhere to this as- 
sumption, as we gain nothing by the retention of the more general one. 

Let unit parallel to x become e^, in the direction given by the 
cosines Z^, mi, ti^. Similarly, let e^, l^ m^ n^ belong to a unit 
originally parallel to y, and e,, Z,, 9713, n, to a unit parallel to z. 
Then the broken line a?, y, z becomes x\ y', z\ where 



X'=eiliX +62^22/ +e8?32 
y'=eii7ijX+e^m^-\-es7n^}- . . (A'). 
z' = CiUiX + e^fi^ + e^n^ 



} 



Though we have introduced three numbers e along with nine 
direction cosines, no greater generality is secured, for there are three 
necessary relations, one among each set of cosines. 

If the strain be a mere rotation, we must obviously have 

Rotational «i = «2 = ^s = 1 ; and the system of lines ?imi?ii, hTn^n^i 

strain ^8^% rectangular, so that three only of these nine 

cosines are independent. In this case we have 

obviously 

xf=l^x +1^ +I9S \ fx=liX^ + miy'-\-niz' 

y' = miX+7n^ + 7n^z }-whence-| y = l^' + m^' + 71^, 
z'=niX +n^ +742 J I z=l^ + 7n^y' + n^' 



or, say, 



^1 h h 


Zi mi Til 


R= mi TWjWa , 


R-^= l^ Tfi^n^, 


«! ^2 W3 


h '"H ^8 



^ Bat when strain is produced in a piece of mattery a limitation comes 
in. For, to take the simplest case, the strain 

x'=x, 2/=y, z^=-z 

(the axes being supposed rectangular) implies that the figure to which it 
is applied has been "perverted," — i.e. changed into its image as seen in 
a plane mirror. 
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To find the characteristic property of a pure strain, let us take it 
in its most general form. Thus let Z^, mi, Wi 
now denote a line which, without change of direc- Characteristic 
tion, has its length altered by the strain in the of pure strain, 
ratio e-i'. 1, Let Z2, to^, ff^, e^ and Z3, 9713, 74, e^ be 
similar data for the other two of the system of rectangular axes of the 
pure strain. Then to these axes the co-ordinates of x, y^ z are 

71 = 1^ + 7)1^ + 71^ 

t=l^ + 'm^+n^- 

The strain converts ^ into ^'=^1^, ti into rl=e^^ and f into i*=e^. 
Hence the final co-ordinates (to the original axes) of the point 
originally at x, y, z, which are of course 

x'=l^^' +W +^3f 
2/' = Wi^' + wi^V + ^w,^ 
2'=^^' +W2V +n^t 

are, in terms of x, y, z, 

x' = {fi^\ +ej,\+ eji\ )x + (ei^imi -f- ej^^m^ + ej,^7n^y 

y' = («imiZi + CgW^j^a + H^i^ + (^1^1 + ^^a + H^\ )2/ 
+ {e^mr^ + e^^rn,^ + e^m^a^z 

z' = {ejTiili + eg^^a + ^s'Hh)^ + {ejU^mi + e^ii^nn^ + eipn^7n^y 
+ (,e^nl + e^7tl+e^7il)z 



(B). 



If we compare this with the general expression above given for a 
strain, we see that the coeflScient of y in tne value of xf is equal to 
that of X in the value of y'. Similarly that of z in a/ is equal to 
that of X in zf ; and that of z in y' is equal to that of y in 2' ; or 
finally 

1=6,, c=g, f=h, 

so that, as stated in § 88, the nine numbers, characteristic of a strain 
in general, are reduced to six when it is pure. 

Conversely, when these three conditions are satisfied, and not 
otherwise, the strain is pure. It is to be observed p^^.^ strain 
that ^, 17, i" form a rectangular system, and thus depends on six 
the nine direction cosines (usually involving six conditions 
arbitrary numbers) depend here on three num- 
bers alone. Thus there are six independent numbers, corresponding 
to a, e, i, b, c, / in the general expression for the strain. Thus we 
may evidently write it, 

a d^y 
P= 5,;c p . 

7 /3 t 
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We may now easily exhibit any strain as the resultant of 

Direct composition ^^ P^® ^^^ rotational parts, 
of a strain. 

The reader will have no difficulty in obtaining the two follow- 
ing results, of which part only is'written : — 

a S y li I2 l^=ali + 5ini + yni al2 + Sm2+yn2 — 

PR= 5 e j8 miTn^m^ dli +€mi + pni dt^ + em^+^n^ — 

y P I Til n2 n^ — — — 

li mi n^ ad y=lia + mid + niy li8 + mi€ + nifi — 

R~^P=?2 ^ ^2 Sep l^ + m^'^+n^y l^+m.2€ + n^ — 

^8 ^ ^3 7 /3 t — — — 

Thus, if 

a b c a d g 

PR=rf e/, wehaveR-iP=6 e h, 

g h i c f i 

and we have thus formed the conjugate of any strain. 

Some may find the following process simpler, though 
Resultant of con- Certainly more tedious. 

jugate strains. 

It is clear, from the elements of co-ordinate geometry, that the 
determinant 



Change of 

volume by 

strain. 



a b c 
d ef 
g h i 



represents the ratio in which the volume is increased by the 
strain.^ 

Let us now introduce, in succession to the strain 



• (1), 





a b c 




d ef . 




g h i 


Conjugate 


the connected strain 


strains. 






a d g 




b e h . 




c f i 



■ (!'), 



^ When this strain is produced in a piece of matter^ the numerical 
value of the determinant obviously cannot be zero, nor can it be negative. 
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which obviously produces an equal change of volume with the 
former. 

Applying (1') in succession to (1), we have as the final result 

af'=a/xf +dy' -{-gz' 

2" = (5aj' + /y '+*«', 
or, substituting for a/, y\ %' their values, by (A), in terms of a;, y, 2, 

/= (&a + e<« + hg)x + (ft^ + gS + ^2)y + (6c + e/ + A*)2 
2!" = (ca +/^ + t^risB + \cb +/« + iA)2/ + (c^ + /2 + ^2)z. 

Thus the resultant strain is 

a^+cP+g!^ a&+rfe+gfA oo+ey+g^ 

which, for simplicity, we will write as 

a 5 7 

5 e /3 . . . . (2). 

7 /3 t 

[Note that a, /3, 7, etc., are now used in a new sense.] 

It will be observed that this group of nine numbers, if treated as a 

determinant, constitutes the product of the determinants formed of 

the two systems above. 

This satisfies the criterion of a " pure strain," as given above ; and 

we thus see that in the successive application of the strains 



a h c 




a d g 


d e f 


and 


b e h 


g h i 




c f i 



the rotation produced by the first is annihilated by the second. The 
proof that the pure parte are equal does not so immediately follow 
from this mode of treating the question. 

If, as above, we look on (1) as RP, (!') must be PR"^ ; and thence 
(2), which is (1') (1), is PR-^. RP or P*. But if (1) be dissected as 
PiRi, (!') is necessarily Rr^Pi, so that (2) is Ri-iPi%. 

[If we had begun with the strain (!'), and then applied (1), the 
final result would have been 



a/'=(a2 ^}^jf.c^)x+{ad-\-be+cf)y + {ag-\-bh-¥ci)z 

f = {da + eb +fc)x + ((«2 + e2 +f^)y + {da + eh +fi)z }■ (C), 

sf'=:{ga+hb-{-ic)x+{gd+he+if)y-{-{g^ +h^+i^) 



i)z'\ 

'i)zy 

^)zj 



still a pure strain, giving the same change of form and volume as 
does (2) to a spherical element ; but the chief axes of the strain 
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ellipsoid are, in general, formed. from an essentially different set of 

] 



rectangular diameters of the sphere. In fact (1) bein^ RP, this new 
strain is RP^R"^ ; but if (1) be PiRi, the new one is V^,] 



Let A, B, 0, etc., be the minors of 



A= 



a 


b 


c 


d 


e 


/ 


9 


h 


m 

% 



corresponding to a, &, c, etc. 

Then by our original equations we have 

A3/=Ba;' + Ei/'+H2' 

A2=(V+F2/'+l2'. 

Reciprocal of Thus the reciprocal of the strain 
strain. 

ale A/A D/A G/A 

d e f is B/A E/A H/A .... (3). 

g h i C/A F/A I/A 

This is evident from the formulae just written. For they express 
the fact that the new strain converts x\ y\ z' into aj, y. z. If (1) be 
RP, (3) is P-iR-i. 

Apply the resultant strain in succession to this reciprocal. The 
result is easily foreseen from separate terms like the following : — 

k{a^ + d:^ + f) + ^(a:b-\-de + gh) + G{ac + df+gi) 

= a( AtH- B6 + Cc) + («( Afi + Be + C/) + ^( A^ + BA + Ci) 
= aA ; etc. 

Or thus :— the result is F* . P-iR-i=PR-i. 

Hence when we apply (2) to a figure previously strained by the 
reciprocal of (1) the result is the strain (!'). 

To analyse a strain in the simplest manner, we must 
Analysis of ^^'^ ^^^ ^'^^s of the strain ellipsoid (§ 88), 
strain. as well as the original radii of the unit 
sphere which were distorted into them. 

It comes practically to the same thing (so far as algebra is con- 
cerned), to consider the ellipsoid which becomes a unit sphere in 
consequence of the strain. The equation of that ellipsoid is 

{ax+hy + ezf + {dx + ey +fzf + {gx +hy + izf= 1 . (4), 

or, with the notation employed in (2) above, 

a!X?+€y'^+iz^i-2Sxy + 2pyz-\-2yzx=l, 
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But the square of any radius-vector is 

£5^ + 2/^+2^=7^, suppose . . . (5). 

The maximum radius-vector, therefore, of the ellipsoid is found 
from the two equations 

{ax + Sy +yz)dx + {Sx+ ey + pz)dy + {yx+ py + tz)dz=0 

xdx + ydy + 2^2= 0. 

[Note here that we should have arrived at i\n&8ame pair of conditions 
if we had put r* for 1 in the right-hand member of (4) and 1 for r* in 
that of (5), so as to determine directly the axes of the strain ellipsoid. 
This justifies the remark above.] 

Hence, p being a numerical quantity to be found, 

ax + By +yz=px 

dx + €y+pz=py .... (6). • 

yx+Py+iz =pz 

Multiply respectively by jb, y, 2, add, and take account of the 
two preceding undifferentiated equations. We thus have 

or p is the reciprocal of the square of the maximum semi-axis 
required. 

^ut, if we eliminate a;, 1/, and z simultaneously from the preceding 
linear and homogeneous equations, we have 

a-p d y 

8 e-p. P =0, 
7 p i-p 

or, as may easily be proved, 

li»-i?2S(a2)+^S(A2)-A2=0 . . . (7). 

This equation is known to have three real positive roots, because 
the determinant is symmetrical. The roots are the j^^ ^^ ^Yxq 
squared reciprocals of the semi-axes of the ellip- ^^^ ellipsoid, 
sold, t.e. they are the squares of the semi-axes 
of the strain ellipsoid. 

When the three values of p have been found from this equation, 
any two of the equations (6) give in an unambiguous form the 
corresponding values of the ratios a; : y : 2 for each of them. Thus we 
know the ori^nal positions of the Hues which become the axes of 
the strain ellipsoid. Their final positions are found from these by 
means of (A). And, since we thus know the original and final 
positions of the rectangular system, the method of Rodrigues (§ 83) 
enables us to calculate the axis and amount of the rotation. 

[If we introduce, in (6) above, instead of a, /3, 7, etc., the corre- 
sponding quantities in (C), the values of the quantity p will be 
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unaltered ; as is obvious from the form of (7). This is the additional 

proof that the pure parts of (1) and (1') are equal.] 

In homogeneous strain, one direction at least is unchanged. This 
One line, at ^® *^ addition to, or extension of, the singular result 

^direction ^^^* ^^ ^* ^» ^ ^® shifted to a point on its radius- 

vector, we must have 



so that 



' + 12= €2-' 



ax + by + cz= esc' 
dx + ey 
gx + hy 



a-€ b e 
d e-€ / 
g h i-c 



= 0, 



a cubic equation, which must have one real root. 

When the figure is rigid, the strain must be a rotation only. 
Hence in the formulae (A') above we have 
^^=^2=^3=1. Thus the last written equation 
becomes 



Strain a mere 
rotation. 



I 



3 



= 0; 



or (by the properties of the direction cosines of a set of rectangular 
axes) 

1 - (Zi + 7^2 + TigXe - e2) - e8= 0. 

This has, of course, the real root c=l. But we also have 

1 + c(l - (Zi + 7712 + w,)) + e2= 0. 

This cannot have real roots if the coefficient of 6 lie between the 
limits 2 and - 2. But these are its greatest and its least possible 
values. For, first, Zj, Tn^ % may be each = l simultaneously. Here 
we have, of course, 

(1-6)2=0. 

Or two of them may be each = - 1, but then (to avoid perversion) 
the third must be = 1. Then we have 

(l + €)2=0. 

In the first case the figure has no rotation. In the second it 
rotates through an angle ir about the axis of 6=1. 

The proposition that two pure strains succeeding one another 
ComDosition of ^3^*1^7 gi^® * rotational strain is proved at once 
two pure strains. ^^ analysis. Let the pure strains be such that 

af=ttx-\-dy-¥cz 
y'=dx+ey +bz 
z' —ex -\-by +iz; 
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and 



2" = cV+6y + iV. 

Then, writing only the second term of aJ* and the first of y" in 
terms of aj, y, 2, we have 

«"= +(a'd+d'e+c'b)y + . . . 

i/'={d'a-^e'd + b'c)x+ + . . . 

2"= + + . . . 

It is clear that, in general, this is not a pure strain. But it is also 
clear that a third pure strain can be found whose application in 
succession to the other two will give a pure strain. 

For let the last equations be written 

iKr=a''x+b''y+c"z 
y"=d"x+^y+f''z 
s^'=fx+h''y+i"z; 

and let us apply further the pure strain 

where a, /3, 7, 5, c, i are any six quantities whatever. Then we 
have 

0/"= +((d}"+5^+yh'')y+ . . . 

y'"={da" + €d''+ps^')x+ + . . . 

* — • • • 

.There are but three conditions to satisfy, that this strain may be 
pure. But we may accomplish this in an infinite number of ways, 
for we have five disposable quantities, viz. the ratios of any five of a, e, 
(, /3, 7, 5 to the remaining one. In a precisely similar manner we 
may show that three pure strains can be found, such that their 
resultant is a mere rotation. In fact, all we have to do, since two 
pure strains in general produce a distortion accompanied by rotation, 
is to apply a pure strain to annihilate the distortion, which can of 
course always oe done. 

§ 94. In general when a figure is continuously strained, 
which is usually the case in physical applica- 
tioBS. at least untU cracks occur, the strain ^^^^S^^^ 
IS not homogeneous. But, on account of 
the continuity of the strain, portions indefinitely near one 
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another are strained indefinitely nearly alike. Hence 
we may treat such a case by the ordinary process for 
homogeneous strain, so long as we confine our attention 
to small regions of the figure strained. When there is 
discontinuity in the motion of a fluid, it is the common 
practice to treat the motion as continuous by the fiction 
of an infinitely thin vortex -sheet separating the two 
discontinuously-moving portions. This is, in all likelihood, 
physically true in ordinary fluids; but, so far as the 
imaginary frictionless fluid of the mathematicians is con- 
cerned, it is a mere analytical artifice to enable us to carry 
out the investigation. In a subsequent chapter we will 
sketch the mathematical theory of " vortex motion." 

Suppose space to be uniformly occupied by points which are dis- 

Displacements V^^^^ ii^ a continuous manner. Let ^, 17, t be 

of a svstem of rectangular components of the displacement 

Doints ^^ * point originally situated at a;, i/, z. The con- 

^ * tinuity of the displacement requires no limitation of 

the absolute magnitudes of ^, 17, i", but merely that their differential 

coefficients, of all orders, with respect to Xfy, z (and any combination 

of them) shall be finite. That being assumed, the displacement, 

parallel to x, of the point whose initial co-ordinates were x + 8Xf 

y + dy, z + dz (where 5a;, 5i/, 8z are indefinitely small quantities of the 

first order) is necessarily expressed by 

^ d^^ d^^ rf|. 
Hence the relative co-ordinate of the second point with regard to 

JV JTV JV 

the first is changed from 8x to dx + -^dx + —dy + -j8z. And similarly 

Cux ^y ^^ 

Constants of the for the other relative co-ordinates. Thus, with the 
, consequent notation employed in § 95 above, the strain in the 
strain. inmiediate vicinity of the point a;, y, z is given by 

dx 

drf 
dx 

dl 
dx 



dy 


dj 
dz 


dy 


drj 
dz 


dy 


dz 
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If the differential coefficients are all small quantities, whose 
squares and products two and two may be neglected, i.e. if the 
strain is slight, we have for the ratio in which the volume is in- 
creased 

ax ay dz 



Hence the condition of no change of volume is 



Condition that 



d^ dff d^^ volume is 

dx^dy^dz unaltered. 

To examine this case more closely, let us suppose that it consists 
of a pure strain as in § 93 (B), superposed on a rotation Wx, cuy, 
0), about the axes of a;, y, and 2 as in § 77. Let these be so small as 
not to interfere with one another. That compound strain would be 

eil\-\-eJ>\+e^l\ eilimi+e^lim^+e^l^Tii^^Ug eJini +... +Wy 
^iWii^i + e^rn^li + e^rnji^ + w« e^mj + ggml + e^m% eim^ni + . . . - w, 

«iWi^2 + ^2712^2 + 637^3^3 - Wy ejTiimi + +<t)x e^w} + e2nl + e^nl 

Comparing with the above, we find 

or, if we put e for the " elongation," so that 6 = 1 + e, 

with similar expressions for 3^ and t- . 

^ dy dz 

These give 

dx dy dz 



-^ + T- + — = ^1 + ^2 + €3. 



Again we have 



^ + ^ = 2(eiZi«ii + e2^a?n2 + e^l^m^) 



with other two of the same kind. 
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Also we have three equations of the form 

Determination _d^ drf\ 

of the ^'^'-di'd'z 

rotations. d^ d^ 

' dz ax 
ax ay. 



■ (1). 



These expressions show, simply, that when there is no elementary 
rotation the quantity 

$dx + 7idy + j:dz=d<p .... (2) 

is the complete differential of a function of three independent 

Condition of variables. If we combine the condition that there 

no rotation shall be no change of volume with those that there 

shall be no rotation, we can eliminate ^, 17, ^ ; and 

we arrive at Laplace's equation 

dx^ dy^ dz^ 

This shows at once how a graphical representation of stationary 
distributions of temperature, electric potential, etc., maybe given by 
means of a strain. 

If dS be an element of a surface at the point a;, y, z, and 2, m, n 
the direction cosines of its normal, the rotation about the normal 
is obviously 

lux + mup+noig . 
The integral of double of this over a finite portion of surface is 

/H'(S-£)"(g-i)"(i-l))' 

or 

//{(l-i')'*-*(i-s)-Hi-IH}- 

This, as seems to have been first pointed out by Stokes, can be 
expressed as a simple integral in the form 

fi^dx + ridy + tdz) .... (3) 

extended round the boundary of the surface. Hence the double 
integral has the same value for all finite sujfaces having the same 
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boundary ; and, as a consequence, it vanishes when taken over a 
closed simply-connected suriace. Hence we see at once that it 
vanishes for multiply-connected surfaces also, provided that is a 
single-valued function. The proof of the equality of the single and 
double integrals has only to be established for a mere surface element. 
For, when that is done, the common boundary of each pair of 
elements gives equal portions, with opposite signs," in the single 
integral. 

[Let the surface element be dxdy, then the value of the boundary 
integral is evidently made up of parts, as follows : — 

^ and 17 being the values at the middle point of the element.] 

Directly connected with the displacements of a group of points, 
we have the question. What is the mathematical So-called 
expression of the fact that the number of points is eauation of 
not altered? There are many ways of answering continuitv 
this ; but the following, which is immediately ^' 

deducible from our recent investigation, seems suflSciently simple. 
If I, m, n be the direction cosines of the normal to an element c?S of 
a simply-connected closed surface, the number of points which pass 
through the element in the time U in consequence of the displace- 
ment ^dty 7j8t, ^8t at the point aj, y^ z is 

{l^ + mri + nt)f)dS8ty 

where p is the number of points per unit volume at x, y^ z. But 
at every point inside the closed surface the density is altered from p 
to p + p8t. It will be noticed that ^, 7;, ^now stand for the a, y, z 
components of velocity. 

Hence, if the excess of the number of points passing into the 
surface over those escaping be equated to the increase of the number 
of points included in the closed space, which is calculated from the 
change of density inside, we have 

dt/jf{l^ + mri + n^)pdS = 8tJj/jfpdxdydz . . (4). 

If we take for S an elementary rectangular parallelepiped, with 
edges dXy dy^ dz, this becomes at once 



or 



dt dx dy dz ' ' ' ^ '* 
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see that the complete path of any point R of PQ is a 
species of figure-of-eight. A portion of that curve on each 
side of a point of inflexion (where the curvature vanishes) 
was found to be sufficiently straight for practical purposes. 
But the rigorous solution of this problem has only been 
p .J. y arrived at in recent times ; and the beautiful 

device of Peaucellier, which we will briefly 
explain, has led to a host of remarkable investigations and 
discoveries in a field regarded till lately as perfectly 
hopeless. A simple mode of arriving at Peaucellier's result 
is as follows. 

Let PQ, PR (Fig. 33) be e^ml links, and PO a Unk of a 

difierent length, all jointed 
together at P. Suppose 
to be fixed, and Q and R 
constrained to move in a 
fixed straight line OQRj 
what is the relation be- 
tween OQ and OR ? We 




Fio. 83. 



have, if PS be perpendicular to QR, 



whence 



0P2=0S2+SP2 
PR2=QP2=QS2+SP2; 

Op2_Qp2=oS2-QS2=OQ.OR. 



Thus the rectangle under OQ and OR is constant ; so that, 
if R were to describe a straight line, Q would describe a 
circle having on its cir- 
cumference. In practical 
application, to keep 0, Q, 
R in one line, the parts of 
the link-work are doubled 
symmetrically about that 
line, so that it takes the 
form of a jointed rhombus 
PQFR (Fig. 34) with two equal links, PO, OP' attached 
at the extremities of a diagonal. As a very curious 




Fig. 84. 
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result of this arrangement, if OQ have its length changed 
by any very small amount, the corresponding change of 
length of OE is directly as OB? or inversely as OQ^. 
Hence, as will be seen later, a constant force (towards or 
from 0) acting at Q will be balanced by a force (from 
or towards 0) acting at K and varying inversely as ]he 
square of OR 



CHAPTER III 

DYNAMICS OF A PARTICLE 

Definitions and General Considerations 

§ 96. We commence with a few necessary definitions. 

Definition of -A. " physical particle " is a purely abstract 
physical conception, embodying together the ideas 
particle. ^f inertia and of a geometrical point. 
It is, so to speak, a mathematical fiction, embracing only 
those properties which are required for our temporary 
purpose. Any mass, however large, can be treated as a 
particle, provided the forces to which it is subject are 
exerted in lines passing through its "centre of inertia" 
or " centre of mass " (this term will presently be defined), 
so as to be incapable of setting the mass into rotation. 
This is, to a first approximation, true of planetary motions, 
but when we look more closely into that question, so as, 
for instance, to take account of the oblate forms of the 
planets, we have to deal with forces which produce rotatory 
effects, such as " precession " and " nutation." 

§ 97. The "quantity of matter" in a body, or the 
" mass," is proportional to the " volume " and 

^t^sit? the "density" conjointly. The "density" 
may therefore be defined as the quantity of 
matter in unit volume. 

If M be the mass, p the density, and V the volume of a 
homogeneous body, we have at once 
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provided we so take our units that unit of mass is the 
mass of unit volume of a body of unit density. Hence 
the dimensions of p are [ML"^]. 

As will be presently explained, the most convenient unit 
mass is an imperial pound, or a gramme, of matter. 

§ 98. The "quantity of motion," or the "momentum," 
of a moving body is proportional to its mass „ , 

J 1.,° '-^A 1 J i.xj Momentum. 

and velocity conjointly. As already stated, 

this is, like velocity, a directed quantity, or "vector." 

Its dimensions are, of course, [MLT"^]. 

§ 99. "Change of quantity of motion," or "change of 
momentum," is proportional to the mass 
moving and the change of its velocity ^3um. 
conjointly. 

Change of velocity is to be understood in the general 
sense of § 32. Thus, with the notation of that section, 
if a velocity represented by OA be changed to another 
represented by OB, the change of velocity is represented 
in magnitude and direction by AB. 

§ 100. " Eate of change of momentum," or " acceleration 
of momentum," is proportional to the mass Bate of 
moving and the acceleration of its velocity change of 
conjointly. Thus (§ 36) the acceleration ino°^entum. 
of momentum of a particle moving in a curve is Ms along 
the tangent, and Miy^/p in the radius of absolute curva- 
ture. The dimensions of this quantity are [MLT"^]. 

§ 101. The " vis viva," or " kinetic energy," of a moving 
body is proportional to the mass and the 
square of the speed conjointly. If we adopt enCTey° 
the same units of mass and velocity as 
above, there is particular advantage in defining kinetic 
energy as half the product of the mass into the square of 
its speed. Its dimensions are [ML^T"^]. 

§ 102. " Kate of change of kinetic energy," thus defined, 
is the product of the speed into the com- 
ponent of acceleration of momentum in the chang^S kinetic 
direction of motion. energy ; Power. 

For 
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The dimensions are [ML^"*]. 

§ 103. The "space-rate of change of kinetic energy'' is 

change of It. dsK 2 / ds dt * 

and its dimensions are [MLT~^], the same as those of 
" force "(§ 104). 

§ 104. "Force," as we have already seen, is any cause 

which alters a body's natural state of rest, 

or of uniform motion in a straight line. 

The three elements specifying a force, or the three 

elements which must be known before a clear notion of 

the force under consideration can be formed, are — its place 

of application, its direction, and its magnitude. The place 

of application may be a surface, as when one body presses 

on another ; or it may be throughout the whole mass of a 

body, as in the case of the earth's attraction for it. 

The " measure of a force " is the rate at which it produces 
momentum, or the momentum which it produces in unit 
of time, which is the same as what we have already called. 
" rate of change of momentum." According to this method 
of measurement the standard or unit force is that farce which, 
acting on the unit of matter dwing the unit of time, generates 
the unit of velocity. The dimensions of force are therefore 
[MLT-2]. 

§ 105. Hence the British absolute unit force is the 

force which, acting on one pound of matter 

nn^force ^^^ ^^® second, generates a velocity of one 

foot per second. 

[According to the system followed till lately in treatises 

on dynamics, the unit of mass is g times 

the mass of the standard weight, g being 

the numerical value of the acceleration produced (in 

some particular locality) by the earth's attraction. This 

definition, giving a varying unit of mass, is exceedingly 

inconvenient. In reality, standards of weight are masses, 

not forces. They are employed primarily for the purpose 
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of measuring out a definite quantity of matter, not an 
amount of matter which shall be attracted by the earth 
with a given force.] 

§ 106. To render our standard intelligible, all that has 
to be done is to find how many absolute units will produce, 
in any particular locality, the same effect as does gravity. 
The way to do this is to measure the effect of gravity in 
producing acceleration on a body unresisted in any way. 
The most accurate method is indirect, by means of the 
pendulum. The result of pendulum experiments made at 
Leith Fort, by Captain Kater, is that the velocity acquired 
by a body falling unresisted for one second is at that 
place 32*207 feet per second. The variation in gravity 
for one degree of difference of latitude about the latitude 
of Leith is only '0000832 its own amount. The average 
value for the whole of Great Britain differs but little from 
32*2; that is, the attraction of gravity on a pound of 
matter in this country is 32*2 times the force which, acting 
on a pound for a second, would generate a velocity of one 
foot per second. Thus, speaking very roughly, the British 
absolute unit of force is equal to the weight of about half 
an ounce. The quantity represented by 32*2 feet per 
second per second is usually called g. Its dimensions are 
obviously [LT"^]. And, if M be the mass of a body, its 
weight is M.g. In the Centimetre- Gramrne' ^ ^ „ 

mi -. Ill • C.-G.-S. system. 

Second system of units, the absolute unit 
of force produces in one second, in a mass of one gramme, 
a velocity of one centimetre per second. The numerical 
value of g in this system is 981*4. 

§ 107. Forces (since they involve only direction and 
magnitude) may be represented, as velo- 
cities are, by vectors, that is, by straight ^Tforce. °^ 
lines drawn in their directions, and of lengths 
proportional to their magnitudes respectively. 

Also the laws of composition and resolution of any 
number of forces acting at the same point are, as we 
shall presently show (§ 117), the same as those which 
we have already proved to hold for velocities ; so that, 
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with the substitution of force for velocity, § 30 is still 
true. 

§ 108. The "component'* of a force in any direction is 
therefore found by multiplying the magni- 

oTforce? *^^® ^^ ^^® force by the cosine of the angle 
between the directions of the force and the 
component. The remaining component in this case is 
perpendicular to the other. 

It is very generally convenient to resolve forces into 
components parallel to three lines at right angles to each 
other, each such resolution being effected by multiplying 
by the cosine of the angle concerned. 

The magnitude of the resultant of two or of three 
forces in directions at right angles to each other is the 
square root of the sum of their squares. 

§ 109. The "centre of inertia or mass" of any system 

of material particles whatever (whether 

maas^ rigidly connected with one another, or 

connected in any way, or quite detached) 

is a point whose distance from any plane is equal to 

the sum of the products of each mass into its distance 

from the same plane, divided by the sum of the masses. 

The distance from the plane yz of the centre of inertia 
of masses m^, m^ etc., whose distances from the plane are 
iCj, x^ etc., is therefore 

^"" 2(m) ' 

and similarly for the other co-ordinates. 
Hence its distance from the plane 

as stated above. And its velocity perpendicnlar to that plane is 

f d^\ 






2m 
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from which, by multiplying by 2m, and noting that d is the distance 
of JB, y, z from 5=0, we see that the sum of the momenta of the parts 
of the system in any direction is equal to the momentum in that 
direction of the whole mass collected at the centre of mass. 

The problem of finding the centre of inertia of any 
given distribution of matter is a question of mere mathe- 
matics. We must confine ourselves to a few examples 
only. And, first, we may note that when a body is 
symmetrical about a plane the centre of inertia must 
obviously lie in that plane. Thus, as an ellipsoid and 
a rectangular parallelepiped have each three planes of 
symmetry, their centres of inertia lie at their centres of 
figure, where these planes meet Again, it is obvious 
that^ if a body can be divided into parts the centres of 
inertia of which lie on a straight line, the centre of inertia 
of the whole is in that line. Thus, as a triangular plate 
may be divided into strips parallel to one side, every one 
of which has its centre of inertia at its middle point, the 
centre of inertia of such a plate is the point of intersection 
of the bisectors of the sides. Its distance from any one 
side, treated as base, is therefore one-third of the height. 
Again, if a triangular pyramid (or tetrahedron) be divided 
into triangular slices by planes parallel to any one face 
treated as base, the centres of inertia of all the slices lie 
in a straight line. These lines meet, and divide each 
other into parts which are as 1 : 3. Hence the distance of 
the centre of inertia from the base is one-fourth of the 
height. If the base be of any other form, it may be 
divided into triangles, and thus the whole pyramid (or 
cone) into tetrahedra, for each of which the same property 
holds. Hence the centre of inertia of any pyramid divides 
the line joining the vertex to the centre of inertia of the 
base in the ratio 3:1. All this is on the supposition 
that the solids treated of are of uniform density. When 
we deal either with more complex forms or with hetero- 
geneous bodies, we must in general have recourse to 
integration. 

For a continuous body we must take an element of mass, say 
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pSxSydz, at the point x, y, z instead of the mass m in our original 
fonnida. The sums then become integrals, and we have three ex- 
pressions of the form 

ffffxedxdydz 

^ fffpdxdydz 

Here p represents the density at x^ y, z ; and the integrations extend 
through the whole volume of the body. 

Thus, for a homogeneous hemisphere of radius a we have, taking 
the base as the plane of yz^ 

^- p^ - 8 • 

The same value would be obtained for any semi-ellipsoid, whatever be 
the diametral section, provided a be the height measured perpendi- 
cular to the base ; and, in general, from the position of the centre of 
inertia of any body we may at once find that of the same body 
homogeneously strained. 

Recurring to the hemisphere, suppose its density to be at every 
point proportional to the distance from the centre. Then we have, 
omitting common constant factors of numerator and denominator, 



X = 



J J 



2a 



\ dx \ rd 

Jo. J 



-3fl 5 

rdrsjo^ + r^ 



A uniform hemispherical shell gives 

by the well-known result due to Archimedes. From this, by taking 
concentric hemispherical elementary shells, we may reproduce the 
preceding result for a solid hemisphere in the form 



d 



a 
2va?dx ,x.\x 
2a 



/ 



a 6 

2Trx^dx . X 



Here the first factor under each integral sign is the volume of the 
hemispherical element of radius x and thickness dx^ and the second 
is proportional to its density. 
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If the density of a thin jiniform spherical shell be everywhere 
proportional to the inverse cube of the distance from an internal point, 
that point is the centre of inertia. For, if a double cone of small 
angle be drawn, having that point as vertex, the volumes of the 
portions of the shell which it cuts out are as the squares of their 
distances from the vertex. Hence their masses are inversely as their 
distances from the vertex, which is thus their centre of inertia. The 
whole shell may be divided into pairs of elements for each of which 
this is true. 

The reader may easily prove that, if the density of a solid sphere 
be inversely as the fifth power of the distance from an external point, 
the ** electric image " (§ 136 (8)) of that point is the centre of inertia. 

It may be proved in the last two examples that this point is not 
merely the centre of inertia of such distributions of matter, but that 
it is also a true "centre of gravity" in the sense that the whole 
attracts, and is attracted by, any external body whatever, as if its 
whole mass were concentrated in this point. See § 135 (7). 

§ 110. By introducing in the definition of moment of 
velocity (§ 46) the mass of the moving 
particle as a factor, we have an important mo^mentum 
element of dynamical science, the " moment 
of momentum.'' The laws of composition and resolution 
are the same as those already explained. Its dimensions 
are [ML^T'^]. 

§ 111. A force is said to "do work" if it moves the 
body to which it is applied; and the ^^^^ 
work done is measured by the resistance 
overcome, and the space through which it is overcome, 
conjointly. The dimensions of work are therefore 
[MLT-2.L] or [ML^T"^], the same as those of kinetic 
energy. 

Thus, in lifting coals from a pit, the amount of work 
done is proportional to the weight of the coals lifted; 
that is, to the force overcome in raising them ; and also 
to the height through which they are raised. The unit 
for the measurement of work, adopted in practice by 
British engineers, is that required to overcome the weight 
of a pound through the height of a foot, and is called a 
" foot-pound." 

In purely scientific measurements, the unit of work is 
not the foot-pound, but the absolute unit force (§ 105) 
acting through unit of length. 
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If the weight be raised obliquely, as, for instance, 
along a smooth inclined plane, the distance through which 
the force has to be overcome is increased in the ratio of 
the length to the height of the plane ; but the force to be 
overcome is not the whole weight, but only the resolved 
part of the weight parallel to the plane ; and this is less 
than the weight in the ratio of the height of the plane to 
its length. By multiplying these two expressions together, 
we find, as we might expect, that the amount of work 
required is unchanged by the substitution of the oblique 
for the vertical path. 

Generally, if « be an arc of the path of a particle, S the tangential 
component of the applied forces, the work done on the particle 
between any two points of its path is 

/Sds, 

taken between limits corresponding to the initial and final positions. 

Referred to rectangular co-ordinates, it is easy to see, by the law of 
resolution of forces, § 117, that this becomes 



ji^^^'Kh 



where X is the component force parallel to the axis of x, 

§ 112. Thus it appears that, for any force, the work 
done during an indefinitely small displacement of the 
point of application is the product of the resolved part of 
the force in the direction of the displacement into the 
displacement. 

From this it follows that, if the motion of a body be 
always perpendicular to the direction in which a force acts 
on it, the force does no work. Thus the mutual normal 
pressure between a fixed and a moving body, the tension 
of the cord to which a pendulum bob is attached, the 
attraction of the sun on a planet if the planet describe a 
circle with the sun in the centre, are all cases in which no 
work is done by the force. 

In fact the geometrical condition that the resultant of X, Y, Z 
shall be perpendicular to ds is 
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ii8 ds ds 
and this makes the above expression for the work vanish. 

§ 113. Work done on a body by a force is always 
shown by a corresponding increase of kinetic 
energy, if no other forces act on the body '^^f woA**'^'' 
which can do work or have work done 
against them. If work be done against any forces, the 
increase of kinetic energy is less than in the former case 
by the amount of work so done. In virtue of this, however, 
the body possesses an equivalent in the form of " potential 
energy," if its physical conditions are such 
that these forces wiU act equally, and in enenrv' 
the same directions, when the motion of ^' 

the system is reversed. Thus there may be no change 
of kinetic energy produced, and the work done may be 
wholly stored up as potential energy. 

Thus a weight requires work to raise it to a height, a 
spring requires work to bend it, air requires work to 
compress it, etc. ; but a raised weight, a bent spring, com- 
pressed air, etc., are stores of energy which can be made 
use of at pleasure. 

As an illustration of the calculation of work, take the 
following question :— 

Suppose one end of an elastic string to be attached to 
a mass resting on the ground, what amount 
of work must be done, in raising the other of*wOTk.^ 
end vertically, before the mass is lifted ? 

If X be at any instant the length of the string, I its 
original length, its tension is (§ 125) 

Hence the value of x, when the mass is just lifted, is 
where W is the weight of the mass. 



108 DYNAMICS 

The whole work done is the sum of all the elementary 
instalments of the form 

These must be summed up from x = lto x = x^y so that the 
result required is 

It is to be observed that this quantity becomes less in 
proportion as E is greater, ie. the less extensible is the 
string. 

An interesting variation of the qnestion consists in supposing the 
upper end of the string to be attached to the rim of a wheel, rough 
enough to prevent slipping. Here the various portions of the string 
are wound on in a more and more stretched state as the operation 
proceeds. 

At any stage of the operation let x be the unstretched length of 
the part already wound on the wheel. The tension of the free part is 
then 



E- 



l-x 



During the next elementary step of the process a portion dx is wound 
on. Dut its stretched length is 

Idx 
l-x 

Hence the element of work is 

This most be integrated between the limits and W of 

^ l-X ' 

Ei 
or from l-x=lto l-x= ^ , ,„ ; and the result is 

Jl<+ YY 



i"^-'^'^^)' 



which, when E is very great compared with W, gives the previous 
result. 
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Fwrther Comments on the First Two Laws of Motion " 

§ 114. We are now prepared to consider, more closely 
than we could at starting, the bearing of the various 
clauses of each of Newton's Laws. Thus, from the first 
law we may draw the following immediate consequences : — 

The times during which any particular body, not 
compelled by force to alter its "state," 
passes through equal distances are equal l*l»ysical 

Aj .*^ ^ ,T_ ij'xi measurement 

And, again, every other body in the of time, 
universe, not compelled by force to alter 
its "state," moves over equal distances in successive 
intervals, during which the particular chosen body moves 
over equal distances. The earth, in its rotation about 
its axis, presents us with a case of motion in which the 
condition of not being compelled by force to alter its 
speed is more nearly fulfilled than in any other which 
we can easily or accurately observe. Hence the numerical 
measurement of time practically rests on defining " equal 
intervals of time " as times during which the earth turns through 
equal angles, 

§ 115. It has been objected to this statement that we 
begin by defining uniform motion by the description of 
equal spaces in equal times, and then employ this defini- 
tion as a mode of measuring equal times. The objection, 
however, is not valid \ for, if we agree to measure equal 
intervals by the undisturbed motion of any one physical 
mass, we find that in the successive intervals so determined 
all other absolutely free physical masses describe successive 
equal spaces. 

§ 116. Again, from the second law we see that, if we 
multiply the change of velocity, geometri- 
cally determined, by the mass of the of forcr 
body, we have the change of motion 
(§99) referred to in the law as the measure of the force 
which produces it. In the statement of the second law 
there is nothing said about the actual motion of the body 
before it was acted on by the force ; the same force will 
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produce precisely the same change of motion in a body 
whether the body be at rest or in motion with any velocity 
whatever. Again, nothing is said as to the body being 
under the action of one force only ; so that we may logically 
put part of the second law in the following (apparently) 
amplified form : — 

TThen any forces whatever act on a body, tJien, whether the 
body be originaUy at rest or moving wUh amy velocity and in 
an/y direction, each force produces in the body the eosact change 
of motion which it would have produced if U had acted singly 
on the body originaUy at resit, 

§ 117. Since, now, forces are measured by the changes 

of motion they produce, and their direc- 

o"^cer^ tions assigned by the directions in which 

these changes are produced, and since the 

changes of motion of one and the same body are in 

the directions of and proportional to the changes of velocity, 

a single force, measured by the resultant change of velocity, 

and in its direction, will be the equivalent of any number 

of simultaneously acting forces. Hence 

The resultant of any number of forces (applied at one point) 
is to be found by the same geometrical process as the resultant of 
any number of simvltaneous velocities. 

From this follows at once (§ 30) the construction of the 
" parallelogram of forces " for finding the resultant of two 
forces acting at the same point, and the " polygon of forces " 
for the resultant of any number of forces acting at a point. 
And, so far as a single particle is concerned, we have at 
once the whole subject of Statics. 

§ 118. The second law gives us the means of measuring 
force, and also of measuring the mass of a body. 

For, if we consider the actions of various forces upon 
the same body for equal times, we evidently 

Measure of j^g^y^ changes of velocity produced which are 

force. proportional to the forces. The changes 

of velocity, then, give us in this case the means 

of comparing the magnitudes of different forces. Thus 

the speeds acquired in one second by the same mass 
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(falling freely) at different parts of the earth's surface give 
us the relative amounts of the earth's attraction at these 
places. 

Again, if equal forces be exerted on different bodies, 
the changes of velocity produced in equal times must be 
inversely as the masses of the various bodies. This is 
approximately the case, for instance, with trains of various 
lengths drawn by the same locomotive. 

Again, if we find a case in which different bodies, each 
acted on by a force, acquire in the same ^ .. 
time the same changes of velocity, the forces 
must be proportional to the masses of the bodies. This, 
when the resistance of the air is removed, is the case of 
falling bodies ; and from it we conclude that the weight of 
a body in any given locality^ or the force vnth which the earth 
attracts it, is proportional to its mass. This is no mere 
truism, but an important part of the grand Law of Gravitation. 
Gravity is not, like magnetism for instance, a force de- 
pending on the quality as well as on the quantity of matter 
in a particle. 

§ 119. It appears, lastly, from this law that every 
theorem of kinematics connected with ac- 
celeration has its counterpart in kinetics. Translation from 
Thus, for instance (§ 36), we see that the force jnto kinetics, 
under which a particle describes any curve 
may be resolved into two components, one in the tangent 
to the curve, the other towards the centre of curvature, — 
their magnitudes being the rate of change of momentum in 
the direction of motion, and the product of the momentum 
into the angular velocity about the centre of curvature, 
respectively. In the case of uniform motion, the first of 
these vanishes, or the whole force is perpendicular to the 
direction of motion. When there is no force perpendicular 
to the direction of motion, there is no curvature, or the 
path is a straight line. 

Hence, if we resolve the forces acting on a particle of mass m, 
whose co-ordinates are x, y, z, into three rectangular components 
X, Y, Z, we have the equations originally given by Maclaurin, viz. — 
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In several of the examples which follow, these equations will be 
somewhat simplified by assuming unity as the mass of the moving 
particle. When this cannot be done, it is sometimes convenient to 
assume X, Y, Z as the component forces on unit mass, and the 
previous equations become 

cPx 
wi-3T2=wiX, etc., 

from which m may of course be omitted. 

[Some confusion is often introduced by the division of forces into 
"accelerating" and "moving" forces; and it is even stated occa- 
sionally that the former are of otw, and the latter of four linear 
dimensions ! The fact is, however, that an equation such as 

may be interpreted either as dynamical or as merely kinematical. 
If Kinematical, the meanings of the terms are obvious ; if dynamical, 
the unit of mass must be understood as a factor on the left-hand side, 
and in that case X is the a;-component, per unit of mass, of the whole 
force exerted on the moving boay.] 

If there be no acceleration, we have of course equilibrium among 
the forces. Hence the equations of motion of a particle are changed 
into those of equilibrium by putting 

— =0 etc 

§ 120. We have now all that is necessary for the 

dynamics of a single particle, with excep- 

friction *^^^ ^^ *^® experimental laws of friction. 

These, very nearly as they were established 

by Coulomb, we will now give. 

To produce sliding of one flat-faced solid on another 
requires a tangential force which is directly proportional 
to the normal pressure between the surfaces, and whose 
actual magnitude is found from this pressure by means of 
a factor called the " coefficient of statical friction." This 
coefficient depends upon the nature of the solids, the 
roughness or smoothness of the surfaces in contact, and 
the amount of tallow, oil, etc., with which they have been 
smeared. It also depends upon the time during which 
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they have been left in contact. It is only in extreme cases 
dependent on the area of the surfaces in contact. 

§ 1:21. When the forces applied are insufficient to pro- 
duce sliding, the whole amount of friction is not called 
into play ; it is called out to an amount just sufficient to 
balance the other forces. Thus there are two quite distinct 
problems connected with the statics of friction : — ^the first, 
to determine the amount of friction called into play under 
given circumstances; the second, to find the limiting 
circumstances under which, with friction, equilibrium is 
possible. When motion is produced, there is still friction 
(now called "kinetic"). It follows the 
same laws as does statical friction, only friSion 
that the coefficient, which is approximately 
independent of the velocity, is usually considerably 
less than the statical coefficient. Thus, a slab may, in 
certain cases, rest upon an inclined plane, down which 
it would descend ivith constantly accelerated speed if once 
set in motion. 



Statics of a Fartide 

§ 122. By § 117, forces acting at the same point, or 
on the same material particle, are to be 
compounded by the same laws as velocities. ^^^^^ 
Therefore the sum of their resolved parts 
in any direction must vanish if there is equilibrium; 
whence the necessary and sufficient conditions are found 
by resolving in three directions at right angles to one 
another. 

They follow also directly from Newton's statement with 
regard to wort, if we suppose the particle to have any 
velocity, constant in direction and magnitude (and by § 6 
this is the only general supposition we can make, since 
absolute rest has for us no meaning). For the work done 
in any time is the product of the displacement during that 
time into the algebraic sum of the effective components 
of the applied forces, and there is no change of kinetic 

8 
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energy. Hence this sum must vanish for every direction. 
Practically, as any displacement may be resolved into three, 
in any three directions not coplanar, the vanishing of the 
work for any one such set of three suffices for the criterion. 
But, in general, it is convenient to assume them in directions 
at right angles to each other. 

Hence, for the equilibrium of a material particle, it is 
necessary, and sufficient, that the (algebraic) sums of the 
applied forces, resolved in any one set of three rectangular 
directions, should vanish. 

This statement gives at once the result that, if Xj, Yj, Zj, Xq, Yg, 
Z2, etc., be the components (parallel to the three axes) of the forces 
Pi> I*2» 6*c., acting on the particle, we must have 

S(X)=0, S(Y)=0, S(Z)=0. 

When these conditions are not satisfied, there is a resultant force 
P, with direction cosines X, ^lc, v^ such that 

PX=S(X), Pm=S(Y), Pi'=S(Z). 

§ 123. When there are but three forces acting on the 

particle, their directions to give equilibrium 

Exainples of Yxm&t obviously be in one plane. For, if the 

equilibrium, third were not in the plane of the other two, 

it would have an uncompensated component 

perpendicular to that plane. Hence this case is always at 

once reducible to the triangle or to the parallelogram of 

u forces ; and the magnitudes of each of 
the three forces are respectively pro- 
portional to the sines of the angles 
between the directions of the other two. 
Thus, when a pellet is supported by 
two strings, as in Fig. 35, we may 
proceed as follows to determine their 
tensions. Let P be the pellet, of 
weight W, and let AP, BP be the strings 
attached to points A and B respectively. 
Let their tensions be T and T'. The 
remark above shows that the strings must hang in a vertical 
plane, since the force W acts in a vertical line. Since A, B, 
and the length of the strings are given, the figure is per- 
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Fig. 36. 



f ectly definite. Draw Py vertically upwards, and make its 
length represent, on any assumed scale, the value of W. 
Draw yP parallel to AP, and let it meet BP in ^. Then 
Py represents T, and P^ represents T', in direction and also 
in magnitude, on the same scale in which yP represents W. 
This case leads to nothing but the 
determination of the tensions, since the 
form of the figure is definite. 

Next, let one of the tensions be 
given in magnitude. To effect this, 
we may suppose the end of PB not to 
be fastened at B, but to pass over a 
smooth pulley and support a weight Q. 
Let Fig. 36 represent the «tate of equili- 
brium, and let the same construction 
as before be made. Then we must 
have yP : P^ : : W : Q ; or, writing it 
in terms of angles, 

smAPB:sinAP7::W:Q. 

A and B and the direction of yP being given, this datum 
suffices for the drawing of the figure ; Le, for the 
calculation of the angles. A little consideration will 
show that, however small Q be, provided the string sup- 
porting it be long enough, there is always one definite 
position of equilibrium. The actual calculations in such 
a case as this are troublesome. It was chosen mainly 
on that account, so as to show, in a simple case, how 
pure geometrical processes may occasionally save the 
necessity of a tedious trigonometrical investigation. But 
a still simpler method will be afterwards explained, viz. 
that, for a position of stable equilibrium, the potential 
energy must be a minimum. Now, to apply this to our 
example, we see that any downward displacemeht of Q 
produces an upward motion of P. But when AP is nearly 
vertical the vertical displacement of P is indefinitely smaller 
than that of Q, so that Q must go down : because its 
descent involves loss of potential energy. On the other 
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Fig. 87. 



hand, if APB be nearly a straight line, a displacement of 

P produces an indefinitely smaller dis- 
placement of Q. Hence P must go 
down. And these results are in char- 
acter independent of the relative mag- 
nitudes of P and Q, provided both be 
finite. 

Finally, let both tensions be constant. 
Here we must imagine pulleys both at 
A and at B (Fig. 37), with weights R 
and Q attached to the ends of the 

strings. But now we see that we must have the limiting 

condition 

R+Q>W. 

This is merely the geometrical condition that 

Here the magnitudes of all three sides of P^y are given. 
Hence its angles are given, and the sole position of equili- 
brium is at once found.^ 

§ 124. Now take the case of a particle resting on a 
surface. As we are concerned only with 
the portion of the surface immediately con- 
tiguous to the position of the particle, we may 
substitute for it its tangent plane at that point (except, of 
course, at singular points, where there may be an infinite 
number of tangent planes ; but 
such cases we do not consider). 
Hence the problem reduces itself 
in all cases to that of a particle 
resting on an inclined plane. 

If the plane be smooth, the 
particle cannot remain in equili- 
brium unless some force is present 
to prevent its sliding down. Let us suppose it to be 

^ We have assumed here, -what is properly part of the results of the 
third law of motion, that the tension of a weightless string, passing oyer 
a smooth pulley, is in the direction of its length, and of the same amount 
at all points. 



Particle on fixed 
surface. 




FiQ. 38. 
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supported by a force F, acting upwards along the plane 
(Fig. 38). Then we have three forces at work : — the 
weight P acting vertically downwards; the supporting 
pressure of the plane R, which necessarily acts per- 
pendicularly to the surface; and the third force, just 
mentioned, which we see by previous considerations must 
be in the plane of the other two, and must therefore lie 
along the line of greatest slope of the plane. We might 
construct a triangle of forces as in the previous examples, 
but we will now vary the process, and resolve the forces 
in two directions at right angles to one another in their 
common (vertical) plane. 

Let a be the angle of inclination of the plane to the 
horizon, then the algebraic sum of the components of the 
forces must vanish both horizontally and vertically. This 
gives us the two conditions 

Fcosa-Rsina=0, Fsina + Rcosa-P=0. 

From these we obtain at once 

F=P8ma, R=Pcosa. 

Now the choice of mutually perpendicular directions in 
which to resolve was at our option, and we see that had 
we chosen to resolve along and perpendicular to the plane 
we should have obtained the last two equations, which 
are equivalent to, but simpler than, the former ones, 
which were obtained by resolving horizontally and verti- 
cally. Theoretically speaking, it does not matter which 
system we choose; in practice, however, it is well to 
select the directions which will give the required results 
in the simplest form. The full value of a proper selection 
will not be felt till we come to the statics of a rigid solid. 
If we suppose the plane to be rough, friction alone 
may suffice to develop the requisite force . 

F. But the utmost value of the friction is ° ^°°' 

(§ 120) ftR. Hence the particle will be on the point of 

sliding if 

AtR=F=Psina. 
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Divide the members of this equation by those of 

R=Pcosa, 

and we find 

|i=tana. 

Hence, so long as the coefficient of friction is greater than 
the tangent of the inclination of the plane to the horizon, 

the friction will suffice to prevent sliding. 
ng o T ]^ More and more is called into play as the 
inclination of the plane increases, and finally when 

tana=/A 

the particle is just about to slide down. This simple idea, 
taken along with Coulomb's results (§ 120), points to a 
very easy method of determining the coefficient of friction 
between any two substances. The limiting angle defined 

by 

o=tan"~V 

is called, on account of this property, the "angle of 
repose." 

§ 125. Let us now suppose the particle to be, in part, 
supported by an elastic string fixed at a 

euSST^. Poi''* ^"^ *^e Pl*'i«' *n*i ly^°g i° *be line of 
greatest slope. (This modification is intro- 
duced to show the nature of cases in which there are 
limits between which equilibrium is possible.) We assume 
" Hooke's Law," viz., that the tension of an elastic string, 
drawn out from its natural length I to length l\ is 
expressed by 

where E is a definite constant, representing theoretically 
the tension which would just double the length of the 
string. 

Our equations are exactly the same as before, only that 
F consists now of two parts, — one due to friction, the 
other to the elasticity of the string. Thus, if we suppose 
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fKt&na, so that the particle requires to be, in part, 
supported by the string, 

I'-i 

F=Fi + E-7- = P8ina, R=Pcosa. 

V 

When sliding is about to commence downwards we have 

Fi=AtB. 
If the particle is about to be dragged upwards, 

Fi=-/aR. 

Hence for the two extreme positions of equilibrium 

V -I 

±ftP cos a + E— =— = P sin a. 

V 

Hence the limiting positions of equilibrium of the particle 
are given by its distance from the fixed end of the string — 

PZ 

r = Z + ^sin a :f ft cos a). 

If t be less than the smaller of these, gravity pulls the 
particle down ; if it be greater than the larger of them, 
the tension of the string pulls the particle up. In inter- 
mediate positions the full available friction is not called 
into play. 

If /x > tan a, the string is not required for equilibrium. 
But there are positions, one above the fixed end and the 
other below it, at which the tension. of the string just calls 
the full friction into play. There is equilibrium only for 
positions within this range. In the case of the first of 
these positions the sign of the term in E must, of course, 
be changed. 

§ 1 2 6. Next, let a small smooth ring P (Fig. 3 9) be attached 
to one end of a string. Let the string pass Equmbrium with 
round two smooth pulleys B, C, at different a system of equal 
points, then be passed through the ring, then forces tending to 
round two more puUeys D, E, and through ^^^^ ^''^^' 
the ring again, and so on, — the other end being either 
fastened to the ring or attached to a fixed point. It is 




/ I 



120 DYNAMICS 

required to find the position of equilibrium of the ring 

when the string is drawn 
tight, by operating on the 
lap of it behind two of the 
pulleys. 
t\ / \ This is equivalent, from 

\ ./ . \ the physical point of view, 

"\ ' to finding the position of 

equilibrium of a particle 
acted on by a number of 
egtuil forces each directed 
towards a given point. From the geometrical point of view 
its solution obviously answers the question, " Find the point 
the sum of whose distances from a number of given points 
is the least possible." The points need not lie all in one 
plane. The solution is, from the polygon of forces, that 
in the equilibrium position the laps of the string, from the 
ring outwards, are parallel to the respective sides of a 
closed equilateral polygon, taken all in the same direction. 
That the solution is unique will be seen at once by con- 
sidering a displacement of the ring, for the resultant of 
the forces obviously tends to 
diminish the displacement. When 
there are but three forces, their 
directions must be inclined at 
angles of 120° to one another 
(Fig. 40). Thus we have im- 
mediately the solution of the " *\..i 
celebrated geometrical problem, fio. 40 
" Find the point the sum of whose 
distances from three given points is the least possible." 
§ 127. If, in the first problem of § 123 above, the 
particle were supported by three strings, in- 

^of solution. ^^^^ ^^ *^^' ^^^ attached to a fixed point, 
we should first have to assure ourselves that 
all three are brought into play. For, if not, the problem 
is reduced to the former case. The obvious condition is 
that, when the three strings are simultaneously tight, and 
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the points of. suspension are not in one vertical plane, the 
particle supported shall be situated within the triangular 
prism formed by vertical planes passing through each pair 
of points. If this condition be satisfied, the process for 
determining the tensions of the strings is merely to con- 
struct a parallelepiped, three of whose edges lie along the 
strings, while the conterminous diagonal is vertical. This 
leads to an obvious geometrical construction; and, when 
it is carried out, the lengths of the various edges are to 
the diagonal as the corresponding tensions to the weight 
of the particle. When the three points are in one vertical 
plane, nothing short of infinitely perfect fitting will, in 
general, bring all three strings simultaneously tight ; and 
in this case the problem, mathematically considered, is 
indeterminate.^ When the strings are sufficiently exten- 
sible, all will be brought into play ; and, with proper data 
of this kind, the problem is determinate. 

§ 128. By far the most extensive series of examples of 
the composition of forces acting on a single ... ,. 
particle is furnished by the theory of 
"attraction," where each particle of the attracting mass 
exerts upon the attracted particle a force in the direction 
of the line joining them, and of magnitude depending 
on their masses and their mutual distance only. 

§ 129. We may confine ourselves to the gravitation 
law of the inverse square of the distance ; for, while it 
applies to the mutual action of elements of surfaces 
electrically charged, to that of elements of permanently 
magnetised bodies, etc., as well as to that of particles of 
matter, it is usually possible so to group these elements 
or particles that their resultant attraction may follow any 
other assigned law. 

§ 130. We assume, therefore, the expression mmffD^ 
as the measure of the stress urging together 
two elements whose masses or quantities J^«wtons law 
are m and m', at distance D apart. The ^ ' 

^ Of course, physically, there is no indetemiinateness, even with 
perfectly ineztensible strings. 
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measure of m, when it consists of ordinary matter, is of 
course the product of the volume into the density ; but 
when we use it for an element of an electrically charged 
surface (or of a thin shell of gravitating matter) we 
regard it as the product of the element of surface into 
what we then call the surface -density. In a similar 
way we may speak of line -density. No confusion is 
introduced by using the same symbol indiflferently in any 
of these senses; for its nature, in any case, is obvious 
from the expression for the element which it multipUes. 
Hence we will denote it in every case by p. What is 
to be understood as unit density of matter, or as unit 
surface-density of electricity, etc., involving the question 
of the multiplier which is obviously necessary to convert 
the dimensions of mm'jjy^ into those of force, is a matter 
of general Physics^ not of Dynamics^ and is not treated 
here. 

§ 131. A few obvious consequences of the law may be 
Attraction of cone stated at once, as they will be useful in 
on particle at what foUows. Once stated, they will be 
vertex. takm for granted. They refer to the 
attraction of parts of a solid cone, of any form but of very 
small angle, on a unit particle at its vertex, the density of 
the cone being the same throughout. 

1. All parallel slices of the cone, if of equal thick- 
ness, exert equal attraction. For the areas, and therefore 
the volumes, of the slices are as the squares of the 
distances from the vertex. From this it follows at once 
that the attraction of any finite portion of the cone is 
directly as its length. 

2. The attraction of an oblique slice exceeds that of a 
transverse slice, of the same thickness, in the ratio of the 
secant of their inclination. 

Any spherical shell cuts from the cone slices of 
equal obliquity. Hence, if the vertex be inside the 
sphere, there is equal attraction on it in all directions, 
Le, there is no attraction inside a uniform spherical 
shell. 



DYNAMICS OF A PARTICLE 123 

If (0 be the spherical opening of the cone, the attraction 
of a transverse slice, of thickness t, is 

tpta ; 

or simply po), if p be surface-density. 

3. Similarly, the resultant attraction perpendicular to 
any section, due to unit mass at the vertex of the cone, 
and multiplied by the area of the section, is co. 

§ 132. Generally, if the co-ordinates of the attracted 
element or particle P (whose mass, or Analytical ex- 
quantity, we take as unit) be «, y, z, the pressions for 
attraction due to an element A (of mass, or attraction. 
quantity, m) at a, ft, c is 

(aj-a)3+(2/-6)2+(a-c)2""i2 (say) 

along PA. The a^component of this is 

m(a; - a) _ _^/!?^\_^/^\ 
r® "" da\r )~~dx\^ )' 

Hence the ar-component of the whole attraction exerted on 
P, by any masses or quantities, is 

In dealing with a continuous distribution we must, of course, 
substitute integration, of the requisite nature, for the 
summations indicated. 

The two expressions for X in (1) indicate perfectly 
distinct processes by which the question may be attacked. 
The first is the direct or synthetical method, which 
groups together the infinite number of infinitesimal con- 
tributions to the attraction in a particular direction arising 
from the several elements of a mass. One primd facie 
objection to it is that, in general, we require separate 
determinations of the values of X, Y, and Z; so that 
it may often involve considerable labour. The second 
expression for X points to the existence of a function 
of X, y, z which, when determined once for all for any 
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distribution, gives us by mere differentiation the component 

force on P in any direction whatever. 
SnTJ: From this point of view the question rises 
to a far higher scientific order than that of 
mere routine integration. We will discuss this method, and 
the more important elementary properties of the {potential) 
function to which it leads, after we have given some 
direct calculations of attraction; dealing mainly with 
cases of symmetrical distribution of matter ; which, while 
usually the simplest^ are the most often required in 
application. 

§ 133. 1. A circular wire, radius R and uniform line-density p, the 
attracted unit particle being on the axis, at a distance a from the 
centre. From the symmetry we see at once that the attraction is 

2tR/) . a 

2. A thin circular ring like an indiarubber band, radii R and R + $R, 
now takes the place of the wire. The attraction is evidently along 
its axis, and amounts to 

2TR/)gR . a 

(a2+R2)* ' 

where p is now surface-density. 

3. Let the ring grow, in its own plane, to a band of radii R, Rj. 
Integrating the above expression between these limits of R, we have, 

(We may note here, once for all, that these square roots, and others 
analogous to them, are to be looked on as positive, or rather as 
signless, quantities.) 

4. Let the internal radius of the flat ring vanish, and 
the external radius increase without limit. The attracting 
body becomes an infinite plane sheet, of uniform surface- 
density, and its attraction (perpendicular, of course, to its 
surface) on unit mass is 

2t/); 

independent of the distance of the attracted mass. This 
is a fundamental proposition in statical electricity. We 
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might have obtained it at once from our result about cones 
in § 131. For the attraction due to the part of the plane 
cut out by any small cone, with its vertex at the attracted 
particle, is along the axis of the cone and proportional to 
the secant of its inclination to the axis. But, to resolve 
this in the direction of the total resultant attraction, we 
must obviously multiply by the cosine of the same angle. 
Hence every part of the plane sheet contributes its quota, 
po), to the whole resultant attraction. But the sum of the 
values of cd, for an infinite plate, is the same as the area of 
the unit-hemisphere, i,e, Stt. 

One specially valuable result of this proposition is 
obvious. There is a finite difference ^wp attraction at 
between the values of the force components, points close to, 
perpendicular to a shell of surface-density ^^t on opposite 
/>, at points indefinitely close to one another si es o , a s e . 
but on opposite sides of the shell : — provided the curva- 
tures of the shell be finite. Thus (6 and 7 below) the 
attraction close to the surface of a spherical shell, but 
outside, is iirp. Inside it is nil. 

It is to be most particularly observed that, though there 
is a discontinuity in the value of the attraction, in passing 
through the shell, the value of the potential is essentially 
continuous (§ 134). 

5. Let additional rings be placed on that in (1) so as to form a 
transverse slice of a circular cylinder. While the slice is infini- 
tesimal, its thickness is da, and the attraction is 

2irB.pda . a 

Let I be the length of a finite portion of such a cylindrical sheet. 
Its attraction is 






R2 



This also takes the value 2irp when the particle is at the centre 
of the free end, and the cylinder is of infinite length. 

6. When a homogeneous sphere, radius a, attracts an external 
particle distant D from its centre, a small cone, drawn from the 
particle, is cut by the sphere in points distant 2*^a^-D'^8iii^d from 
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one another, 6 being the inclination of the cone to the line joining 
the particle to the centre of the sphere. It contributes, therefore, 
to the whole attraction, which is obyiously central, the amount 

2p«'s/a2-D2 8in«^. cos 0, 

But the sum of the values of a; (depending on all azimuths) included 
between and 0-\-b0 is 2Trsin0Z0, Thus the whole attraction, in 
terms of sin as the variable, is 

ra/D , 

2xp I Va'-D^sin^^.eisin^d 







o/D 
= -i^r(a2-D2sin2^)* =1^ 



o/D 
Fcaa-D^sina^)* I =' 



Thus the sphere attracts as if its whole mass were condensed in its 
centre. It follows, of course, that the same result holds for a 
uniform spherical shell ; or for a sphere made up of concentric shells 
each of uniform density throughout. 

The centre of inertia of such bodies is a true centre of 
gravity. Bodies which attract all external matter (and which 
are therefore attracted by it) as if their mass were con- 
centrated in one point are called centrobaric 
^^^^ (§ 135, 5). In every case, the centre of 
gravity (if there be one) coincides with the 
centre of inertia. 

7. In the case of an internal point we have a>D, and the differ- 
ence of the lenffths cut from a little cone (for they are now on 
opposite sides of the vertex) is 2D cos 0. Thus the whole attraction 
(directed towards the centre of the sphere) is 

4TpD / oos2 sin 0d0 = |irpP. 

It is independent of the radius of the sphere, depending only upon 
the portion which is not farther from the centre than is the attracted 
particle. We can therefore reproduce this result from the last by 
putting a=D. Hence, also, a uniform spherical shell of any thick- 
ness, or a group of concentric spherical shells, each of any uniform 
density, exerts no attraction on an internal point (§131, 2). And it 
is easy to see that the same is true of the eUipsoidal shells which can 
be produced from such a shell or group of shells by homogeneous 
strain. In all such shells it is obvious that the thickness at any 
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point is proportional to the perpendicular from the centre on the 
tangent plane ; and where there is no attraction the potential is con- 
stant. These statements will presently (§ 135, 7) be found specially 
useful. 

8. When the density of a solid sphere depends upon the distance 
from its centre only, it is clear from the preceding result that its 
attraction upon an internal unit mass, distant D from its centre, is 



DV 






p, as a function of D, is therefore to be found so as to give (if it be 
attainable) any specified law of attraction, by equating this to 
J\T>), which expresses the desired law. "We thus obtain at once, by 
differentiation, the expression 

But illustrations of this kind can be multiplied indefinitely. 

§ 134. Let us now consider the second mode of deal- 
ing with such questions, suggested by (1) of Definition of 
§ 132. The quantity potential. 

formed by dividing the mass of each particle of the 
attracting body by its distance from a definite point, is 
called the potential of the mass at that point; and it 
gives, as its differential-coefficient per unit of length, in 
any direction, the component attraction in that direction 
upon unit mass placed at the point. Its change of value 
in passing to any proximate point, and therefore to any 
point whatever, is thus the amount of work done by the 
attraction. Hence at any point it expresses, when it 
refers to gravitation, the loss of potential energy which 
unit mass suflfers by being brought to that point from 
an infinite distance. When it refers to electricity (or 
magnetism), it is the work required to bring unit of + 
electricity (or a unit N pole) from an infinite distance to 
that point. 
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Its value for a uniform spherical shell of radius a, at a 
point distant D from the centre, is obviously- 
Potential of 
uniform spheri- _ « /" ainddd Sirpa/-, 

where r is the distance of the zone 27ra^ sin Odd from the 
attracted point. 

While D is greater than a, the limits are D -a and 
D + a, and the potential is 

the same as if the whole mass had been condensed at the 
centre. 

When D is less than a, the limits are a - D and a + D, 
and the value is 

a constant. The first value passes continuously into the 
second as the value of D gradually diminishes to a. 

Instead of the term potential of the uniform shell on 
Fundamental ^^ external particle, we may use the equi- 

property of valent term potential of the external particle 

potential. on the mass uniformly distributed over the 
shell. And we may now state the first, of the two 
theorems just proved, in the (apparently) very difierent 
form: — 

The potential, at the centre of a sphere which contains none 
of the attracting matter^ is equal to the average potential over 
its surface, 

§ 135. The more important of the elementary pro- 
perties of the potential (in general not confined to special 
distributions of matter) are 

1. The force on unit mass is, at every point, normal to the equi- 
potential surface, 

V= constant, 

which passes through that point ; and its value is 

dn' 
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where n is measured along the normal drawn outwards from the 
surface. These statements need no proof. 
2. The integral 



// 



S**^' 



extended over any closed surface whatever {n being, as before, 
drawn outwards), is - 4ir times the quantity (of the matter produc- 
ing V) which is inside the surface. 

For, considering any element m of the mass as the vertex of a 
cone of very smaU angle, the element of the above integral, for the 
part of the surface cut out by the cone, is mu where the cone enters 
the surface and - rma where it leaves. When m is external to the 
closed surface, the cone leaves as often as it enters, and the corre- 
sponding portions of the integral cancel one another. But when m 
is internal the cone must leave the surface once oftener than it enters. 
So the corresponding part of the integral is - mw (§ 131, 3). But the 
sum of the values of a; is 4ir. Hence the proposition. 

3. Apply the proposition to any surface bounding an indefinitely 
small element of matter of density p and volume 5. The value of 
the surface integral is 

- 4irp5. 

But by (5') of § 94 it can also be given as 

Thus the potential at any point satisfies the differential equation. 



d^Y dn d^Y 
dx^'^dy^^dz 



a + ^„A + ^Ji — ^"""Pf 



where p is the density of the matter at that point. The left-hand 
member is therefore zero at all points free from the attracting mass. 
It is easy to prove, as a matter of mere mathematics, that if Vq be 
the value of any continuously varying quantity at a definite point, 
its average value over the surface of a sphere of (small) radius a, 
whose centre is at that point, is (to the second power of a) 

-•4X(S)/©)/(S)}- 

[If the average be taken through the volume of the sphere instead 
of over its surface, the only difference is that the divisor of a' is 10 
instead of 6.] Thus we see what is meant by the sum of these 
partial differential coefficients. 

In free space, therefore, where that sum necessarily vanishes, the 
potential cannot have a maximum or a minimum value. If it had, 
its average value through a little sphere surrounding such a point 

9 
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would necessarily be less or greater than its value at the point, and 
the coefficient of a^ in the expression above could not vanisn. 

Hence a particle cannot be in stable equilibrium under 
the sole action of forces varying inversely 

brium im^Mible ^^ ^^® square of the distance. We may 
under forces arrive at the same conclusion in a slightly 

following gravi- diflferent manner, by remarking that, since 

the average value of the potential over the 
surface of the little sphere is, in free space, the same 
as that at the centre, if it increase in any direction 
from that centre it must diminish in another; so that 
for some displacements the resulting force would tend to 
restore the particle to its former position, but for others 
it would tend to produce further displacement. 

4. Again, if there be any finite region, however small in volume, 
throughout which the potential is constant, the potential will still 
be constant for all regions of space which can be reached from it 
without passing through any of the attracting matter. If it were 
not so, a little sphere could be drawn so that (though it contains 
none of the attracting matter) the value of the potential at its centre 
should be the same as that over the greater part of its surface, while 
over the rest it would have a greater or a less value. 

5. Another elementary proposition is that, if matter be spread 
over any equipotential surface surrounding an attracting mass, with 
density at each point equal to (l/4ir) x attraction on unit mass at that 
point, the potential of the shell so formed equals that of the original 
mass at all points outside the shell. Such a shell is therefore centro- 
baric, and the proposition shows the means of constructing an infinite 
class of centrobaric distributions, either of surface- or of volume- 
density. 

6. Propositions of this kind are mere special cases of OreerCs 
Theorem which, in its turn, is a direct consequence of (5) of § 94. 
It is obtained from that equation (just as (5') was obtained) by making 

Green's t~TTf?X -tt^ ^-tt^ 

Theorem. ^'^ dx' '^^ dy* ^^^ dz* 

where U and V are the respective potentials of any two finite dis- 
tributions of matter. For we have (n being the outward normal) 

//'^-///''(S--)-^*///(f£--)^^ 

SO that, quite generally, all the integrals being over the surface or 
through the volume of the same finite simply-connected region, 
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///(SS- )«'^"//°S« -///"(S- ■ ■ )-•* 

We may apply the same equation to infinite space outside any 
closed surface, by the artifice of drawing another closed surface 
outside the first, integrating over both and through the volume 
between them and then supposing the new surface to move off to 
infinity in all directions. But we must satisfy ourselves that the 
surface integral, thus introduced, diminishes without limit as the 
surface is extended. 

We obtain the proposition of (5) at once by putting for U the 
reciprocal of the distance from a point anywhere outside the equi- 
potential surface ; and V for the potential of the attracting mass, 
which is to be taken as constant at the surface over which, pr 
throughout whose content, the integrals are taken. 

The use of U in this theorem bears, in certain cases, a very close 
analogy to that of the "resonators" in the harmonic analysis of 
§ 67. In this connection see again (4) of § 133. 

The chief applications of Green's Theorem belong to Statical 
Electricity. It enables us to show, for instance, that there is, in all 
cases, a unique distribution of electricity on any conducting surface, 
or set of surfaces, which is consistent with equilibrium. Such 
applications are foreign to our subject, but we have introduced the 
theorem here in consequence of its usefulness in some important 
questions of hydrokinetics which we shall have to deal with later. 

7. Next in importance to the sphere and spherical shells, as at- 
tracting bodies, come ellipsoids and ellipsoidal shells. We give in 
outline the beautiful geometrical properties on which the calculation 
of the attraction may easily be made to depend. Unfortunately, the 
final result is, except when there is axial symmetry, an elliptic 
integral. 

Suppose we form by pure homogeneous strains (as in § 133, 7) from 
a uniform spherical shell two confocal ellipsoidal shells Ej, Eq. One 
of these, Ei say, must lie wholly within the other ; and corresponding 
elements (those formed from the same element of the sphere) must 
have masses proportional to the masses of their respective shells. If 
Pi, Pg, Qi, Qa be two such pairs, it is easy to see that the distances 
PiQa and PgQi are equal. Hence the potential of Qi at Pg is to 
that of Q2 at Pi in the ratio of the masses Ei : Eg. This is true what- 
ever corresponding elements Qi and Q2 m^ be. Thus the potential 
of El at P2 is to that of Eg at Pi, also as Ei : Eg. But the potential 
of Eg is constant at all internal points (§ 133, 7), so that the potential 
of El is constant over Eg : — or 

The external equipotential surfaces of an ellipsoidal 
shell, whose surface-density is as the perpendicular from 
the centre on the tangent plane, are confocal ellipsoids. 



J 



■J 



■'J -J 

^ - t ^i^ 
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The actual attraction of Ej on unit particle at its external surface 
can be found at once by the proposition of § 133, 4 ; and that of E^ 
(on the same particle) is in the same direction, but less in the pro- 
portion El : Eg. But any homogeneous ellipsoid can be broken up 
into similar concentric shells : — and for each of these we can construct 
a shell confocal with it, such as to pass through the given external 
point. By this process we effect a synthetical solution of the problem 
of the attraction of a homogeneous ellipsoid on an external particle. 
The effect on an internal particle follows at once by the last statement 
in § 133, 7. And it is obvious that the attractions on any two in- 
ternal particles, situated on the same radius, are parallel in direction 
and proportional to the distances from the centre. When the ellip- 
soid is one of revolution about the shorter axis, a case which we 
require in Hydrostatics, the force components on a surface-particle ^, 
17, t are p^y prj, gr^, where 






{ ^ y =~l^(<^ -\/\-e^ . sin~^ e), 



^■^^'' 2irp 



and e is defined in terms of the semi-axes by the equation 

8. Before we leave the subject of attraction we must devote 

some space to Lord Kelvin's method of Electric 

Electric images. Images, which in general enables us to give, from 

the solution of any one attraction problem, those 
of a practically unlimited number of others. Its chief interest, 
in the present connection, lies in its showing the very singular 
relations which exist among the elementary theorems regarding the 
attraction of spherical shells : — for instance, that a uniform spherical 
shell attracts external particles as if it were condensed in its centre, 
because it exerts no attraction upon an internal particle. 

The basis of the whole is the very old proposition that the locus 
of points, the ratio of whose distances from two fixed points is 
given, is a sphere whose centre lies on the line joining the fixed 
points. 

Thus if a unit of + electricity be placed at P (Fig. 41) and e units 
of- at Q, the corresponding surface of zero potential is the sphere 

ePR=QR. 

Let be the centre. Join OR, Draw QS parallel to PR, cutting 
OR in S. Let A be the point in which the sphere cuts PQ. Then, 
by geometry, OP. OQ=0A2, so that the triangles OPR, OQR, and 
OQS are similar. 

If unit of + electricity be placed at R, it is repelled from P with a 
force inversely as RP^, and attracted by Q with a force directly as e 
and inversely as RQ^. These forces are therefore respectively 
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parallel and proportional to QS and RQ. Their resultant, to the 

same scale, is thus RS or (1 - e^)OA.. Since the actual magnitude of 

the force in PR is l/PR*, 

and was represented by 

QS, the actual magnitude 

of ihe resultant is PQ/RP®e. 

Thus, if e units of positive 

electricity be distaibuted 

over the sphere with density 

everywhere inversely as the 

cube of the distance from 

Q, they will neutralise, at 

all external points, the 

action of the e negative Fio. 41. 

units at Q ; and they will 

produce, at all points within the sphere, the same potential as does 

the unit at P. 

Looked at from a slightly different point of view, we may state 
the matter thus : — If the sphere be a conductor and be put to earth, 
and a unit of + electricity be brought to P, the induced negative 
charge will be - e (distributed with surface-densitv inversely as the 
cube of the distance from P), and it will act outsiae the sphere as if 
it were concentrated in Q. The incomplete analogy between this 
and the behaviour of a convex mirror when a luminous point is 
placed in front of it, led to Q's being called the electric image of P. 
But the relation between object and image is a reversible one. 

From the geometrical connection between a point and its image, 
it is clear that in the image of a figure any little line will be 
shortened in the ratio 6* : 1, a little area in the square, and an 
element, of volume in the cube, of this ratio ; e being, in every case, 
the ratio of the radius of the sphere to the distance of the object 
point from its centre. For the angle between two elementary lines 
in the image is the same as that in the object. As the mass is 
reduced in the ratio e : 1, densities are increased in the ratio 1 : e", 
and surface-densities as 1 : e'. The image of a sphere is a sphere, the 
image of the centre of the sphere is the image, in the image sphere, 
of the centre of the reflecting sphere. If the object sphere have 
uniform surface-density, that of the image sphere will be, at every 
point, inversely as the cube of the distance from the centre of the 
reflecting sphere, — and so on. Again the potential of a particle at 
any point bears to the potential of its image at the image of the 
point the square root of the inverse ratio of the distances of the 
point and its image from ; that is, the inverse ratio of the radius 
of the reflecting sphere to the distance of the image-point from its 
centre. Thus the same is true for the potential of any group of par- 
ticles ; and this happy relation secures the simplicity of the method. 

Thus, if the object be a uniform spherical shell, concentric with the 
reflecting sphere, its image is another uniform concentric shell. 
But the image of the content of the one is infinite space outside the 
other. Inside the first the potential is constant, therefore outside 
the other it is inversely as the distance from the centre. When the 
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object shell is not concentric with the reflecting shell, but encloses 
its centre, we have as image a spherical shell whose density is in- 
versely as the cube of the distance from 0. At points inside the 
object shell the potential is constant. Hence at points outside the 
image the potential is inversely as the distance from 0, i.e, a spherical 
shell whose surface-density is inversely as the cube of the aistance 
from an internal point attracts external points as if its mass were 
condensed in that point. A similar theorem, but now for the attrac- 
tion on internal points, is obtained by taking O outside the object 
shell. But no new information is gained by taking the image of 
either of these new systems about any new origin. One of the most 
remarkable applications of this method has given, in a comparatively 
simple form, the solution of the complex question of the distribution 
of electricity upon two mutually influencing charged spheres. 

§ 136. All the preceding theorems in attraction may 
Analogy from be estebUshed with great ease and direct 
motion of incom- ness, in a quasi-geometrical manner, from 
pressible fluid, ^he motion of an (imaginary) incompressible 
liquid, devoid of inertia. It is supposed to be given out 
at a uniform rate, iir, in all directions from every unit 
particle. (When electrical forces are dealt with, the fluid 
is supposed to be uniformly annihilated at the rate 47r by 
every unit of - electricity.) The velocity of this fluid 
gives, at any point, in magnitude and direction, the 
corresponding force on unit quantity at that point. Lines 
of flow of the fluid are lines of force, cut everywhere at 
right angles by surfaces of equilibrium. If the reader 
begin by applying this idea to the propositions of § 131 
regarding cones, he will easily pursue its application to 
the more complex cases which follow. The basis of this 
extremely perfect analogy will be found in a comparison 
of the equations of § 94 and of § 135, (2), (3), (6) above. 



CHAPTER IV 

KINETICS OF A SINGLE PARTICLE 

One Degree of Freedom 

§ 137. Here the motion is rectilinear, or at least takes 
place in some assigned curve. 

The simplest case is that of a falling stone, when the 
effect of the resistance of the air is set aside and the 
acceleration due to gravity is reckoned the same at all 
elevations. This has already been treated with suflficient 
detail as a matter of pure kinematics, §§ 28, 29. 

§ 138. When the particle, instead of falling freely, is 
constrained by a smooth inclined plane on . . 
which it slides, we see that (so long as it clini^plane 
moves on the line of greatest slope) its 
weight M^ has components, Mg sina tangential to the plane 
and M^ cosa perpendicular to it, a being the inclination of 
the plane to the horizon. The latter component produces 
the normal pressure on the plane, and is the only con- 
tributor to it, since there is no curvature. The former 
produces the acceleration of the motion. Thus the 
acceleration is now g sina only ; but, with this change, the 
results of § 29 still hold. 

§ 139. If the plane be rough, with coefficient of statical 
friction /i, it can furnish (§ 120) a force of p, , 

friction tending to prevent motion, of any 
amount up to 

fiMg cosa. 
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If this be less than M^sina, motion will commence, and 
the force accelerating it will be 

lilg sina - fi-'JAg cosa, 

where /x' is the coeflScient of kinetic friction (§121). Thus 
the results of § 29 still hold, but with ^ (sina - fi' cosa) 
instead of g. As we have seen that fi<fi, accelerated 
motion can take place down an inclined plane in certain 
cases where the mass, if once at rest, would not start. 

If the particle be projected otherwise than directly up or down the 
plane, the conditions are not so simple. For the direction of the 
friction varies throughout the motion, oeing always tangential to the 
path. The acceleration, when the path is assign^, will consist there- 
fore of the friction (taken negatively) and the component of gravity 
alonff the tangent. 

If the intrinsic equation of the path be 

s=/{e) 

where is measured from a horizontal line in the plane, we have 

MS = - Mg sina sin - /jfl/Lg cosa. 
For a circular path this takes the form 



B=-e(8me-\--^) 
\ tana / 



\ tana / 

The student will find it interesting and profitable at this stage to 
gather from these equations (without attempting to carry the integra- 
tion further) a general idea of the motion for various relative values of 
fi' and tan a ; and for varied values of C, i.e. of initial speed. 

§ 140. As a slightly more, complex case, let us now take 

again the problem of free motion in a 

^^Jfro'^a^ vertical line, but allow for the diminution 

great distance. ^^ gravity as the distance from the earth 

increases. 

The weight of a particle of mass m at the earth's surface is mg. At 
a distance x from the centre it is, therefore, 
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where R is the radius of the earth, supposed spherical. This acts 
downwards, or in the direction opposite to that in which x increases. 
Hence, equating it, with its proper sign, to the rate of acceleration of 
momentum, we have for the equation of motion 

Here the right-hand member is a function of x only. 

Multiply by xdty and integrate, and we have, leaving out the ex- 
traneous factor m (the possibility of doing this showing that the 
motion is the same for all masses), 

^ X 

If V be the speed at the earth's surface (where a;=R), 

iV2 + C = R5r. 

Also if the particle turns, to come down again (i.e. if ic=0), at the 
height h above the surface, 

^ R+A 
Hence 

R 



^V-R,(l-gf-^)=,;^ 



R + h 

This shows the amount of error in the approximate formula (§ 28) 
for unresisted projectiles, viz. — 

If the particle be supposed to have been originally at rest, at a 
practically infinite distance from the earth (a case 
which may occur with a meteorite, for instance), we Meteorite, 
have x=0 when a;= c», and our formula becomes 

^ x 

The speed with which the mass reaches the surface (where a; =R) 

is therefore V2g'R, i.e. that which it would acquire by falling, under 
constant acceleration g, through a height equal to the earth's radius. 
In this special case, the second integral is 

lx^=-^/2gm + C\ 

The second integral, in its general form, is a little complex ; but 
we may avoid it by means of a geometrical construction, founded on 
the results of the investigation of planetary motion soon to be given 
(§ 155). 
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§ 141. Let us next take a case in which the acceleration 
depends upon the speed of the moving body. 

M^^p°' A suflSciently simple one is furnished by a 
falling raindrop, or hailstone, when the 
resistance of the air is taken into account. For the 
moderate speeds with which such bodies move, the resist- 
ance varies, at least approximately, as the square of the 
speed. (When raindrops are very small, and in general 
while their motion is very slow, the resistance is directly 
as the speed.) To avoid needless complexity, we neglect 
here the variation of gravity due to changes of vertical 
height 

If we assume ^ to be the speed with which the particle 
must move so that the retardation due to the resistance 
may be equal to ^, the retardation when the speed is v will 
be represented by <^/*^. 

Suppose the particle to have been projected vertically upwards from 
the origin with the speed Y, and let t; be its speed at any time t, and 
X its distance from the origin at that time. 

Let the axis of x be drawn vertically upwards ; then the resistance 
acts toith gravity, and the equation of motion upwards is 

or 

Integrating, and determining the constants so that, when x=0, 
t = 0, and v=Y, we obtain 

k k k HT+Yv 

Let T be the time at which the speed becomes zero, and h the 
corresponding value of x, then 
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After this the particle begins to return ; the resistance therefore 
acts against gravity, and the equation of motion is 

Integrating, and determining the constants so that, when i;=0, 
x=hf and t=T, we obtain 

f('-T)=l<>8|^. »nd|(A-.)=log/^. 

(It must be remembered that v is now negative.) 

Let U be the speed with which the particle returns to the point of 
projection ; then, putting a;=0 in the latter equation, we obtain 

or, substituting for h its value. 



whence 

It is to be observed that (strictly) we should write ^^(1 - a) for gr, 
where a is the specific gravity of air, to take account of the apparent 
loss of weight of a raindrop on account of immersion in air. 

It is to be observed also that k is the "terminal 
velocity," as it is called, ie, the speed to 
which that of a falling body continually vei^itv 
tends, whether its original value have been ^' 

greater or less than this limit. For a golf-ball, the resist- 
ance at speed v produces an acceleration of about t?2/250, 
where v is in foot-seconds, and the denominator is in feet. 
The "terminal velocity" of such a ball is therefore 

'^250 . g, or about 90 foot-seconds. 

When k is very large, i,e. the absolute amount of resistance very 
small, as in the case of a cannon-ball falling from a height, the general 
integrals in the second case above become, by expanding the logarithms, 

k^^ ^^~ k^Zk?^ ' ' ' ' Ar»^'^ ^^-I(^^2k*^ • • • 
of which the terms independent of k are 

v=-g{t- T), and ir^=2g(h - »). 



140 DYNAMICS 

These, if we remember that ^ - T is the time of fall, and h-x the 
space fallen through, are at once recognised as the ordinary formulae 
of § 28. The modification due to the resistance is shown approximately 
by the second terms on the right-hand side of the deyelopments 
above. 

The necessity for this double investigation, one part for 
the ascent, the other for the descent, is due to the non- 
conservative, or " dissipative," character of the force of 
resistance. 

§ 142. As an illustration of constraint by a smooth 

curve, let us take the case of a simple 

peniSlim. Pendulum. Let (Fig. 42) be the point of 

suspension, P the position of the bob at any 

time t Then, if PG represent the weight of the bob, and 

be resolved into PH, HG respectively 
along, and perpendicular to, the tangent 
at P, we see that PH produces the accelera- 
tion of the motion, while the tension of 
the cord balances HG and also furnishes 
the acceleration perpendicular to the direc- 
tion of motion which is required to produce 
the curvature of the path. PH is (ceteris 
Fig 42 ~ pcLTibus) proportioual to the sine of PGH, 
that is, of POA. Hence the acceleration 
is proportional to the sine of the angular displace- 
ment. When that angle is small it may be used in 
place of its sine. Hence, for small vibrations, the ac- 
celeration is proportional to the displacement, and the 
motion is "simple harmonic." The time of vibration, 
being (§ 51) 27r v displacement /acceleration, is here 




^'^sj'dke = ^'^ sj\' approximately. 

The rigorous solution of the pendulum problem requires the use of 
elliptic functions. 

§ 143. Some very curious properties of pendulum 
motion are easily proved by geometrical processes. The 
whole theory of the motion (in a vertical plane) of a 
particle attached by a weightless rod to a fixed point. 
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Fio. 48. 



whether it oscillate as a pendulum or perform continuous 
rotations, may be deduced from the two following pro- 
positions: — ^and these can easily be 
established by geometrical processes in 
which corresponding indefinitely small 
motions are compared. We leave the 
proof of them to the reader. 

(1) To compare diflPerent cases of 
continuous rotation. Let DA (Fig. 
43) be taken equal to the tangent 
from D to the circle BPC, whose 
centre C is vertically under D. Let 
PAQ be any line through A, cutting 
in Q the semicircle on AC. Also 
make DE = DA. Then, if P move 
under gravity with speed due to the 
level of D, Q moves with speed due to the level of E, the 
acceleration due to gravity being in its case reduced in 
the ratio AC^ : 2BC2. 

(2) To compare continuous rotation with oscillation. 

Let two circles touch one another at their 
lowest points (Fig. 44) ; compare the 
arcual motions of points P and p^ which 
are always in the same horizontal line. 
Draw the horizontal tangent AR Then, 
if P mote, with speed due to g and level 
a, continuously in its circle, p oscillates 
with speed due to level AB and accelera- 
tion 

^AO^ ' 

§ 144. Two particles are projected from the same point, 
in the same direction, and with the same 
speed, but at different instants, in a smooth vertte«a circle 
circular tube of small bore whose plane is 
vertical, to show that the line joining them constantly 
touches another circle. 

Let the tube be called the circle A, and the horizontal 




142 



DYNAMICS 




Fio. 45. 



or 
But 



line, to the level of which the speed is due, L. Let M, 

M' (Fig. 45) be simultaneous 
positions of the particles. Let 
another circle B be described, 
such that L is the radical axis 
of A and B, so as to touch MM'. 
Let be the point of contact. 
Draw MP, MT' perpendicular to 
L, and let M'M cut L in C. 
Then, by the property of the 
radical axis, CO2 = CM . CM' ; 
from which we have, by geometry, 

CM:CM'=0M2:0M'2, 

0AP:0M'2=PM:FM'. 

(speed at M)^ : (speed at M')'*=PM : FM'. 

Hence the speeds of M and M' are as MO : OM', and 

therefore the proximate position of MM' is also a tangent 

to B, which proves the proposition. 

It is easily seen from this that, if one polygon of a 
given' number of sides can be inscribed in 
one circle and circumscribed about another, 
an infinite number can be drawn. For this 

we have only to suppose a number of 

particles moving in A with speeds due 

to a fall from L, and then if they form 

at any time the angular points of a 

polygon whose sides touch B, they will 

continue to do so throughout the motion. 

Fig. 46 shows two forms of a quadri- 
lateral possessing this property. 

§ 145. To find (he time of fall from rest down any arc 

of an inverted cycloid. 

Let (Fig. 47) be the point from which the particle 
commences its motion. Draw OA' parallel 

^motion. ^ ^^ *^^ ^^ ^^' describe a semicircle. 
Let P, F, P" be corresponding points of the 



Geometrical 
theorem. 
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curve, the generating circle, and the circle just drawn, 
and let us compare the speeds of the particle at P and of 
the point P". Let P"T be the tangent at P". 

Speed of P"_ element at V" 
Speed of P ~ element at P 



AHB 
AB 



_p;t_ft /A^B_ A^B / 

~BP'"BP"V AB "2A'F'V 
But speed of F=\/(2g . A'M) = x/-^ • A'F'. 

Hence speed of P*= A/oATi * ^'^* * constant. 

And, as the length of A'P"B is ^t . A'B, 

time irom A' to B in circle = time from to B in cycloid 

/AB 



2g 

The time of fall to the vertex from all points of the 
curve is therefore the same. Hence the rn + jj^ ^ 
cycloid is called a "tautochrone." It is 
easy to show that, when there is but one degree of 
freedom, s suppose, the property 
of tautochronism requires that 
the potential energy shall be 
proportional to 5^ ; so that the 
relation between the co-ordinate 
and time is simple harmonic. 
Some very elegant questions 
arise as to the forms of the 
tautochrones for given conserva- 
tive systems of forces. But their interest is mathematical 
rather than physical. 

§ 146. As an instance of cases in which the acceleration 
depends upon the speed and the position 
jointly, take the motion of a simple pen- ^p^^, 
dulum in a medium whose resistance varies 
as the velocity directly. This is the law, at least approxi- 




Resisted motion 
Lmn. 
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mately, for very small speeds, whether the pendulum oscillate 
in a gas or in a liquid, — and even when the resistance is 
due to magneto-electric induction, as when the pendulum 
is a magnetic needle vibrating in presence of a conducting 
plate or a closed coil. A synthetical solution of the most 
important case of this problem has already been given 
under Kinematics in § 68. 

Analytically : if Z be the length of the string, $ its deflexion from 
the vertical at time t^ m the mass of the bob, we have evidently 

ml^ = - mg sin 6 - k6. 

The ratio K/ml may be increased (theoretically) without limit by 
increasing the surface which the bob exposes, without changing its 
mass. But it cannot be indefinitely diminished. We will wi-ite 2k 
for it. If we assume the angle of oscillation to be small, we may 
write the equation in the form 

where n^=g/lf and k is essentially positive, being greater as the re- 
sistance (whether on account of the viscosity of the medium or the 
large surface of the bob in proportion to its mass) is greater. A 
particular integral of this equation is evidently 

provided 

^+2kp+n^=0, 

or 

p= -k^\/k^-n\ 

Hence there are two quite distinct cases of motion, distinguished by 
different /orins of solution, depending on the relative magnitudes of k 
and n. These are separated from one another by the unique case in 
which k = n. All these cases can (theoretically) be obtained, whatever 
be the value of k, by merely altering the length of the pendulum : 
since, as above, n^=gll, so that n/koc fsjl, 

(a) Let k>n^ and let 1c^-n?=n'^<1c^. 

Then both values of ^ are real and negative. Thus 

^=A6^* + BeP^* 
= €-*='( Ae^'^+Be-*^''). 

A and B are arbitrary until the initial conditions (position and 
speed at ^=0) are assigned. Then they become definite. If they have 
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the same sign, d diminishes, without changing sign, as t increases. 
But if they haye different signs, the factor in brackets may vanish for 
one definite value of t, and then change sign. After that the whole 
reaches a maximum and then diminishes without further change of sign. 
Examples of these cases are furnished — (1) when the pendulum is dis- 
placed from the vertical and allowed to fall back ; it then approximates 
asymptotically to its position of equilibrium ; and (2) when it is drawn 
aside and flung back ; in this case it may pass once through the 
position of equilibrium and then asymptotically return to it. 

(h) Letn>A:andletn«-P=ii''<n^ 

Here both values of p are imaginary, and we have 

= ?€-*< cos (n'^ + Q). 

This may be looked upon as a "simple harmonic motion " (§ 52), 
of which the amplitude diminishes in a geometric ratio with the time, 
the decrement depending on the resistance alone, while the period is 
permanently lengthened in the ratio n : n\ This ratio depends upon 
both the original period and the resistance, so that for the same 
medium and same bob it is different for strings of different lengths. 
This investigation gives an approximation to the gradual dying away 
(by internal friction or by imperfect elasticity, etc.) of all vibratory 
movements. The rate of diminution of amplitude, say of torsional 
vibrations of a wire, is thus a valuable indication and measure of a 
somewhat recondite physical quantity, which, without this method, 
would (at present, at least) be hard to measure. 

(c) When n=kf i.e. in the transition case, the equation becomes 

^ + 271^ + 71^^ = ; 

whose integral is known to be 

e = €-«^( A + BO = e-»( A + -Qt). 

This, also, ultimately diminishes indefinitely as t increases ; but, 
as in case (a), it may either do so continuously or after having once 
passed through the value zero and reached a maximum, according to 
the relative magnitude and the signs of A and B. 

§ 147. When the path is given, the determination of 
the motion under given forces is, as we have seen, a mere 
question of integration of the equation for acceleration 
along the tangent. But more is required if we wish to 
find the normal pressure on the constraining curve. This 
is at once supplied by compounding the resolved part of 
the applied forces m the direction perpendicular to the 

10 
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tangent, with the additional force rn/filp acting from the 
centre of curvature. But, strictly speaking, all such 
questions require the application of Law IIL 

Tvx) Degrees of Freedom 

§ 148. The simplest case is that of a projectile, when 
gravity is supposed to be uniform and to act 
uMesisted ^^ parallel lines throughout the whole path, 
and the resistance of the air is neglected. 
This has been suflSciently discussed in §§ 40-42. It is 
merely the combination of (1) the uniformly accelerated 
motion of a stone let fall, with (2) a uniform velocity in 
a definite direction. Looked at from this point of view, 
it gives an interesting example of the graphic method ap- 
plied in § 53 to indicate the natiure of simple harmonic 
motion. 

§ 149. We can extend these projectile results so as to 
take account of the alteration of direction 

™Sectiii?° *^^ ^^ intensity of gravity at different 

points of the path, by remembering that, 
as shown in § 49, the path of an unresisted projectile is an 
ellipse, one of whose foci is at the centre of the earth. 
The following, among many other analogous propositions, 
are easily proved. 

(1) The locus of the second foci of the paths of all pro- 
jectiles leaving a given point with a given speed, in a 
vertical plane, is a circle. 

(2) The direction of projection, for the greatest range 
on a given line passing through the point of projection, 
bisects the angle between the vertical and the line. 

(3) Any other point on the line, which can be reached 
at all, can be reached by two different paths, and the direc- 
tions of projection for these are equally inclined to the 
direction which gives the maximum range. 

(4) If a projectile meet the line at right angles, the 
point which it strikes is the vertex of the other path by 
which it may be reached. 



KINETICS OF A SINGLE PARTICLE 



147 



(5) The envelop of all possible paths in a vertical plane 
is an ellipse, one of whose foci is the centre of the earth, 
and the other the point of projection. 

To prove these propositions, let E (Fig. 48) be the 
earth's centre, P the point of projection, A the point which 
the projectile would reach if 
fired vertically upwards. With 
centre E, and radius EA, de- 
scribe a circle in the common 
plane of projection. This, the 
circle of zero velocity, corre- 
sponds to the common directrix 
of the parabolic paths in the 
ordinary theory. If F be the 
second focus of any path, we 
must have EP + PF constant, 
because the axis major depends 
on the speed, not the direction, 
of projection. Hence (1) the 
locus of F is the circle AFO, 
centre P. Again, since, if F 
be the focus of the path which 
meets PR in Q, we must have 
FQ = QS, it is obvious that 
the greatest range 'Pq is to be found by the condition 
Oq = qs, is therefore the second focus of this trajectory, 
and therefore (2) the direction of projection for the greatest 
range on PE bisects the angle APE. If QF = QF = QS, 
F and F' are the second foci of the two paths by which Q 
may be reached ; and, as L FTO = L FPO, we see the truth 
of (3). If Q be a point reached by the projectile when 
moving in a direction perpendicular to PE, we must 
evidently have L PQF' = L PQF = L SQE = L EQP ; i.e. EQ 
passes through F'. When this is the case, the ellipse 
whose second focus is F evidently meets PE at right angles ; 
and that whose second focus is F' has (4) its vertex at Q. 
The locus of q is evidently the envelop of all the trajec- 
tories. Now 




Pm. 48. 
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P3'=P0 + 0^=PA + 0^ 
Eq=lEa-sq=EA-Oq, 

Hence 

Py+Egr=PA+AE, 

or (5) the envelop is an ellipse, whose foci are E and P, 
and which passes throHgh A. 

§ 150. One of the most important problems in this 

branch of our subject is that of planetary 

m^i^ motion, which forms a good typical example 

of the processes to be employed in the 

treatment of central orbits. One or two definitions, and 

a general property of central orbits, must be premised. 

§ 151. Def, An "apse" is a point, in a central orbit, at 
. which the path is perpendicular to the radius- 

vector along which the central force acts. 

The length of the radius-vector is therefore, at such a 
point, generally a maximum or a minimum. This radius- 
vector, drawn to an apse, is called an " apsidal line." 

A central orbit is symmetrical about every apsidal line. 
The simplest proof of this theorem depends upon the 
general principle of " reversibility," which holds in all con- 
servative systems. In fact if, at any instant, the velocity- 
vector of a particle, moving under the action of a conserva- 
tive system of forces, be reversed, the particle will simply 
retrace its previous path. For if we suppose a smooth 
tube, in the form of the previous path, to be employed to 
guide it back, the speed at every point will be of the same 
magnitude as before. The curvature also of the path will 
be the same ; and thus the normal component of the applied 
forces will balance the so-called centrifugal force, — Le. will 
suffice to produce the requisite curvature, — so that there 
will be no pressure on the tube, and it is not required. 
Hence since, at an apse, the velocity is perpendicular to the 
radius-vector, the two halves of the orbit on opposite sides 
of the apsidal line are similar and equal Hence, however 
many apses there may be, there can be at most only two 
apsidal distances. For the property of symmetry about 
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each apsidal line shows that, if there be more apses than 
one, the first, third, fifth, etc., must have their apsidal 
distances equal, as also must the second, fourth, sixth, eta 
If there be one apse only, it may correspond either to a 
minimum or to a maximum value of the radius-vector; 
but, if there be more than one, they must be maxima and 
minima alternately. 

§ 152. We now proceed to the gravitation case already 
promised. We will take, first, the direct problem as in 
§ 49, where the force is assigned and the orbit is to be 
found. 

A particle is projected] from a given point in a given direction and 
with a given speedy and moves under the a>ction of a pi f 
cevUraZ aUraction varying inversely as the square of ^^aiietary 
the distance ; to determine the orbit, motion. 

We have V^iiu^, and therefore by the last part of § 47 

where h is double the constant area, or 

g(„ _£,) + („ _^)=o. 

the integral of which is 

M-p=Acos(^ + B), 

or, as it is nsually written, 

14=^1 l+eoos(^-a) I . . . (1). 

This gives by differentiation 

-j^=-pe8m (^-a) . . . (2). 

Let R be the distance of the point of projection from the centre, 
and /3 the angle, and V the speed, of projection ; then, when ^=0, 



Hence, by (1) 



and by (2) 



1 , ^ /I du\ 

M = 5, C0t^=-(-32), 

R ^ \u dS J 9=0 



-^-l=e cos a, 
fiR 

-^ cot /3= -e sm a. 



150 



DYNAMICS 



From these 

and 

But 
wherefore 

and 



tan a 



_ h^cotp 



««= 



_.eo8ec^^-^+l. 



. (3), 



. (4). 



_ VRsin/9co3/3 
'^^"-^..VaRsinV 



. (3'), 



. (4'). 



Now (1) is the general polar equation of a conic section, focus the 
pole ; and, as its nature depends on the value of the excentricity e 
given by (4'), we see that 

if V^>2At/R, e>l, and the orbit is an hyperbola ; 
if V^=2/a/R, e=l, and the orbit is a parabola ; 
if V^<2/i/R, «<1, and the orbit is an ellipse. 

But the square of the speed from rest at infinity to distance R, for 
the law of attraction we are considering, is 2;i/R, and the above con- 
ditions may therefore be expressed more concisely by saying that the 
orbit will be an hyperbola, a parabola, or an elUpse, accordmg as the 
speed of projection is greater than, equal to, or less than, the speed 
from infinity. lUustrations of this proposition are found in the cases 
of comets and of meteor swarms. 

The speed of a particle moving in a circle is also often taken as the 
standard of comparison for estimating the velocities of bodies in their 
orbits. For the gravitation law of attraction the square of the speed 
in a circle of radius R is fi/R ; and the above conditions may be ex- 
pressed in another form by saying that the orbit will be an hyperbola, 
a parabola, or an ellipse, accoiding as the speed of projection is greater 
than, equal to, or less than, *^2 tmies the speed in a circle at the same 
distance. 

Supposing the orbit to be an ellipse, we shall obtain its major axis 

and latus rectum most easily by a different process of integrating the 

du 
differential equation. Multiplying it by h^-y^ and integrating, we 

obtain 



¥{{%)"--'} =¥=^-'^- 



But when u==f i?= V ; which gives 

^ 2^ R 
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hence 

Now to determine the apsidal distances, we must put 



du - 
and this gives ns the condition 

"'-F"+ls-?=° • • • w- 

which is a qoadratic equation whose roots are the reciprocals of the 
two apsidal distances. But if a be the semi-axis major, and e the ex- 
centricity, these distances are 

a(l-e) and a(l+e). 

Hence, as the coef&cient of the second term of (6) is the sum of the 
roots with their signs changed, we have 

1 1 2aa 

+ - - 



a(l-«) a(l+e) A2» 
or 

a(l-e2)=^ . . . . (7). 
And the third term is the product of the roots, so that 



or, by (7), 

Thus 

and therefore 



1 _ 2At yg 

— =5 .... (8). 



2 R 2a' 

V-'r-l .... (9). 

Equations (7) and (8) give the latus rectum and major axis of the 
orbit, and show that the major axis is independent of the direction of 
projection. 

Equation (9) gives a useful expression for the speed at any point, 
and snows that the radius of the circle of zero speed is 2a, 

The time of describing any given angle is to be obtained from the 
formula, 

r^=A=>/{/Lia(l -e^)}, by equation (7). 



de VMi-«'}| 






meunuing the aogle from the nearer apse. 

Integrating, we find the time of descrihiog aboat the focus an angle 
measured from the nearer apse, in the ellipse or hyperbola, expressed 
u 2/ft ot the sectorial are* ASP (Fig. 49, g 155), which might have 
been written down fnnn the coaditioD of uniform moment of 
momentum. 

In the parabola, if i be the apsidal distance, the integral becomes 

[iiiice« = l, a(,l-t)=d, tt(l-«»)=afj 

,= y^(.„f.Sw?). 

From the known area of the ellipae we see that the periodic time is 



where n, which is called the " mean motion," ie \fiijc?'. 

% 153. By laborious calculation from an immense series 

of observations of the planets, and of Mars 

(ki^emati»l)* ^" particular, Kepler was led to enunciate 

the following as the kinematical laws of the 

ilanetary motions about the sun ; — 

I. The planets describe, relatively to the centre of the 
lun, ellipses of which that point occupies a focus. 

II. The radius-vector of each planet traces out equal 
o^as in equal times. 

III. The squares of the periodic times of any two planets 
ire as the cubes of the major axes of their orbits. 

§ 154. With these facts of observation as our guide, 

we proceed to the inverse problem of § 8 (6), 

K^le^alaws!' ^^^ determination of the force from the 

observed motions. 

From the second of the above laws we conclude that the 

tlanets are retained in their orbits by an attraction tending 
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to the sun. If the radius-tfecior of a particle moving in a 
plane describe equal areas in equal times about a point in that 
planCy the resultant attraction on the particle tends to that point. 
For the datum is equivalent to th£ statement that there 
is no change of moment of momentum about the sun's 
centre, or that the accelerations all pass through that point. 
From the first law it follows that the intensity of the 
attraction is inversely as the square of the distance from 
the sun's centre. 

The polar equation of an ellipse referred to its focus is 

2 

where I is the latus rectum. Hence 

and therefore the attraction to the focus requisite for the description 
of the ellipse is (§ 47) 






ffence, if the orbit be an ellipse described about a centre of attraction 
ai the focus f the law of intensity is that of the inverse square of the 
distance. 

From the third law it follows that the attraction of the 
sun (supposed fixed) which acts on unit of mass of each 
of the planets is the same for each planet at the same 
distance. 

For, in the last formula in § 152, T* will not vary as a' unless fi be 
constant, i,e. unless the strength of attraction of the sun be the same 
for all the planets. 

We shall find afterwards that for more reasons than one 
Kepler's laws are only approximate, but their 
enunciation was sufficient to enable Newton tion (physical)." 
to propound the doctrine of universal gravi- 
tation, viz. that every particle of matter in the waiver se attracts 
every other ivith a force whose direction is that of the line joining 
them, and whose magnitude is as the product of the masses 
directly and as the square of the distance inversely ; or, according 
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to Maxwell's formulation, between every pair of particles 
there is a stress of the nature of a tension, proportional to the 
product of the masses of the particles divided by the square of 
their distance. 

If we take into account that the sun is not absolutely 
fixed, then, neglecting the mutual attractions of the planets, 
Kepler's third law should be stated thus : — 

The cubes of the major axes of the orbits are as the squares 
of the periodic times and the sums of the masses of the sun and 
the planet. 

§ 155. We will now indicate, as briefly as possible, 

the more ordinary transformations by which 

pkneti*motio^^ *^® preceding formulae are adapted (for 

astronomical applications) to numerical cal- 
culation. 

Suppose A? A' (Fig. 49) to be an elliptic orbit described about a 
centre of attraction in the focus S. Also suppose P to be the position 

of the particle at any time t Draw 
PM perpendicular to the major axis 
AGA', . and produce it to cut the 
auxiliary circle in the point Q. 
Let G be the common centre of the 
curves. Join GQ. 

When the moving particle is at 

A, the nearest point of the orbit to 

Sf it is said to be in ^^ perihelion." 

The angle ASP, or the excess of 

Fxo. 49. ' the particle's longitude in its orbit 

over that of the perihelion, is called 
the " true anomaly." Let us denote it by 0, 

The angle AGQ is called the "excentric anomaly," and is generally 
denoted by u. And if 2'ir/n be the time of a complete revolution, rU 
is the circular measure of an imaginary angle called the ''mean 
anomaly " ; it would evidently be the true anomaly if the particle's 
angiilar velocity about S were constant. Here, obviously, n^a^=fi. 

It is easy from known properties of the ellipse to deduce the follow- 
ing relations between the mean and excentric, and also between the 
true and excentric, anomalies : — 

'nt=u-eain.u. 

*^l=\/(TTi)**"|- 

By far the most important problem is to find the values of d and r 
as functions of ty so that the direction and length of a planet's radius- 




KINETICS OF A SINGLE PARTICLE 155 

vector may be detennined for any given time. This generally goes by 
the name of Kepler's Problem. 

Before indicating the systematic development of u, r, and d in 
terms of t from our equations, it may be useful to remark that, if 6 be 
so small that higher terms than its square may be neglected, we may 
easily obtain developments correct to the first three terms. Thus 

u=nt + esmu 

=7U + esiD.{nt+eBiii7U) nearly 

—nt + eBiD.rU-\-\e^siD.27U. 
Also 

-=l-e(ioau 
a 

= l-e(ioa{nt+eaiD nt) 

= 1 - e cos n^ + ie^(l - cos 2nt), 
And 

which may be written 

{1 + ecoa d)^ dt 
or, 

(l-«2)*(i + ecos^)-2^=w. 



dt 
Keeping powers of e lower than the third, 

,de 



or 
whence 



( 1 - 2e cos ^ + f^^ cos 2^ W = n, 
7U=e-2eame-\-le^gm2e; 



^ = 7i< + 2e sin ^ - 1^2 sin 2^ 
= nt + 2e am {nt + 2e sin nt) - i^ am 2nt 
=nt + 2e ainnt+^e^ cos n^ sin ri^ - f«^ sin 2nt 
=nt-\-2eaijint + le^Bm 2nt, 

Kepler's Problem. — To find r and as functions of t from the 
eqimtions 

r=a(l-eQoau) . . . . (1) 

^4=^/{\^>-l ... (2) 

nt=u-eaiii.u .... (3). 

These equations evidently give r, 6, and t directly for any assigned 
value of w, but this is of little value in practice. The meth(^ of 
solution which is commonly adopted is that of Lagrange, and the 
general principle of it is this : — 

We can develop d from equation (2) in a series ascending by powers 
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6f a small quantity, a function of e, the coefficients of these powers 
involving u and the sines of multiples of u. Now by Lagrange's 
theorem we may from equation (3) express u, 1-e cos u, sin u, sin 2u, 
etc. , in series ascending by powers of e, whose coefficients are sines or 
cosines of multiples of nt. Hence, by substituting these values in 
equation (1) and m the development of (2), we have r and $ expressed 
in series whose terms rapidly decrease, and whose coefficients are sines 
or cosines of multiples of nt. This is the complete practical solution 
of the problem. But we must refer the reader to special treatises on 
Physical Astronomy for the full development of this subject Com- 
pare § 52. 

§ 156. We may take here an opportunity of giving a 

sketch of a particular case of the important 

^^^^Kbit!^""' question of "kinetic stability." The general 

treatment of this subject is entirely beyond 
our limits. But we may investigate its conditions, in the 
case of a central orbit naturally circular, by a very slight 
modification of our equations. 

Whatever be the law of central force, provided it depend on the 
distance alone, we can write the acceleration due to it as 

fiuy{u), 

where u is now the reciprocal of the radius-vector, as in § 152. The 
kinematics of the motion is then entirely summed up in the equations 

If 1/a be the radius of the undisturbed circular orbit, the first equa- 
tion becomes simply 

Now let a slight disturbance be given to the motion, such that k is 
unaltered, but that u becomes a+x. Then we have 

Expanding to first powers of x only, and thereby assuming that x 
continues to be exceedingly small, we have 

the terms independent of x vanishing by the condition that the 
undisturbed orbit was circular. By eliminating the ratio fi/h^ we have 

■^«(,-^)... 



To secure stability, x must not be capable of increasing indefinitely. 
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This leads to the condition that the multiplier of x in the above equa- 
tion must be positive ; i.e. 

/(a) 

For, if the multiplier were negative, the value of x would consist of 
two real exponential terms, one of which would increase indefinitely 
with the angle 0, and would disappear from the value of x under 
special conditions only. 

If the multiplier were zero, x would be a linear function of 0. 
Hence, in the only case we need consider, we have 



X 



=Aoos(.Vi-«^+b). 



The radius- vector is therefore a maximum and minimum (i.e. apses 
occur) alternately as the angle increases by successive increments 
each equal to 



/ /(a) 



Suppose the force to vary as the inverse nth power of the distance. 

Here/(a) oca«-a, andwe have l-^^r^=l-(7i-2)=3-w. Thus n 

must be less than 3 ; i.e. a circular orbit, with the centre of force in 
the centre, is essentially unstable if the force vary as the inverse third, 
or any higher inverse power of the distance. 

If 71=2, which is the gravitation case, the apsidal angle is evi- 
dently T. 

§ 157. A very curious result^ due to Newton, may be 
indicated here, viz. that, if any central orbit 
be made to revolve in its own plane with ^"^^g^J^l^ ^' 
angular velocity proportional at each instant 
to that of the radius-vector in the fixed orbit, it will still 
be a central orbit ; and the additional force required will 
be inversely as the cube of the radius-vector. 

Generally, in a central orbit. 
But suppose to become 6^i, where e is a constant, and we have 

which is Newton's hypothesis. The above equations become 

r - r^ J = P + (^2 - l)rdl r^ = h ; 
or, as they may be written, 

r-r0l = F + {e^-l)hll7^, r»di=^. 
From these the proposition is obvious. 
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Other examples of central orbits will be given when we 
discuss general principles, such as *' least action " and 
" varying action." 



Special Problem — The Brachistochrone 

§ 158. A celebrated problem in the history of dynamics 
„ , _ , is that of the " curve of swiftest descent," as 

Bracnistocnrone. .. n , 

it was called : — - 

Tiw points being given, which are neither in a vertical nor 
in a horizontal line, to find the cwrve (joining them) down which a 
particle sliding under gravity, and starting from rest at the 
higher, will reach the other in the least possible time. 

The curve must evidently lie in the vertical plane 
passing through the points. For suppose it not to lie in 
that plane, project it orthogonally on the plane, and call 
corresponding elements of the curve and its projection o- and 
o-'. Then if a particle slide down the projected curve its 
speed at </ will be the same as the speed in the other at 
<r. But (T is never less than </, and is generally greater. 
Hence the time through </ is generally less than that 
through <r, and never greater. That is, the whole time of 
falling through the projected curve is less than that through 
the curve itself. Hence the required curve lies in the 
vertical plane through the points. 

Also it is easy to see that, if the time of descent through 
the entire curve is a minimum, that through any portion 
of the curve is less than if that portion were changed into 
any other curve. 

And it is obvious that, between any two contiguous equal 

values of a continuously varying quantity, a 

^^^iSr J!°' * maximum (yr minimum must lie, [This prin- 

ciple, though excessively simple (witness its 
application to the barometer or thermometer), is of very 
great power, and often enables us to solve problems of 
maxima and minima, such as require, in analysis, not 
merely the processes of the differential calculus but those 




KINETICS OF A SINGLE PARTICLE 159 

of the calculus of variations. The present is a good 
example.] 

Let, then, PQ, QR and PQ', Q'R (Fig. 50) be two pairs 
of indefinitely small sides of polygons such that the times 
of descending through either pair, 
starting from P with a given speed, 
may be equal. Let QQ' be horizon- 
tal, and indefinitely small compared 
with PQ and QR The brachistochrone 
must lie between these paths, and 
must possess any property which they 
possess in common. Let v be the 
average speed between the levels of P ^^ ^ 

and Q, and if that between the levels 
of Q and R. Drawing Qm, Q'n perpendicular to RQ', PQ, 
we must obviously have 

— / • 

V V 

Now if be the inclination of PQ to the horizon, ff that 

of QR, Qn = QQ' cos $, Q'm = QQ' cos ^. Hence the above 

equation becomes 

cos d _ cos6' 

This is true for any two consecutive elements of the 
required curve ; and therefore throughout the curve 

V OC COS 0, 

But v^ o: vertical distance fallen through (§ 138). Hence 
the curve required is such that the cosine of the angle it 
makes with the horizontal line through the point of 
departure varies as the square root of the distance from 
that line. This is easily seen to be a property of the 
cycloid, if we remember that the tangent to that curve is 
parallel to the corresponding chord of its generating circle. 
For in Fig. 47, § 145, 

AP' /AM 

cosBP'M=cosBAF=|^= ^^ocV^M. 

The brachistochrone then, under gravity, is an invertf 
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cycloid whose base is horizontal ; and its cusp is at the 
point from which the particle descends. 

§ 159. Whatever be the impressed forces, reasoning 
similar to that in last section would show that the oscu- 
lating plane of the brachistochrone always contains the 
resultant force, and that 

V OC COS 0, 

where is now the complement of the angle between the 
curve and the resultant of the impressed forces. 

Let that resultant =F, and let the element PQ = $9, and $' = + d$. 
Then 

or 

vdv=Fd8aia$, 

But V OC cos ; which gives 



Hence 



But in the limit 68/30= p, the radius of absolute curvature at Q ; and 
F cos is the normal component of the impressed force. In a free 
path these terms balance one another. In the present case the curva- 
ture is turned oppositely to that in the free path. Hence we obtain 
the result that, in any brachistochrone, the pressure on the curve is 
double of that due to the force acting. 

§ 160. Now for the unconstrained path from P to B we h&Y6jvd8 a 

minimum (§ 210). Hence in the same way as before, <f> being the 
angle corresponding to 0y vcos<l>=i/ cos<l>' from element to element, 
and therefore throughout the curve, if the dii-ection of the force be 
constant. Now, if the velocities in the unconstrained and brachis- 
tochrone paths be equal at any equipotential surface, they will be 
equal at every other. Hence, taking the angles for any equipotential 
surface, 

cos cos 0= constant. 

As an example, suppose a parabola with its vertex upwards to have 
for directrix the base of an inverted cycloid ; these curves evidently 
satisfy the above condition, the one being the free path, the other the 
brachistochrone, for gravity, and the velocities being in each due to the 
same horizontal line. And it is seen at once that the product of the 
cosines of the angles which they make with any horizontal straight 
line which cuts both is a constant whose mag nitud e depends on those 

of the cycloid and parabola, its value being Wl/ia, where I is the latus 



dv 

V 


cosd 




- F cos 0, 
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rectum of the parabola, and a the diameter of the generating circle of 
the cycloid. 

Generally, the problem of the brachistochrone may be stated in the 
form 



8t 



= 5^=0, w}nievdv=XBx+Ydy+Zdz, 



the limits of the integral lieing given. This leads at once, by the con- 
sideration that dx, dyy Sz are entirely independent, to three similar 
equations, of which the first is 

ds\vds/ tfi 
The corresponding equations of the free path are of the form 

ds\ ds) V * 

and aU the above results may easily be derived from these sets of 
equations. See, again, § 210. 

The integrated part of the value of dt, which depends on the limits 
alone, is 

1/dx^ dy^ ^ dz^ \ 

If, therefore, the initial and final points are to lie on given surfaces, 
the curve must be so drawn as to cut each of them at right angles. 

Kinetics of a Particle generally 
§ 161. Here we must content ourselves with a few 

special cases, which will be varied as much General examples. 

as possible. 

A unit particle moves on a smooth curve, under the action of any 
system of forces ; find the motion. 

All we know directly about the pressure R on the curve is that it is 
perpendicular to the tangent line at any point. 

Resolve then the given forces acting upon the particle into three, — 
one, T, along the tangent, i^hich (unless there is resistance depending 
on the speed) will be a function of jc, y, z and therefore of s ; another, 
N, in the line of intersection of the normal and osculating planes (i.e, 
the radius of absolute curvature) ; and the third, P, perpendicular to 
the osculating plane. 

Let the resolved parts of R in the directions of N and P be Ri, R2. 
Now the acceleration of a point moving in any manner is compounded 

fpo dv 
of two accelerations, one -^ or v-r- along the tangent to the path, and 

the other — towards the centre of absolute curvature, the acceleration 

p 
perpendicular to the osculating plane being zero ; and therefore 

11 
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(P8 



dfi 



=T .... (1). 



This equation, together with the two equations of the curve, is 
sufficient to determine the motion completely. 
Ako 

— =Ri+N .... (2), 
P 

Ki and N being considered positive when acting towards the centre of 
absolute curvature ; this equation determines K^. 

Now Kg is the reaction which prevents P's withdrawing the particle 
from the osculating plane ; and therefore 

Kj^ — X . . . . (8). 

(2) and (3) give the resolved parts of the pressure on the curve. 
Also R= \/(RJ + R|), and its direction makes an angle =tan~^(R2/Ri) 
with the osculating plane. 

If the result of the investigation should show that at any time R could 
vanish, the particle must be treated as free until the equations of its 
free motion show that it is again in contact with the curve. 

A particle moves, under given forces , on a given smooth surface; to 
determine the motion, and the pressure on the swrface. 
Particle on i^t 

smooth surface. ^{x, y, z) = (i .... (1), 

be the equation of the surface, R the reaction, acting in the normal to 
the surface, which is the only effect of the constraint. Then, if X, /ti, v 
be its direction cosines, we know that 

X- Vf^i m 

with similar expressions for fi and v, the differential coefficients being 
partial. 

If X, Y, Z be the applied forces on unit of mass, our equations of 
motion are, evidently, 

x=X + R\\ 

y=Y + lifi V (3). 

2=Z +Ry ) 

Multiplying equations (3) respectively by x, y, z, and adding, we 
obtain 

axc+yy+zz=vv=Xx-\-Yy + Zz . . (4). 

R disappears from this equation, for its coefficient is 

"Kx+fip + vz 

and vanishes, because the line whose direction cosines are proportional 
to ±, etc., being the tangent to the path, is perpendicular to the 
normal to the surface. 
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If we suppose X, Y, Z to be a conservative system of forces, the 
integral of (4) will be of the form 

^=(f>(x, y, a) + C . I . . (6), 

and the speed at any point will depend only on the initial circum- 
stances of projection, and not on the form of the path pursued. 
To find K, resolve along the normal, then 

tr»//D=X\+YAt+Zi/ + R, 

which gives the reaction of the surface ; p being the radius of curvature 

of the normal section of the surface through the tangent to the path, 

and the mass of the particle being taken as unity. 

To find the curve which the particle describes on iM surf (ice. 

For this purpose we must eliminate R from equations (3). By this 

process we obtain 

«-X_y-Y_2-Z ... 

-\ 1. — r • • • (^)' 

two equations, between which if t be eliminated, the result is the 
differential equation of a second surface intersecting the first in the 
curve described. 

If there be no applied forces, or if the component of the applied 
force in the tangent plane coincide with the direction of motion of the 
particle, then the osculating plane of the ^ath of the particle, which 
contains the resultant of R and the applied force, will be a normal 
plane, and therefore the path will be a geodesic on the surface. 

Thus a particle under no forces on a smooth (or rough) surface will 
describe a geodesic. 

When a particle moves under gravity on a smooth surface of revolu- 
tion, whose axis is vertical, the moment of its velocity about the axis 
remains constant. For, in the path projected on a horizontal plane, 
the acceleration is central. 

§ 162. An excellent and important example is furnished 
by the simple pendulum, when its vibra- 
tions are not confined to one vertical plane. Cwncal 
When the bob moves in a horizontal plane, 
the arrangement is called a " conical " pendulum, and it is 
a very simple matter, as follows, to find the 
motion. For the vertical component of the 
tension of the string must support the 
weight of the bob ; Le, 

Tcosa=7n^, 

where a is the inclination of the string to 

the vertical. Also the horizontal component 

of the tension must supply the force mV^/R 

(§ 49) requisite for the production of the curvature of the 

path, Le, 
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Tsma=mT— : — . 

Eliminating m/T from these equations, we have 

COS a _gl 

But, if T be the time of revolution of the bob, 

Vr=2xZsma. 
Hence 

C08a_ gl 

or 



o /l cos a 



ie, the conical pendulum revolves in the period of the 
small vibrations of a simple pendulum whose length is the 
vertical component of that of the conical pendulum (§ 142). 

To carry the investigation to cases in which the pendulum describes 
a tortuous curve, we require (except for approximate results) the use 
of elliptic functions. We thus obtain, among others, the following 
results : — 

The motion will be comprised between two horizontal circles. Let 
the depths of these circles below the centre he b + c and b-e; then 
the vertical motion of the bob of the pendulum will be the same as 
that of a point on a simple pendulum of length P/c performing com- 
plete revolutions in the same periodic time as the spherical pendulum. 

But for one of the most important applications the deflexion from 
the vertical is always very small, and it is easy to obtain a sufficiently 
accurate working approximation without the use of elliptic functions. 
If we put p and q for the semi-diameters of the small elliptic orbit 
which will then bo described by the pendulum bob, we find for the 
apsidal angle 



K^'^8^"*' ' ' •} 



Hence, when a pendulum is slightly disturbed in any way, the motion 
is to a first approximation elliptic as in § 50. But the second approxi- 
mation shows that this ellipse rotates in its own plane, and in the 
same sense as that in which it is described, with an angular velocity 
propoi*tional to its area. Hence the necessitv for extreme care, in 
making Foucault's experiment (presently to be described), lest the path 
at starting should even slightly deviate from a vertical plane. 
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Blackburn 
pendulum. 




Fig. 62. 



§ 163. Another very important and useful example is 
furnished by Blackburn's pendulum, which 
is simply a pellet supported by three threads 
or fine wires knotted together at one point 
(Fig. 52). The two other ends of two of them are 
attached to fixed points A and B, and 
the third supports the pellet P. The 
motion of P is virtually executed on a 
smooth surface, whose principal curva- A 
tures near the lowest point are 1/CP 
in the plane of the three threads, and 
1/PE in the plane perpendicular to 
them, — ^E being the intersection of the 
vertical through C with the line AB. 
Hence for small disturbances of this 
system, P has a simple harmonic motion 
in the plane of the paper whose 
period is 2t sfCP/g, and another at right angles to it, 

with period Stt slVlSijg. The amplitudes of these motions 
are arbitrary, and, with the diflference of phase, depend 
entirely on the initial disturbance. Thus we have a very 
simple mechanical means of producing the combinations 
treated in § 63 ; for we have only to make 

PE:PC::w2.4^^^ 

and give the bob its proper initial motion. 

§ 164. When CE is very small compared with CP, we 
have a realisation of the case of § 61, in which the orbit is 
(at any instant) an ellipse, but in which the ellipse gradually 
changes its form and position, so as to be always inscribed 
in a definite rectangle. This experimental arrangement is 
exceedingly instructive. To avoid as far as may be the 
efl^ects of resistance of the air, the vibrations should be 
slow, Le, the wires should be as long as possible. The 
bob should be a ball of lead, containing a tube full of ink 
which slowly escapes from a fine orifice at its lower end, 
so as to make a permanent record of the path on a sheet 
of paper placed below the plane of motion of the bob, but 
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parallel and very close to it. Or, the bob may be furnished 
with a spike at its lower end, from which induction sparks 
may be taken so as to pierce a sheet of paper laid on a 
copper plate below it. 

By mere alterations of the point of suspension A, the 
ratio of w, w' may be varied at pleasure, provided that AC 
and BC are long enough compared with CP. 

§ 165. Lissajoux produced similar curves by attaching 
plane mirrors to the legs of tuning-forks, 
tu^S-forlw *"^^ allowing a ray of lights after successive 
reflexions from two such mirrors, to fall on 
a screen. But it seems to have been first pointed out 
much earlier by Sang, and afterwards developed by Wheat- 
stone, that the same result is obtained by fixing firmly one 
end of a steel rod, and setting the free end in vibration. 
There are two planes of greatest and least flexural rigidity 
(Chap. IX.) in all wires, however carefully drawn. These 
are at right angles to one another ; and the motion of the 
free end of the wire when slightly disturbed is therefore 
precisely that of the bob of the Blackburn pendulum. 
Another interesting mode of producing the same result is 
by causing a ray of sunlight to be reflected in succession 
from four min-ors, all attached, nearly at right angles, to 
parallel axes. One pair is made to rotate, the two in 
opposite directions, with one angular velocity. A ray 
reflected in succession from these is (§ 65) made to oscillate 
according to the simple harmonic law, in a 'plane which 
can be varied at pleasure by altering the relative position 
of the normals to the two mirrors. The other pair of 
mirrors supplies the other simple harmonic motion, also 
in any desired plane. 

§ 166. We must next consider the effect of the earth's 
rotation upon the motion of a simple pendu- 

plndXm. ^^^- Strange to say, it was left for Foucault 

to point out, in February 1851, that the 

plane of vibration of a simple pendulum suspended at 

either pole would appear to turn through four right angles 

in twenty-four hours,— the plane, in fact, remaining con- 
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stant in position while objects beneath the pendulum were 
carried round by the diurnal rotation. At the equator, it 
was pretty obvious that no such effect would occur, at least 
if the original plane of vibration was east and west. By 
some process, of which he gives no account, Foucault 
arrived at the result that the plane of oscillation must, in 
any latitude, appear to make a complete revolution in 
24^ X cosec . latitude. This curious result has been amply 
verified by experiment. 

The equations of motion of the pendulum, referred to rectangular 
axes fixed in direction in space and drawn from the earth's centre, the 
polar axis being that of z, are obviously 

m^=-T-p+mX, 

with similar expressions in y and z (a, &, c being the co-ordinates of the 
point of suspension, T the tension, I the length of the string, and X, 
Y, Z the components of gravity). 

The equations of motion referred to a new set of axes parallel to the 
former, but drawn through the point of suspension, are 

etc. = etc. J 

Let us now refer the motion to axes turning with the earth, but 
drawn from the point of suspension. If the axis of f be drawn verti- 
cally, and the axes of 77, f respectively southwards and eastwards ; and 
if iat be the angle at time t between the planes of xz and ^97, X being 
the co-latitude of the point of suspension, we have (assuming that ^ 
intersects z) the nine direction-cosines. Here are three — 

cos a^ = sin X cos tat 
cos y^i = sin X sin ^at 
cos 2^= cos X. 

By means of these expressions we can at once find the values of 
a; - a, y - 6, » - c in terms of ^, % f, ^, as follows : — 

ic - a=^ sin X cos co^-f-iy cos X cos «^ - i*sin wi 
y - & =^ sin X sin «^ -h 1; cos X sin w^ •\- f cos tat 
2-c=^cosX -17 sin X. 

Let 7 be the acceleration due to the attraction of gravity alone, and 
V the angle (nearly equal to X) which its direction makes with the polar 
axis. [We have above in effect assumed that its direction lies in the 
plane of 2:^, as we have assumed that the axis of | intersects the polar 
axis, while we know that the centrifugal force lies in their common 
plane.] Let r be the distance of the point of suspension from the 



m 



(2). 
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earth's centre, fi the angle its direction makes with the polar axis. 
Then 

a=r sin /A cos (i^^i &=rsin/Asina>^, c=roos/i. 

With these data we transform equations (1) from x, y, zto ^, i;, f. 
The equations immediately obtained are inconveniently long for our 
columns. But they are easily simplified as follows : — 

We contemplate small vibrations only ; so we may treat ^ as being 
practically equal to - ^, and omit its differential coefficients. We also 
omit powers and products of 17, ^, and all terms in cu^ except those in 
which it is multiplied by a large quantity. For it is known that the 
centrifugal force at the equator is about l/289th of gravity, or that 
approximately 

rw2=^/289. 

With these considerations, and the condition that to the degree of 
approximation desired we have T=?w^, we still further simplify our 
equations. We are led to recognise that 7 cos 1^=^ cos X ; and thus we 
have finally 

g+2<.coax|+£,.0 

These are the equations of the motion of the bob, referred to a 
horizontal plane fixed to the earth. The middle terms obviously 
depend upon the earth's rotation. 

To interpret equations (2) it is convenient to employ a second 
change of co-ordinates — to refer the motion to axes revolving uniformly 
in the plane of 17, ^, with angular velocity O. If g, f be the co-or- 
dinates referred to the new axes, we have by analytical geometry 

i;=2CosO^- jsinO^, f=gsinO^ + jcos(i^, 

the substitution of which in (2) leads to the equations 

^^T "' dW^T'^ • • • ^^^' 
provided we take 

0=-wcos\ .... (4), 

and omit as before terms of the order w^. 

(4) shows that the new axes rotate, in the opposite direction to that 
of the earth, with the component of the earth's angular velocity about 
the vertical at the place. And, in the plane so revolving, we see by 
(3) that the bob of the pendulum describes an approximately elliptic 
orbit, of which a straight line is a particular case. 

A circular path being obviously possible, let us assume as particular 
integrals of (2) 

7f = e cos (pt + a), f=csin(jp^ + a). 

The substitution of these values gives the same result 

j^ + 2(apcoa\-gll=0 
in each of equations (2). 
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Put gll=n^ ; then the values of jp are, to the degree of approximation 
above employed, ±w-wcosX, so that the (apparent) angular velocity 
of a conical pendulum is increased or diminished by (o cos X according 
as its direction of rotation is negative or positive. 

§ 167. The preceding problem is a particular case of the 
following general ona To find the motion of 
a particle subjected to the action of given forces c^fftraift 
and under varying constraint. It would lead 
us to details incompatible with our limits to enter upon a 
full discussion of so wide a question, but we give one or 
two simple and useful cases to show the commoner forms 
of procedure. 

A particle under any forces, and resting on a smooth Twrizontal 
plan^j is attached by an inextensible string to a point which moves 
in a given rruxniier in thai plans ; to determine the motion of the particle. 

Let or, y, sc, y be the co-ordinates, at time ^, of the particle and 
point, a\\iQ length of the string, R the tension of the string, and m 
the mass of the particle. 

For the motion of the particle we have 

J^=mY-^y^ 
off' a 

with the condition (aj - ^^ + (y - yf = a^ 

Now iB, y are given functions of U Take from both sides of the 

equations (1) the quantities fnr-j^ '"\S^ respectively, and we have 
the equations of relative motion 



d^(x-£) ^ -nic-"* <^^ 

dr a dr 

^ ^{y-fi TT x>y-y j^ 

dC^ a dt^J 



(2). 



These are precisely the equations we should have had if the point 

had been fixed, and in addition to the forces X, Y, and R acting on 

the particle, we had applied, reversed in direction, the accelerations of 

the point's motion with the mass as a factor. It is evident that the 

d^ 
same theorem will hold in three dimensions. The accelerations -rs 

d^ 

d^v 

-A are known as functions of t, and therefore the equations of relative 

motion are completely determined. 



170 DYNAMICS 

Let there he no impressed forces, and suppose first that the point moves 

with constant velocity in a straight line, 

dSb d'Q 
Here ^) -^ are constant, and therefore no terms are introduced 

in the equations of motion. 

Again, suppose the poini*s motion to be rectilinear, hU uniformly 
accelerated. 

The relative motion wiU evidently be that of a simple pendulum 
from side to side of the point's line of motion. In certam cases, when 
the angular velocity exceeds a certain limit, we shall have the string 
occasionally untended ; and this will give rise to an impact when it is 
again tended. While the string is untended the particle moves, of 
course, in a straight Une. 

Suppose the point to move, wUh constant angtUar velocity ta, in a 
circle whose radius is r and centre origin. 

Here, ^supposing the point to start from the axis of x, 

£=roos(ii^ if=rsiD.<at, 
Hence the equations of motion are, since 



r£)=_Byrf+^, 



with 
Whence 



dfi a 

(a;-«)a+(y-y)«=a«. 



(._.)^!(^_(,_,)^ 



= «3{(a;-«)y-(y-y)«} ; 
or, in polar co-ordinates, for the relative motion, 

or 

Now ^-o;^ is the inclination of the string to the radius passing 
through the point ; call it </>, and we have 

5^=-««-8in0, 
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the equation of motion of a simple pendulum whose length is -^• 

The particle therefore moves, with reference to the uniformly re- 
volving radius of the circle described by the point, just as a simple 
pendulum with reference to the vertical. 

A particle moves in a smooth straigM tvhe which revolves wUh con- 
starU angvlar velocity r&iind a vertical oasis to which it is perpendicular ; 
to determine the motion. 

Here, referring the particle to polar co-ordinates in the plane of 
motion of the tube, we have ()= constant =w, P=0 (§ 47), and thus 
for the acceleration along the tube 



whence 



r-r«*=0; 



Suppose the motion to commence at time ^=0 by the cutting of a 
string, length a, attaching the particle to the axis. The velocity of 
the particle at that instant along the tube is zero. Hence at ^=0 

r=a=A+B 

f=0=A-B; 

so that A=B=Ja» and r=ia(e"*-f.€""^ 

In Fig. 53 let OM be the initial 
position of the tube and A| that of 
the particle, and let OL and Q be 
the tube and particle at time t 
ThenOA=a, arc AP=aw<, OQ=r, 
and we have 



OQ 



=iOA( 



arcAP arcAP 
e OA+e" OA 



). 




From this we see that OQ and 
the arc AP are corresponding values 
of the ordinate and abscissa of a Fio. 68. 

catenary (Chap. VIII.) whose para- 
meter is OA. Here the vertical pressure on the tube is equal to the 
weight of the particle, while the horizontal pressure is 

- J ^(r^^) = - 2m^= - wi«2a(€"* - 6" "*). 

This equation, combined with the value of r, gives for the horizontal 
B th( 



pressure the value 



2m«2V(^-a'); 



and it is therefore proportional at any instant to the tangent drawn 
from Q to the circle APN. 
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Let the tube he in the form of a cirde turning vnth constant angular 
velocity about a vertical diameter. Let AO (Fig. 54) be the axis, P the 




position of the particle at any time. Let 
POA= - 

pressui 
We have 



denote the particle's position, and R the 
>reR8ure on the tube in the direction of OP. 

cPcos^ 



cU^ 



=g-'Rcoa0 



Fio. 64. 



Eliminating R, 



€psin^ 9 • o -D • ii 
a — 73 ura sin 0= - R sm ^. 



cPd 
a-jp^- au^ am 6 Qoa 6 = -gsiaO 

The position of equilibrium will therefore be given by 

sin ^=0 ; or by d=y, where cos 7= -^ • 
Integrating (1), 

-^j =C + 2w2cos7COS^-w2cos2^ 



(1). 



/I 





(2). 



Suppose the particle to pass through the lowest point with velocity 
acjit we have 

f^\ = w} -2w2cos7(l -cosa) + «2sin2d 
= (0^1 (1 -cos7)2+^2-(cosa-cos7)2|, 



de 



w 



4flr. 



and jT can never vanish if —i> 4 cos 7, or w?>— ; that is, if the 
at o^ •a 

velocity at the lowest point be greater than that due to the level of 

the highest point 



^9 



de 



If «i<-^, the particle will oscillate ; and if - =0, when e=a, 



dt 



then 



( 



:^ ) = —(cos - cos a) - w*(cos' - cos' a) 
dt J a^ 

= w*(cos - cos a) J -^ - cos a - cos ] 

= «*(oos - cos a)(2 cos 7 - cos a - cos 0) ; 

and therefore, if 2 cos 7 - cos o > 1, the particle will oscillate through 
the lowest point. 

If 1 > 2 cos 7 - cos a > - 1, then, putting 
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2 cos 7 - cos a=co8/3, 

— - j = w2(cos ^ - COS a)(cos j8 - cos 0), 

and the particle will oscillate on one side of the veirtical diameter. 

In each of these three cases the complete solution of the problem 
can be exhibited in terms of elliptic functions. In the last two cases, 
when the arcs of oscillation are very small, a sufficient solution may 
easily be obtained by the usual methods of approximation. This is a 
particularly instructiye example. 

§ 168. As a final example of constrained motion of a 
particle, let us find the fonn of a curve (in 
a vertical plane) such that a particle will 
slide down any arc of it, from the origin, 
in the same time as down the chord of 
that arc. If OA, OB (Fig. 55) be any two 
chords, it is plain that the difference of the 
times down these chords must be equal 
to the time of describing the arc AB. But, fiq. 65. 

if OA make an angle 6 with the vertical, 
the time of descent along it is 




y, 



20A 
gcoaO 



And the velocity at A is \/2^0A cos Oy so that the time 
of describing AB (considered as infinitesimal) is 

ABI\/2gOA cos 0, 
If we put r for OA, our condition gives at once 

ds 



J 



d t 2r de 



dB Sj g cos \j2gr cos 

where s is the length of the arc OA This equation is 
easily integrated, and the resulting relation is 

r®=a^ sin 2^, 

which belongs to the well-known lemniscate of Bernoulli. 
From its form we see that the vertical line from which 6 
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is measured is a tangent at ; so that the motion in arc 
commences vertically from the double point. 

If the limitation to a plane curve, or at least some definite con- 
dition, had not been imposed, it is easy to see that the problem would 
have been altogether indeterminate. An interesting case is that in 
which the particle moves on a smooth sphere, bein^ at the end of a 
horizontal diameter. Another is when the motion is confined to a 
vertical right cylinder. 

§ 169. To complete this elementary sketch of the 
dynamics of a single particle we take an in- 

^l^^ stance or two of " disturbed motion." The 
essence of this question is ususdly that the 
disturbing forces are, at any instant, small in comparison 
with the forces regulating the motion ; so that, during any 
brief period, the motion is practically the same as if no 
disturbing cause had been at work. But, in time, the 
effects of the disturbance may become so great as entirely 
to change the dimensions and form of the orbit described. 
The mathematical method which has been devised to meet 
this question depends upon what has just been said. The 
character of the path is not, at any particular instant, 
affected by the disturbance ; but its form and dimensions 
are in a state of slow, and usually progressive change. 
Hence, as the first depends upon the form of the equations 
which represent it, while the latter depend upon the actual 
and relative magnitudes of the constants involved in the 
integrals, we settle, once for all, the form of the equation 
as if no disturbing cause had acted. But we are thus 
entitled to assume that the constants which the solution 
involves are quantities which vary with the time in con- 
sequence of the slight^ but persistent, effects of the 
disturbance. And, as we know that, if at any moment 
the disturbance were to cease, the motion would forth- 
with go on for ever in the orbit then being describedy it 
follows that in the expressions for the components of the 
velocity no terms occur depending on the rate of altera^ 
tion of the values of the constants. This, as will be seen 
below, very much simplifies the mathematical treatment of 
such questions. 
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Suppose a cydaidtd penduluniy or a simple pendulum vibnUing 
through very small arcs, to he svijeeted to a simple Pendulum. 
ha/rmonic disturbance in the direction of its mMion, 
The equation of motion will obviously be of the fonn 

where 

n^=gll, as in § 142. 

The integral of this equation is 

^= P cos(n< + Q) s — 5 cos ml, 

^ ^' vnr- fir 

We see then that the result is the superposition of a new simple 
harmonic motion on the natural simple harmonic motion of the undis- 
turbed bob, and that it is alto^ther independent of the amplitude and 
phase of the undisturbed motion. So long as the disturbance is very 
small, this new part of the motion may be neglected, unless m is very 
nearly equal to n. For in that case the amplitude of the disturbance 
may become much greater than that of the original motion. When m 
is equal to 9i, the integral changes its form, and we have 

^ = P cos (n< + Q) + Ag- sin n<. 

This shows that, in the special case of a disturbance of 
the same period as the undisturbed motion, Harmonic motion, 
the nature of the motion is entirely changed, with disturbanee 
Thus, suppose the pendulum to be at rest at °^ ^*"^® period, 
its lowest point when the disturbance is applied ; then we 
have merely 

^=As-sin7i<, 

2n * 

a simple harmonic motion whose amplitude increases in 
proportion to the time elapsed since the disturbance com- 
menced. 

As such a result is unrealisable in practice, we naturally suspect 
that our equation does not fully represent the truth. In fact the 
resistance, which opposes all actual motions of this kind, has been 
neglected. If we take it as being proportional to the speed, our 
equation should have been (§ 146) 

&-\-2kB-\-n^0 = Acoamt, 
and the integral is 
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-2ib?isinm< ]• 

When m becomes equal to n, the part of the value of $ which depends 
upon the disturbing force is reduced to 

which does not necessarily lead to any catastrophic result 

§ 170. As another illustration, suppose the point of sus- 
pension of a simple pendvlvm to have a simple 

sion^dlsturbedU ^''""^^'^'^ fn/otixm of small amplitude in a hori- 
zontal line. 

Here the equations of motion are (to horizontal and vertical axes) 

my=mg-T^. 

But if we suppose the oscillations to be small, we may write x-^= 
10 f y=ly where I is the length of the pendulum, and the angle it 
makes with the vertical. Then we have 

* = Z^ + f = Z^ + A cos nty suppose, and ^ = 0. 
Hence 

and 

IB+K cos 9i/= - g0f 

which is precisely the equation of the first case in § 169. 

We see from this how to explain the somewhat puzzling 
„ .. . ,. phenomenon which we observe when we 

Motion of a slmg. i i, ,,. i?j.« 

® produce complete revolutions of a stone m 
a sling by a comparatively trifling motion of the hand. 
All that is necessary is that the hand should have a slight 
to-and-fro horizontal motion, in a period nearly equal to 
that in which the sling and stone would vibrate as a 
pendulum. This result of particle kinetics is (like that in 
§ 169) of great value in other branches of physics, especi- 
ally sound, light, and radiant heat. 
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To illustrate the general principle, let us take the case of one degree 
of freedom. Then the equation of motion of unit Disturbance 
mass must be of the form generally. 

where 9 represents the normal force, and Gj the abnormal or disturbing 
force. Leaving out Gj for the moment, let the integral of ^=G be 

e=f(a, ft 0, 

in which a and /3 are two arbitrary constants. We may now suppose 
a and j3 to be variable in such a way that the equation shall still be 
satisfied by this value of 6 when the disturbing forces are included. 
This imposes only one condition on the two independent quantities a 
and ft so that to determine them comi)leteljr we must impose a second. 
This we do, as already explained, by making the expression for the 
speed independent of the rates of alteration of a ana ft and we gain 
the advantage that our solution will accord at every instant with what 
would be the actual future motion if the disturbance were suddenly to 
cease. The speed is 

We therefore assume 

/(«)d+/(/S)/J=0. 

Taking account of this and differentiating again, we have 
Hence we have, for the determination of a and ft the equations 

These give the values of ^ and ^, and so completely solve the 
problem. 

§ 171. In a somewhat similar way we may treat the 
effects of a slight disturbance, made once , |^. , 
for all, in the motion of a particle describ- ™of velwiUy?^^ 
ing a definite path under given forces. A 
single example must suffice. 

Thus, we have in an elliptic orbit about the focus, § 152 (9), 

12 
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2 r 2a 



At the end of the migor axis farthest from the focus this becomes 

al+e 

Now if at this point V be made V+5V, without change of direc- 
tion, we have the condition that in the new orbit a(l + e) shall have 
the same value as in the old, since this will still be the apsidal 
distance. 



Hence 



5{a(l+e)}=0; 
fi de 



.'. 2V5V=- 



al+e 



or 



and 



*''=-2\/{jl-<^)}»V. 



da= -r Se 

1+e 

which determine the increase of the major axis and the diminution of 
the excentricity ; and the same method is applicable to more compli- 
cated cases. 

A very excellent series of examples of the elementary 
geometrical treatment of disturbed orbits is to be found in 
Airy's Chuvitation, 



CHAPTEE V 

THIRD LAW. KINETICS OF TWO OR MORE PARTICLES 

§ 172. We have, by means of the first two laws, arrived 
at a definition and a measfwre of force, and 
have found how to compound, and there- ^*"^^i*^®®^ 
fore how to resolve, forces, and also how to 
investigate the conditions of equilibrium or motion of a 
single particle subjected to given forcea But more is 
required before we can completely understand the more 
complex cases of motion, especially those in which we 
have mutual actions between or amongst two or more 
bodies,— such as, for instance, tensions or piressures or 
transference of energy in any form. This is perfectly 
supplied by the third law, on which Newton comments • 
nearly as follows. 

§ 173. If one body presses or draws another, it is 
pressed or drawn by this other with an Newton's corn- 
equal force in the opposite direction. If ments on third 
any one presses a stone with his finger, his ^*^* 

finger is pressed with an equal force in the opposite 
direction by the stone. A horse, towing a boat on a 
canal, is dragged backwards by a force equal to that 
which he impresses on the towing-rope forwards. By 
whatever amount, and in whatever direction, one body 
has its "motion" changed by impact upon another, this 
other body has its " motion " changed by the same amount 
in the opposite direction ; for at each instant during the « 
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impact they exerted on each other equal and opposite 
pressures. When neither of the two bodies has any rota- 
tion, whether before or after impact, the changes of velocity 
which they experience are inversely as their masses. 
When one body attracts another from a distance, this 
other attracts it with an equal and opposite force. 

§ 174. We shall for the present Ui^e for granted that 
the mutual action between two particles 
may in every case be imagined as com- 
posed of equal and opposite forces in the straight line 
joining them, two such equal and opposite forces con- 
stituting a " stress " between the particles. From this it 
, ^ .. , follows that the sum of the quantities of 

momentum, and motion, parallel to any fixed direction, of 
of moment of the particles of any system influencing one 
momentum, another in any possible way, remains un- 
changed by their mutual action : also that the sum of the 
momits ^f momentum of aU the particles round any line 
in a fixed direction in space, and passing through any 
point moving uniformly in a straight line in any direction, 
remains constant. From the first of these propositions 
we infer that the centre of mass of any system of mutually 
influencing particles, if in motion, continues moving uni- 
formly in a straight line, except in so far as the direction 
or speed of its motion is changed by stresses between the 
particles and some other matter not belonging to the 
system; also that the centre of mass of any system of 
particles moves just as all their matter, if concentrated in 
a point, would move under the influence of forces equal 
and parallel to the forces really acting on its different 
parts. From the second we infer that the axis of 
resultant rotation through the centre of mass of any 
system of particles, or through any point either at rest or 
moving uniformly in a straight line, remains unchanged 
in direction, and the sum of moments of momentum round 
it remains constant, if the system experiences no force 
from without, or only forces whose resultant passes 
through the centre of inertia of the system. This 
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principle is sometimes called "conservation of areas," a 
very misleading designation. 

§ 175. Newton's scholium, which we treat as a fourth 
law, points out that resistances against consequences of 
acceleration are to be reckoned as reactions Newton's 
equal and opposite to the actions by which scholium. 
the acceleration is produced. Thus, if we consider any 
one material point of a system, its reaction against 
acceleration must be equal and opposite to the resultant 
of the forces which that point experiences, whether by 
the actions of other parts of the system upon it, or by 
the influence of matter not belonging to the system. In 
other words, it must be in equilibrium with these forces. 
Hence Newton's view amounts to this, that all the forces 
of the system, with the reactions against acceleration of 
the material points composing it, form groups of equili- 
brating systems for these points considered individually. 
Hence, by the principle of superposition of forces in 
equilibrium, all the forces acting on points of the system 
form, with the reactions against acceleration, an equilibrat- 
ing set of forces on the whole system. This 
is the celebrated principle first explicitly ^p^ndjle'!*''' 
stated and very usefully applied by D'Alem- 
bert in 1742, and still known by his name. 

§ 176. Thus Newton lays, in an admirably distinct 
and compact manner, the foundations of the 
abstract theory of " energy," which recent ^^of^*^^*"'^ 
experimental discovery has raised to the 
position of the grandest of known physical laws. He 
points out, however, only its application to mechanics. 
The actio agentiSy as he defines it, which is evidently 
equivalent to the product of the effective component of 
the force into the velocity of the point at which it acts, 
is simply, in modern English phraseology, the rate at 
which the agent works, called the " power " of the agent. 
The subject for measurement here is precisely the same 
as that for which Watt, a hundred years later, introduced 
the practical unit of a "horse-power," or the rate at 
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which an agent works when oyercoming 33,000 times 
„ the weight of a pound through the distance 

Horse-power. . t . - - . . i. r • j • 

of a foot m a minute, — that is, producing 
550 foot-pounds of work per second. The unit, however, 
which is most generally convenient is that which Newton's 
definition implies, namely, the rate of doing work in 
which the unit of work or energy is produced in the unit 
of time. 

§ 177. Looking at Newton's words in this light, we 
see that they may be converted into the following : — 

"Work done on any system of bodies (in Newton's 
statement, the parts of any machine) has its 

^h^um! equivalent in work done against friction, 
molecular forces, or gravity, if there be no 
acceleration ; but if there be acceleration, part of the 
work is expended in overcoming the resistance to ac- 
celeration, and the additional kinetic energy developed is 
equivalent to the work so spent." 

When part of the work is done against molecular 
forces, as in bending a spring, or against gravity, as in 
raising a weight, the recoil of the spring and the fall of 
the weight are capable, at any future time, of reproducing 
the work originally expended. But in Newton's day, and 
long afterwards, it was supposed that work was absolutely 
lost by friction. 

§ 178. If a system of bodies, given either at rest or in 
motion, be influenced by no forces from without, the sum 
of the kinetic energies of all its parts is augmented in any 
time by an amount equal to the whole work done in that 
time by the stresses which we may imagine as taking 
place between its points. When the lines in which these 
stresses act remain all unchanged in length, the sum of 
the kinetic energies of the whole system remains con- 
stant. If, on the other hand, one of these lines varies in 
length during the motion, the stress in that line will do 
work or will consume work, according as the distance 
varies with or against it. 

§ 179. Experiment has shown that the mutual actions 
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between the parts of any system of natural bodies always 
perform, or always consume, the same 
amount of work during any motion what>- ^"""^^^^^^ 
ever, by which the system can pass from one 
particidar configuration to another ; so that each configura- 
tion corresponds to a definite amount of kinetic energy. 
Hence no arrangement is possible in which a gain of 
kinetic energy can be obtained when the system is 
restored to its initial configuration. In other words, 
" the perpetual motion " is impossible. 

The " potential energy " (§11 3) of such a system in 
the configuration which it has at any 
instant, is the amount of work that its ° ®^ ^* energy, 
mutual forces perform during the passage of the system 
from any one chosen configuration to the configuration at 
the time referred to. It is generally convenient so to fix 
the particular configuration chosen for the zero of reckon- 
ing of potential energy that the potential energy in every 
other configuration practically considered shall be positive. 

As particular instances of this we may notice many of 
the results already given : for instance, the ordinary expres- 
sion for the velocity acquired by a falling stone (§ 28), 
\r^ = gx'y for here ^m'fi is the kinetic energy acquired, 
while mg,x\^ the work done by the weight {mg) during the 
fall. Similarly, we have in the motion of a planet, the ex- 

predion ^ = ,{hh\ ^^'^^ '^^ ^ -''-i^=^>x-)- 

Here — is the " mean value " of the force for distances 

from r to r^, and therefore the right-hand side is the work 
done by the force, while the left-hand side is the increase 
of kinetic energy produced. 

To put this in an analytical form, we have merely to notice that, 
by what has just been said, the value of 



=/(^l-4'+4> 



is independent of the paths pursued from the initial to the final 
positions, and therefore that 
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2(Xdaj+Ydy + Z<fo) 

is a complete differential. If, in accordance with what has just been 
said, this be called - dY, Y is the potential energy, and 

^ _ dV 

Also, by the second law of motion, if m^ be the mass of a particle 
of the system whose co-ordinates are a^, y^, 2^, we have 

TOj-^ = Xi, etc. = etc 
and 

Conservation of 

energy. The integral is 

i2(mv2) + V=H, 

that is, the svm of the kinetic and potential energies is constant. 
This is called the " conservation of energy" 

In abstract dynamics, with which alone this work is 
concerned, there is loss of energy by friction, 

diMh)atkm impact, etc. This we simply leave as loss, 
to be accounted for by Thermodynamics. 

§ 180. Hitherto, as we have been dealing with the 
motion of a single particle only, we have 

^^^Z^^^^ not required the assistance of even the 
third law. For, in those cases, already 
treated, in which one of the forces was not given, 
it was at all events due to a given constraint, and the 
geometrical circumstances of the constraint supplied the 
means of determining it. In fact we were not, in any 
case, concerned with reaction ; or, to use the more modern 
form of expression, we were engaged with one half, only, 
of a stress. When a stone's motion was investigated, no 
account was taken of the stone's attraction for the earth ; 
when we dealt with central forces, the centre was supposed 
to be fixed; and, even in the cases in which variable 
constraint was supposed, the curve which produced it was 
assumed to move in a manner absolutely determined be- 
forehand, and in no way affected by the reaction of the 
mass acted upon. 
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But, in nature, circumstances are not so simple. 
Though, for all practical purposes, we may calculate the 
motion of an ordinary projectile as if its attraction had 
no influence upon the motion of the earth, we cannot do 
so in the case of the motion of the moon about the earth. 
The mass of the moon is about ^ of that of the earth, 
and its gravitation effects on the motion of the earth 
cannot be neglected. The moon, in fact, moves faster 
round the earth than would a projectile of less mass, 
though moving in precisely the same relative orbit (§ 154). 
If the earth's motion were not accelerated by the reaction 
of the moon, the sole crest of the lunar tide-wave would 
be on the side of the earth next the moon, and there 
would be full-tide once only in a single rotation of the 
earth about its axis. We need not give further instances 
here ; they will present themselves in almost every case 
we investigate. 

§ 181. To give a general notion of the applications of, 
and necessity for, the third law, we choose 
a few special cases, selected so as to give, ^^^}aw°^ 
in short compass, a sufficiently general 
glance at the whole subject. 

We take, first, the case of two stones or bullets con- 
nected by an inextensible string passing 
over a smooth pulley. Let their masses be mZ'^e 
m and m\ Our physical condition is that 
the tension of the string, whatever be its value, is the 
same throughout; and this is accompanied by the geo- 
metrical condition that the length of the string is constant, 
or that the speeds of the two masses are equal but in 
opposite directions. Hence the amounts of increase of 
momentum in a given time are as the masses. But they 
are also as the forces, by the second law. Thus 

mim' i\^- mgi m'g - T. 

This gives, at once, 

^ _ 2mm' 
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80 that the whole downward force on m' is 

mg - T = m — 7 g. 

and the whole upward force on m is 



T — wi^=m— 7 



wi'-m 



The motion of the system is therefore of precisely the 
same character as that of a free mass falling in a vertical 
line ; but the acceleration is less, in the ratio of the differ- 
ence of the two masses to their sum. 

§ 182. This is the essence of the arrangement called 
AtvxxxTs Machine, which used to be employed for the 
demonstration (in a rough way) of the first and second laws 
of motion, in certain simple cases. The main feature of 
the method is the artificial reduction of the acceleration, so 
that the motion of the falling body is rendered slow enough 
to be followed by the eye with some degree of accuracy. 
To prove the first law, a bar of metal was laid across one 
of two equal masses suspended as in the example ; and the 
system was allowed to move under acceleration until the 
preponderating mass passed through a ring which arrested 
the bar. The subsequent motion, with no acceleration, was 
then observed by noting the passage of the falling mass in 
front of a vertical scale, while the observer also listened to 
the ticking of a pendulum escapement. For the verifica- 
tion of the second law, so far as uniform force is concerned, 
the apparatus was adjusted by trial so that the extra load 
was detached from the preponderating mass after 1, 2, 3, 
etc., beats of the pendulum ; and the subsequent uniform 
speed was found to be nearly in proportion to these 
numbers. And, again, to prove that momentum acquired 
is, casteris parihis, proportional to the force, the effects of 
bars of different masses were compared by the same process. 

If X and l-xhe the portions of the string on opposite sides of the 
pulley at time t, we have 

m-7^=mg-T=m^, m'-^{l-x)=m'g-T= -m'x. 
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Hence by elimination of T, and of X, separately, we have 

m-m' .. , -, 2mm' , g 
,g=x. andT= >flr as before. 

When one of the masses is vibrating pendulum-wise, the problem 
assumes a very much more difficult aspect. We will take it later as an 
example of the application of Lagrange's general method. 

§ 183. Let us now suppose these masses, so connected, 
to be thrown like a chain-shot "We see by nh ' h t. 
§174 that their centre of inertia moves as 
if the masses were concentrated there. Also that the 
moment of momentum is unaffected. Hence we have only 
to find the initial position and motion of the centre of 
inertia, and the plane and amount of the initial moment 
of momentum; and the complete determination of the 
motion follows. This case is precisely the sanie as that of 
a well-thrown quoit, the rotation of which is about its axis 
of symmetry. It is, so far as § 174 goes, the case of an 
ill-thrown quoit, which appears to wabble about in an 
irregular manner. But these are matters properly to be 
treated under Kinetics of a Rigid System. 

§ 184. Suppose, next, two masses m^ and m^ to be con- 
nected together by an elastic string, the Masses-con- 
extension of the string being proportional to nected by 
the tension. Let m^ be held in the hand, elastic string, 
while m^ hangs at rest. Then let the system be allowed 
to fall. What is the nature of the motion ? Without 
mathematical investigation it is easy to see that, the 
moment the masses are left free to fall, the tension of the 
stretched .string will gradually draw them together. When 
it has thus contracted to its normal length, Z, the relative 
speed of the two masses will have a definite value. This 
will continue to be the relative speed until they have 
passed one another and again arrived at a mutual distance 
I, At that instant the tension of the string comes into 
play again; the relative speed becomes' less and less, 
finally vanishing when the distance between the masses 
is what it was at starting. Then the relative speed 
becomes again one of approach, increasing steadily till the 



188 DYNAMICS 

distance between the masses is /. This maximum speed of 
approach continues till, after again passing one another, 
the particles once more reach the relative distance L And 
so on. All this time, however, their common centre of 
inertia has been steadily falling with uniformly accelerated 
speed, as if the masses had been concentrated at it into 
one. Since / is the unstretched length of the string, if we 
call E its modulus of elasticity, its tension at any other 
length, A, is 

by Hooke's law. Hence, if initially m^ were at the origin, 
and the axis of x be taken vertically downwards, we have 
for the initial co-ordinate of wi„ 



w,=(^+i)i. 



When the masses are moving, the third law informs us that the 
tension of the string acts equally and in opposite directions on them. 
Thus the equations of motions are 

By eliminating T we have at once 

OTjS + m^ = (?»ii + 9/12)5'. 
But 

rriiXi + m^ = {rui + m^^, 

if ^ be the co-ordinate of tlie centre of inertia of the two masses. 
Hence 

•« 

the ordinary equation for the fall of a stone. Thus 

Since afi=0, *i=0, «2=(^^ +^ )^> *2=0» when^ = 0, we have 

A=^^+l)/, B=0, 
and thus 

'1^1X1 + m^='in2\J^ +1 ]l-\-i{mi-\-m2)gfi. 
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So long aaoc2-Xi>lwe have also 

T=E^^^-l). 

Hence, multiplying the first of the equations of motion hy m^j and 
the second by m^, and taking the difference, we have 

The integral is 

X2-Xi=l+FGoa{nt+Q)f 
where 

Also, by the data at starting, we have 

Q=0. P=^'- 

Hence, finally, 

^"wTTmiv^V^ +1 j^+4(Wi+?W2V^-?Wa^-^^ cos?i^ j 

whence the value of os^ can easily be found. 

As soon as we have nt^ix these values cease to represent the co- 
ordinates of the two masses, because they are deduced from equations 
involving constraint which, in the case supposed, has ceased for a 
time. 

At the instant nt=iir the relative speed of the masses is 



/ 



m^l /(mi+7?ia)E 



E V mjmj * 
and their distance I. 

This distance diminishes thenceforward with the above 
speed until the uppermost stone, having passed the lower 
one, falls below it to a distance I. We must, in order 
to trace the next part of the motion, reapply the differential 
equations above,— integrating them, and determining the 
constants by the new conditions. This we leave to the 
reader. 
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§ 185. Next let us take the case of a Complex Pendulum^ 
— ^the motion of two or more pellets attached, 
pen^um ** different points, to the same thread, sup- 
ported at one end. The general solution of 
this question presents considerable difficulties, but if we 
confine our attention to slight disturbances it is easily 
treated by very elementary processes. In fact^ just as a 
simple pendulum, dighily disturbed in a vertical plane, has 
simple harmonic motion which may be regarded as the 
resolved part of conical pendulum motion, so we may treat 
of a complex conical pendulum, and resolve its motions 
parallel to any vertical plane. 

If there be but two masses attached to the string, it is 
clear that they must, if the motion is to be a persistent 
conical one, be always in one vertical plane with the point 
of suspension. And there are obviously two dispositions of 
the string which are consistent with kinetic stability. 
Let A (Pig. 56) be the point of suspension, then the 

masses may rotate steadily in 
either of the two configurations 
sketched. To keep either mass 
moving in a horizontal circle, all 
that is required is that the re- 
sultant force on it shall be 
horizontal, directed towards the 
centre, and producing an ac- 
^ celeration equal to V^/R, as in 
§ 34. Let the whole system 
turn with angular velocity w, 
and let the lengths of the strings 
be a and 6, their directions 
making angles 0, <^ with the 
vertical 

We will treat only the case in which these angles are 
so small that the arcs may be written in place of their 
sines. Then m requires a horizontal resultant force maOa)^ 
directed towards the axis, and M requires 'M.{aO + b<f>)it)^ 
similarly directed. Also, as the strings are both very 



Fig. 56. 
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nearly vertical, the tension of the lower string may be 
taken as the weight of M, and that of the upper as the 
sum of the weights of M and m. Treating it, then, as a 
statical problem, we have for the mass m 

TTUiOij^ = (M + m)gd - M^0 ; 
and for M 

These formulae correspond to the first configuration, but a 
change of sign of <f) adapts them to the second. 

These two equations involve three unknown quantities 
(i>2, 0, </>. But the ratiOf only, of 6 and <^ is involved, so 
that two equations are sufficient. [We have confined our- 
selves to small values of and <^, but have not assigned 
any limit to their smallness ; so that their ratio has still 
an infinite range of values.] 

Eliminate the ratio <f>IO between the two equations; 
and we have, putting ^ for g/fa^ 

Ma^=(^ - 6)((M+m)^ - ma)^ 
or 

(rh - a)(f -b) = ttj- — ab. 

It is clear that, because the right-hand member is essentially 
positive, and less than ab, there are always two real values 
of ^, both positive, but one greater than the greater of 
a, b ; the other less than the lesser. These correspond to 
two values of <^/^, one positive, the other negative. 

§ 186. The most general motion, then, of the double 
complex pendulum, when it vibrates in one plane, consists 
(for each of the masses) of the resultant of two simple 
harmonic motions, whose periods are 

^having one or other of the two positive values given by 
the equation above, and being therefore the length of the 
equivalent simple pendulum. Thus the double complex 
pendulum supplies at once the mechanical means of tracing 
(by ink, sand, electric sparks, etc., § 164) a graphical re- 
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presentation of the composition of two simple harmonic 
motions, of different periods, in one line. 

Analytically thus. For any displacement in one plane we have, 
$ and being, as before, the deflexions and T, T* the tensions of the 
strings, 

ma 



^^J%intf=-Tsin^+T'sm0 
^idf) <5os^=wi5r-Tco8^ + T'cos0 
M(^J (asin^ + 6sin0)=-T'sin0 
M(-3^] (aco8^ + 6cos0)=Mgr-T'cos0, 



four equations to determine 0y 0, T, and T'. They become much 
moi'e manageable if we assume that and are so small that their 
squares may be neglected. For then we have sin ^=^, cos 9=1, etc., 
and the equations become 

ma0= -Te+T<p, 0=mg-T+T 

M(a^ + &#)=- T>, = Mg- T'. 
Thus 

T'=Mflr, T = (M+m)^, 
and we have 

mod = - (M + m)g$ + Ug</> 



Introducing an arbitrary multiplier \, we have 

(^yi ('»+^)«^+^^^ } "^ "^ { (M+m)d + (X-M)0 }• 
If we choose X so that 

r—rrr'^Tor-, — (=«, suppose) . . . (1), 
(m+X)a M+m » rr / \ n 

the equation can be put in the form 

(_j(«+.^)=-L_J((,+e0). 

Now (1) is a quadratic equation in X, and has obviously real roots, 
a positive root greater than M, and a negative root numerically less 
than m. "Write (1) as the equation of an hyperbola, in the form 
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\b X-M 

{m + X)a M + w 

and we see that X+m=0 is an asymptote. The branch on the positive 
side of this asymptote lies mainly below the axis of X. But fi is positive 
for X=M, and also for X=0. 

Hence fi must pass through the value zero while X is greater than 
M, and for another value of X between zero and-m. But it is 
obvious that, for each of these values of X, m + X is positive. Hence 
the equation may be written 



(^y(e+e<l>)=:-n%d + e4>), 



where e and n have two sets of real values given as above ; and thus 
we have the complete solution, with the four requisite arbitrary con- 
stants, in the form 

^ + ^20 = Pg COS {n^ + Q2). 

This applies to every possible set of values of a, ft, w, M ; for, as 
we have seen, the two values of X are essentially different, at least so 
Irnig as neither of the masses becomes zero. Thus, in this particular 
case, we are not met by the difficulty of equal roots. But it is very 
interesting to contrast this case, when m is much greater than M, and 
a=&, with the case discussed in § 170 where the point of suspension of 
a simple pendulum has a horizontal simple harmonic motion of the 
period of the pendulum and in the vertical plane in which it vibrates. 
There the oscillations increase indefinitely ; here they are in all cases 
essentially finite, in accordance with the assumptions made. There 
is, in fact, no increase of the energy of the system. 

A very slight modification of the process gives us the 
result of small displacements not in one plane. 



Kinetics of a System of Free Particles 

§ 187. A system of free particles is subject only to their 
mutual attractions ; to investigate the notion of the system. 
[This is merely the formal analytical statement of the 
substance of § 174 and § 180; except in so far as the 
Firial, which introduces a new set of ideas, is concerned.] 

Let, at time t, av,, y^ 2- be the co-ordinates of the particle whose 
mass is mn, and let 0'(D) oe the law of attraction, j- . . . 
Let pVg express the distance between the particles m, system 01 iree 
and niq ; then we have, for the motion of mj, particles. 

13 



ePxi 
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.gi=2{,».,„,-;'(.r.)^>} . . (1) 

tig-=s{m.,».0'(.r,)?^') . . (2) 

5 = 2{»»,m,^'(,r.)?!^} . . (3), 



THj- 



with similar equations for each of the others, the summations being 
taken throughout the systenL Before we can make any attempt at a 
solution of these equations, we must know their number, and the laws 
of attraction between the several pairs of particles. But some general 
theorems, independent of these data, may easily be obtained. 

First, we have Conservation of Momentum. In the expression for 

Conservation mp -^/, we have a term mpm,0'(j,rj)-^ — ^ » 
of momentum, ^ p^ff 

cPx 25—35 

and in Wg-^-/ we have ff^q^i^'^qr^— — ^ • 

Hence, if we add all the equations of the form (1) together, the 
result will be 

^(m)=.0, and^(m) = 0, 



or 



Similarly 



where (§ 109) x, y^zis the centre of inertia of the system. 

These equations show that the speed of the centre of 
inertia parallel to each of the co-ordinate axes remains in- 
variable during the motion ; that is, that the centre of inertia 
of the system remains at rest, or moves with constant speed in a 
straight line. 

Next we have Conservation of MomerU of Momentum. For if we 

, - multiply in succession equation (1) by i/i, and equa- 

of moment of ^^^ ^g) by x,, and subtract, and take the sum of all 

momentum, ^^^^ remainders through the system of equations of 

the forms (1) and (2), we have 

2[m(ajy-ya)]=0. 
Integrating once, we have 

2;[m(ajy.y«)]=2A„ 
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where the left-hand member is the moment of momentum of the 
system about the axis of z. 

This equation shows (since xy is any plane) that generally 
in the motion of a free system of particles, subject only to 
their mutual attractions, the moment of momentum about every 
axis remains constant. 

Finally, we have Conservation of Energy. Multiply (1) by ^, 

(^) ^y dt* ^^^ ^^ ^ * *^^' treating simHarly all the ^^ ^^^^^ 
other equations, add them all together. 

Let us consider the result as regards the term on the right-hand 
side involving the product mpinq. 

"Written at length it is 



w-(.^.) |(^^ . ^^)^. ^ (^ , ^^)^. 



dXg 

p'g ^ dt ' ^'^ "^^^ dt 

-f similar terms in y and z \ ; 
and the portion in brackets is equal to 

-■!(«;,- Xp)^{^q - a^) + similar terms in y, 2 h ; 



or 



_ d 



hence 



,r /dx cPx dy cPy dz dh\ \ 
\'^\dl dC^'^dt d^'^Hd^Jj 

-i-s|?npmj0V»)^(i»»*j)}=O ; 



therefore, on integration, 

iS(mi;») + S {mpma0(pr,)} = H. 

We see therefore that the change in the kinetic energy of 
the system in any time depends only on the relative distances of 
the pa/rtides at the begin/ning and end of that time. 

Another general expression for the kinetic energy of a 
system of particles, in terms of a function . 

of the mutual forces, and the constraining 
forces if there be such, is readily found as follows : — 
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If Xf y, zhe the co-ordinates, at time tj of the particle m, we have 

(^ yZm(aP + y^ + z^)= 2Sm(x2 + f + z^) + 2Sm(«£ + y'y + zi). 

But if X, Y, Z be the components of the forces (of whatever kind) 
acting on m, we have (§119) 

m£=X, my=Y, mz=Z, 
Thus 

(^ yZTyKa? +y^+z^)= 2Xm(x^ +y^+ P) + 2S(Xa5 + Yy + Zz), 

This expression was originally devised by Clausius for application to 
the kinetic theory of gases. The quantity Sm(i»* +y^+ j?) is obviously 
half the sum of tne three principal moments of inertia of the group of 
particles about the origm (§ 243;. 

In all cases of motion of a group, in which this sum is either 
constant or oscillates rapidly and through very short ranges about a 
constant value, the left-hand side may be regarded as (on the average 
at least) a vanishing quantity. Thus an equivalent of the kinetic 
energy is expressible as 

This expression is called the **virial." 

In so far as it arises from the mutual action between two particles 
rop and m^, its value is (in the notation above) 

- i ( mp?7ij0'(pr,)^2^a.^ + ^^rnp<t>'(prj^^^%(i^ ) , 

\ pTq pTq / 

with corresponding terms in y and 2, altogether 

= i'mp7ng<p'{prg)prg. 

Hence if we write, generally, r for the distance between two of the 
particles, and R for the stress between them as depending on their 
mutual action, the corresponding part of the virial is 

iS(Rr). 

This is positive when the stresses are of the nature of tension. 
When the mutual action is due to gravity only, 

pF-q 

and the part of the virial corresponding to this is 

expressing half the exhaustion of the potential energy of the system. 
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When the particles are in very great numbers, and enclosed in a 
vessel from the sides of which they rebound — as is ^. . , - 
supposed in the kinetic gas theory — the pressure^, virial oi a gas 
per unit of surface, on the walls of the vessel must contamed m a 
be taken into account. If l, m, n be the direction vessel, 

cosines of the normal to the element dS of the wall of the vessel, whose 
co-ordinates are a?, y, 2, the corresponding part of the virial is 

ipffdS{lx + my + m) 

extended over the whole internal surface. We here assume that p is 
constant throughout the gas. But Ix+my + nz is the perpendicular 
from the origin on the plane of dS, so that the integral expresses three 
times the volume V of the vessel. Hence this part of the virial is 

Thus, in the case of a gas not acted on by external forces, the kinetic 
energy is 

ipV + JS(Rr). 

Impact of Smooth Spheres 

§ 188. There remains to be treated, so far as particle 
dynamics is concerned, the self-contained 
subject of Impact In connection with it we ™^*^ ' 
must once more refer to the second and third of Newton's 
laws. We are now dealing with forces which produce, in 
finite masses, finite changes of momentum in excessively 
short periods of time. It is clear from this statement that 
their effects may be treated altogether independently of 
finite forces, which may be acting along with them, but 
which produce during the very short periods in question 
only infinitesimal results. And, as in general we have little 
knowledge of the actual force exerted at any instant during 
the impact, or of the time during which the action lasts, 
we confine ourselves to the quantity, called 
the "impulse," which measures the amount ^P^se. 
of momentum lost by one of the impinging bodies and 
acquired by the other. 

§ 189. When two balls of glass or ivory impinge on 
one another, the portions of the surfaces 
immediately in contact are disfigured and ^^^ p^e^'""*" 
compressed until the molecular reactions 
thus called into play are sufficient to resist further distor- 
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tion and compression. At this instant it is evident that 
the points in contact are moving with the same velocity. 
But as solids in general possess a certain degree of elas- 
ticity both of form and of volume, the balls tend to recover 
their spherical form, and an additional impulse is generated. 
This is proportional, as Newton found by experiment, to 
that exerted during the compression, provided neither of 
the bodies is permanently distorted. The coeflBcient of 
proportionality is a quantity determinable by experiment, 
and may be conveniently termed the " coefficient of resti- 
tution." It is always less than unity. 

§ 190. The method of treating questions involving 
actions of this nature will be best explained by taking as 
an example the case of direct impact of one spherical hall on 
another. It is evident that in the case of direct impact of 
smooth or non-rotating spheres we may consider them as 
mere particles, since everything is sjmimetrical about the 
line joining their centres. If the impinging masses are of 
large dimensions, of the size of the earth, for instance, we 
cannot treat the effects of the impact independently of the 
other forces involved ; for the duration of collision in such 
a case may be one of hours instead of minute fractions of 
a second. 

The problem of the impact of homogeneous spheres, 
when the distortion is very small, has been splendidly 
worked out by Hertz (Orelle, 1888) ; but the investigation 
is far beyond the limits of the present work. 

§ 191. Suppose that a sphere of mass M, moving with 
a speed v, overtakes and impinges on another of mass M', 
moving in the same straight line with speed v\ and that 
at the instant when the mutual compression is completed, 
the spheres are moving with a common speed V. Let R 
be the impulse during the compression, then 

M(v-Y) = W(V-v')=R; 
■whence 

.- M^ + MV ,„ MM', ,, ,,. 

M + M' ' M + M'^ ' ^ ' 

From these results we see that the whole momentum 
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after impact is the same as before, and that the common 
speed is that of the centre of inertia before impact. The 
quantity V can vanish only if 

Mi?+MV=0, 

that is, if the momenta were originally equal and opposite. 

This is the complete solution of the problem if the balls 
be inelastic, or have no tendency to recover their original 
form after compression. 

§ 192. If the balls be elastic, there will be generated, 
by their tendency to recover their original forms, an addi- 
tional impulse proportional to R 

Let e be the coeflBcient of restitution, and v^, v-[ the 
speeds of the balls when finally separated. Then, as 
before, 

M( V - Vi) = eR M'« - V) = eR ; 
whence 

,, ,,Mv+MV MM' , 

^^=^ M + M' "^M^M'<^"^>> 
and 

(M-eM')v + M'(l+ey M' ,, . ., ,. 

with a similar expression for t;/. 

These results may be more easily obtained by the simple 
consideration that the whole impulse is (1 +6)R; for this 
gives at once M(i7 - v^ = M'(v/ -v') = (l + e)Ii. 

If M' be infinite, and / = 0, we have the result of direct 
impact on a fixed surface, viz. v-'V^ = (l +e)v 
or 1^1 = - eiK The baU rebounds from the ^""^^i^^^"^ 
fixed surface with a speed e times that with 
which it impinged. 

§ 193. Suppose, now, M = M', e=l; that is, let the balls 
be of equal mass, and their coefficient of restitution unity 
(or, in the usual but most misleading phraseology, suppose 
the balls to be " perfectly elastic ") ; then 2R = M(v - v') ; 
v^ = t/, and similarly v^^ = v; or the balls, whatever be their 
speeds, interchange them, and the motion is the same as 
if they had passed through one another without exerting 
any mutual action whatever. 
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Thus if a number of equal solitaire balls or billiard balls 
be arranged in contact in a horizontal groove, and another 
equal ball impinge on one extremity of the row, it is re- 
duced to rest, and the ball at the other end of the row 
goes off with the original speed of impact If two im- 
pinge, two go off, and so on. 

§ 194. We may write the above expressions in terms 

Conservation of ^^ *^® impulse, thus 
momentum. 

^ M — * Vi=v+ — g7— . . (^;. 

Hence Mt?i + M't;/ = Mv + MV, whatever e be, or there is 
no momentum lost. This is, of course, a direct con- 
sequence of the third law of motion. 

Again 

JMv; + iM'i;'; = JMv» + iM'i;'^ - id - ^)^^{v - V)^. 

The last term of the right-hand side is therefore the 

kinetic energy apparently destroyed by the 

energy, ^^pg^^j^ When e = 0, its magnitude is 

greatest, and equal to 

MM' 

When e=l, its magnitude is zero; that is, when the 
coefficient of restitution is unity no kinetic energy is lost. 

The kinetic energy which appears to be destroyed in 
any of these cases is, as we see from § 179, only trans- 
formed — partly it may be into heat, partly into sonorous 
vibrations, as in the impact of a hammer on a bell. But, 
in spite of this, the elasticity may be " perfect." Hence 
the absurdity of the designation alluded to in § 193. Also 
by (2) 

f / . T>n . nM + M' 

= e(v-v')hj{l). 

Hence the velocity of separation is e times that of approach. 
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§ 195. Tiw smooth spheres, moving in given paths and with 
given speeds, impinge; to determine the impulse 
and the subsequent motion, ^^^* impac . 

Let the masses of the spheres be M, M', their speeds 
before impact v and v', and let the original directions of 
motion make with the line which joins the centres at the 
instant of impact the angles a, a, which may be calculated 
from the data, if the radii of the spheres be given. 

Since the spheres are smooth, the entire impulse takes 
place in the line joining the centres at the instant of im- 
pact, and the future motion of each sphere will be in the 
plane passing through this line and its original direction of 
motion. 

Let R be the impulse, e the coefficient of restitution ; 
then, since the speeds in the line of impact are v cos a and 
tf cos a', we have for their final values v^, v^\ after restitu- 
tion, by § 192 the expressions 

M' 

Vi = v cos a - TrTM'(l + ^){'^ COS a-v' cos a') 

M 

Vi = i?' cos a' + rj= — ^,(1 + e){v cos a -i/ cos a'), 

and the value of E is 

MM' 



Hence, the sphere M has finally a speed v^ in the line 
joining the centres, and a speed v sin a in a known direc- 
tion perpendicular to this, namely, in the plane through 
this and its original direction of motion. And similarly for 
the sphere M'. Thus the consequences of the impact are 
completely determined. 

§ 196. When a sphere of mass M impinges directly, with 
speed V, on another M' at rest, the speed acquired by 

M'is 

MV(l+g) 
M + M' 

But, if another sphere of mass /a, also at rest, be interposed 
between them, M' will acquire a speed 
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;iMV(l+«)a 
(M+M)(M' + ;i)' 

This is greatest when /x is the geometric mean of M and 
M', and its value is then 

The ratio of this to the speed which M' would have ac- 
quired without the interposition of the third sphere is 

l + e 



2Vmm; 

There is thus a gain by the interposition if, and only if, 

This condition is always satisfied when the coefiicient of 
restitution is unity, except in the special case of equal 
masses. If an infinite number of spheres be interposed 
between M and M', so adjusted as to give the greatest 

possible speed to M', that greatest speed is V \/M'/M, 
provided we have e=l. 

Continuous Succession of Indefinitely Small Impacts 

§ 197. We may now consider the case of a continuous 

Infinite series Series of indefinitely small impacts, whose 

of infinitesimal efifect is comparable with that of a finite 

impacts. force. One obvious method of considering 

such a problem is to estimate separately the changes in the 

velocity produced by the finite forces and by the impacts, 

in the same indefinitely small time Bt, and compound these 

for the actual effect on the motion in that period. 

Another way, of course, is to equate the rate of increase 
of momentum per unit of time to the force producing it. 

A mmSy under no forces, moves through a uniform doud of 
little particles which are at rest. Those it m^ets adhere to it. 
Find the motion. 
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At time Het ^i be the mass, and let x denote its position in its line 
of motion. Then, as there is no loss of momentum, we have 

|(/^)=o. 

But if M be the original mass, /^o the mass of the particles picked up 
in unit of length, obviously 

Substitute and integrate, supposing £6=0, x=Y, when ^=0 ; and we 
get 

(M+/Xo«)*=MV, 

from which x can be easily found. 

It is interesting to observe that we have 

so that the mass moves as if acted on by an attraction varying in- 
versely as the cube of the distance from a point in its line of motion. 

[The above solution assumes that the dimensions of the moving 
mass are not altered by the accretions it receives. If the mass be a 
sphere of water, and move among fine droplets which it assimilates, 
the exact solution of the problem, though still easy, will be consider- 
ably more complex.] 

This problem obviously leads to the same result as the 
following : — A cannon-ball attached to one end of a chain, 
which is coiled up on a smooth horizontal plane, is projected 
along the plane. Determine its motion. 

§ 198. Another excellent instance of the application of 
this process is furnished by the motion of t> % f 
a rocket, where the motive power depends 
on the fact that a portion of the mass is detached with 
considerable relative velocity. The increase of the momen- 
tum of the rocket due to this cause is equal to the relative 
momentum with which the products of combustion escape. 
If we suppose the rocket, originally of mass M, to lose ^M 
in unit of time, projected from it with relative velocity 
V, the gain of momentum in time 8t due to this cause is 

eWVdt, 

Hence, if the rocket is fired vertically, the total upward 
acceleration is 
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gMV 

M-em ^' 

Unless this be positive the rocket cannot rise. It will rise 
at once if V>^/e, and it cannot nse at all unless 
MV/Mf>g/e, M' being the mass of the case, stick, etc. 
which are not burned away. 

From the above data it is easy to calculate that the 
greatest speed acquired during the flight (the resistance of 
the air being left out of account) is 



"-S.-!('-f> 



If a minute " perfectly elastic " (§ 193) particle be in 
motion inside a smooth sphere, and there be no external 
force such as gravity, the path will obviously be a succes- 
sion of equal chords of one great circle. If these subtend 
an angle 2^ at the centre, their length is 2r sin 6, where r 
is the radius of the sphere. The number of impacts per 
second is therefore V/2r sin 0, where V is the (constant) 
speed of the particle. The value of the impact is 
2mV sin 0, where m is the mass of the particle. If there 
be a great number of such particles moving in all directions 
inside the sphere, the total equivalent pressure (measured 
by the total amount of the various impacts per second on 
imit surface) is thus 

i.e. two-thirds of the kinetic energy per unit of volume. 
[Compare with the last part of § 187.] 

Dynamics of a System of Particles Generally 

§ 199. The law of energy, in abstract dynamics, may be 

Motion of a expressed as follows : — ^the whole work done 

system of in any time, on any limited material system, 

particles. ^yy applied forces, is equal to the whole eflfect 

in the forms of potential and kinetic energy produced in 
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the system, together with the work lost in friction. This 
principle may be regarded as comprehending the whole of 
abstract dynamics, because the conditions of equilibrium 
and of motion, in every possible case, may be derived 
from it. 

§ 200. A material system, whose relative motions are 
unresisted by friction, is in equilibrium in 
any configuration if, and is not in equilibrium equilibrium, 
unless, the rate at which the applied forces 
perform work at the instant of passing through it is equal 
to that at which potential energy is gained, in every possible 
motion through that configuration. This is 
the celebrated principle of "virtual velo- ^.^^"*^ 
cities," which Lagrange made the basis of his 
Mkanique Andytique, 

§ 201. To prove it, we have first to remark that the 
system cannot possibly move away from any particular 
configuration except by work being done upon it by the 
forces to which it is subject ; it is therefore in equilibrium 
if the stated condition is fulfilled. 

To ascertain that nothing less than this condition can 
secure the equilibrium, let us first consider a system having 
only one degree of freedom to move. Whatever forces act 
on the whole system, we may always hold it in equilibrium 
by a single force applied to any one point of the system in 
its line of motion, opposite to the direction in which it 
tends to move, and of such magnitude that, in any infinitely 
small motion in either direction, it shall resist or shall do 
as much work as the other forces, whether applied or in- 
ternal, altogether do or resist. Now, by the principle of 
superposition^ of forces in equilibrium, we might, without 
altering their effect, apply to any one point of the system 
such a force as we have just seen would hold the system in 
equilibrium, and another force equal and opposite to it. 
All the other forces being balanced by one of these two, 
they and it might again, by the principle of superposition 
of forces in equilibrium, be removed ; and therefore the 
whole set of given forces would produce the same effect, 
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whether for equilibrium or for motion, as the single force 
which is left acting alone. This single force, since it is in 
a line in which the point of its application is free to move, 
must move the system. Hence the given forces, to which 
the single force has been proved equivalent, cannot possibly 
be in equilibrium imless their whole work for an infinitely 
small motion is nothing, in which case the single equivalent 
force is reduced to nothing. But whatever amount of free- 
dom to move the whole system may have, we may always, 
by the application of frictionless constraint, limit it to one 
degree of freedom only ; and this may be freedom to 
execute any particular motion whatever, possible under 
the given conditions of the system. 

If, therefore, in any such infinitely small motion there 
is variation of potential energy uncompensated by work of 
the applied forces, constraint limiting the freedom of the 
system to only this motion will bring us to the case in 
which we have just demonstrated there cannot be equili- 
brium. But the application of constraints limiting motion 
cannot possibly disturb equilibrium, and therefore the given 
system under the actual conditions cannot be in equilibrium 
in any particular configuration if the rate of doing work is 
greater than that at which potential energy is stored up in 
any possible motion through that configuration. 

§ 202« If a material system, under the influence of 
internal and applied forces, varying accord- 

equUibr^m. ^^ ^ ^^™® definite law, is balanced by 
them in any position in which it may be 
placed, its equilibrium is said to be neutral. This is the 
case with any spherical body of uniform material resting 
on a horizontal plane. A right cylinder or cone, bounded by 
plane ends perpendicular to the axis, is also in neutral equili- 
brium on a horizontal plane. Practically, any mass of 
moderate dimensions is in neutral equilibrium when its centre 
of inertia only is fixed, since, when its longest dimension is 
small in comparison with the earth's radius, the action of 
gravity is, as we shall see (§ 230), approximately equivalent 
to a single force through this point. 
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§ 203. But if, when displaced infinitely little in any 
direction from a particular position of equili- 
brium, and left to itself, it commences and «„,^I^^„:!,^ 

. ' . ' , equilibrium. 

continues vibratmg, without ever experienc- 
ing more than infinitely small deviation, in any one of its 
parts, from the position of equilibrium, the equilibrium in 
this position is said to be stable. A weight suspended by 
a string, a uniform sphere in a hollow bowl, a loaded sphere 
resting on a horizontal plane with the loaded side lowest, an 
oblate body resting with one end of its shortest diameter 
on a horizontal plane, a plank, whose thickness is small 
compared with its length and breadth, floating on water, 
are all cases of stable equilibrium, — if we neglect the 
motions of rotation about a vertical axis in the second, third, 
and fourth cases, and horizontal motion in general in the 
fifth, for all of which the equilibrium is neutral. 

§ 204. If, on the other hand, the system can be dis- 
placed in any way from a position of equili- 
brium, so that when left to itself it will not «^YfHJt|!l!. 
' _ equiiiDrium. 

vibrate within infinitely small limits about 
the position of equilibrium, but will move farther and 
farther away from it, the equilibrium in this position is 
said to be unstable. Thus a loaded sphere resting on a 
horizontal plane with its load as high as possible, an egg- 
shaped body standing on one end, a board floating edgewise 
in water, would present, if they could be realised in practice, 
cases of unstable equilibrium. 

§ 205. When, as in many cases, the nature of the 
equilibrium varies with the direction of displacement, if 
unstable for any possible displacement it is practically un- 
stable on the whole. Thus a circular disk standing on its 
edge, though in neutral equilibrium for displacements in 
its plane, yet being in unstable equilibrium for those per- 
pendicular to its plane, is practically unstable. A sphere 
resting in equilibrium on a saddle presents a case in which 
there is stable, neutral, or unstable equilibrium according 
to the direction in which it may be displaced by rolling ; 
but practically it is unstable. 
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§ 206. The theory of energy shows a very clear and 
simple test for discriminating these charac- 
^eS"r"mr' !^^^ ^^ detennining whether the equilibrium 
IS neutral, stable, or unstable, m any case. 
If there is just as much potential eners^y stored up as there 
is work performed by the applied and hftemal forces in any 
possible displacement, the equilibrium is neutral, but not 
unless. If in every possible infinitely small displacement 
from a position of equilibnum there is more potential 
energy stored up than work done, the equilibrium is 
thoroughly stable, and not unless. If in any or in every 
infinitely small displacement from a position of equilibrium 
there is more work done than energy stored up, the 
equilibrium is unstable. It follows that if the system is 
influenced only by internal forces, or if the applied forces 
follow the law of doing always the same amount of work 
upon the system while passing from one configuration to 
another by all possible paths, the whole potential energy 
must be constant in all positions for neutral equilibrium, 
must be a minimum for positions of thoroughly stable 
equilibrium, and must be either a maximum for all dis- 
placements or a maximum for some displacements and a 
minimum for others when there is unstable equilibrium. 
§ 207. We have seen that, according to D'Alembert's 
Formation of principle, as explained above, forces acting 
general equation on the different points of a material system, 
of motion. g^jjj their reactions against the accelerations 
which they actually experience in any case of motion, are 
in equilibrium with one another. Hence, in any actual 
case of motion, not only is the actual work by the forces 
equal to the kinetic energy produced in any infinitely small 
time, in virtue of the actual accelerations, but so also is 
the work which would be done by the forces, in any 
infinitely small time, if the velocities of the points con- 
stituting the system were at any instant changed to any 
possible infinitely small velocities, and the accelerations 
unchanged. This statement, when put into the concise 
language of mathematical analysis, constitutes Lagrange's 
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Each of these eives rise to a purely kinematical relation affecting some 
one or more of the quantities Sx, etc., of the fomi 

By introducing, as usual, a set of undetermined multipliers fi, one for 
each of the conditions of constraint, we obtain on adding all these 
equations to the general equation above 

J^^+ . . . )=2[(x + /i^^) + Ati^^)+...)«iB+...](2). 

If there be p particles of the system, there are Bp co-ordinates x, y, 2, 
connected by (say) q equations of constraint, so that there are dp-q 
degrees of freedom, and therefore Sp-q independent co-ordinates. 

Equating separately to zero the multipliers of dx^, Sy^^ etc, in the 
resultant equation above, we have 3p equations of which we write only 
one as a type, viz., 



wi«=X-hS/i 



(©•••• <«)• 



Taken along with the q equations of the form 

/=0, 

these form a group of Sp+q equations, theoretically necessary and 
sufficient to determine the Sp quantities Xi, ^1, si^, etc., and the^ quan- 
tities /t, in terms of L Thus we have the complete analytical state- 
ment of the conditions, and the rest of the solution is a question of 
pure mathematics. 

"When we deal with a non-conservative system (which is equivalent 

in nature to saying ''when we take an incomplete 

Non-conserva- view of the question "), some of the conditions may 

tive system. vary in character during the motion. This will be 

expressed analytically by the entrance of t explicitly 

into one or more of the equations of condition/. But, if we think of 

the mode of formation of Lagrange's equation, we see that it was built 

up of separate equations, such as 

which are true whether the equations of condition involve t explicitly 
or not. Each of these was multiplied by a quantity dx, etc., the only 
limitation on which was that it should be consistent with the conditions 
of the system at the instant considered, whatever instant that might 
be. Hence equation (2) still holds good. 

When, however, we introduce in that equation multipliers corre- 
sponding to the actual motion of the system, so that 

5x=xdtf etc., 
we find a remarkably simple expression for the energy given to, or 
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withdrawn from, the system in consequence of the varying conditions. 
For the unintegrated equation (2) now becomes 

where the differential coefficient of/ is partial. This follows at once 
from equations of the form 



HtH^y*-^-''' 



which are obtained by differentiating the equations of condition with 

regard to t. When the conditions do not vary, the quantities ( ^)i 

etc., all vanish, and we see that the constraint does not alter the 
energy of the system. 

LeaM and Varying Action 

§ 208. To complete our sketch of kinetics of a particle 
we will now briefly consider the im- Action 
portant quantity called "action." This, 
for a single particle, may be defined either as the 
space integral of the momentum or as double the time 
integral of the kinetic energy, calculated from any assumed 
position of the moving particle, or from an assigned epoch. 
For a system its value is the sum of its separate values for 
the various particles of the system. No one has, as yet, 
pointed out (in the simple form in which it is all but 
certain that they can be expressed) the true relations of 
this quantity. It was originally introduced into kinetics 
to suit the supposed metaphysical necessity that something 
should be a minimum in the path of a luminous corpuscle 
(see an extract from Hamilton in Lights p. 284). But 
there can be little doubt that it is destined to play an im- 
portant part in the final systematising of the fundamental 
laws of kinetics. 

The importance of the quantity called action, so far as 
is at present known, depends upon the two principles of 
" least action " and of " varying action," the first as old as 
Maupertuis, the other discovered by Hamilton more than 
half a century ago. 
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<» 
The first is — If the sum of the potential and kinetic energies 

Least f ^ ^ system is the sams in all its configurations, 

then, of all the sets of paths by which the parts 

of the system can he guided by frictionless constraint to pass from 

one given configuration to another, that one for which the action 

is least is the natural one or requires no constraint, 

§ 209. Unfortunately it is not easy to give examples of 
this important principle which can be satisfactorily treated 
by elementary methods, — except, indeed, the very simplest, 
such as those furnished by the corpuscular theory of light. 
There it is obvious that^ as long as a medium is homogen- 
eous and isotropic, the speed of a corpuscle in it is constant. 
The action is thus reduced to the product of the constant 
speed of the corpuscle by the length of its path. Hence 
the principle at once shows that the path must be a 
straight line. When the corpuscle is refracted from one 
such medium into another, the path is a broken line such 
that the product of each of its parts by the corresponding 
speed of the corpuscle is the least possible. This gives the 
optical law of the sines, but to agree with experiment the 
speed would have to be greater in the denser medium than 
in the rarer. When the medium is not homogeneous, the 
speed is a known function of the position of the particle. 

§ 210. The problem to find change of action as depending on change 

{nowhere finite) of the rrvode of passage from one given 

Change of configuration to another (restricted by the condition 

action. already mentioned), is expressed mathematically by 

3 A = d/2msds = d/2in{xdx + ydy + zdz), 

T=iS7ni2=iSm(A2 + ^2+i2)=H-V, 

H being the constant energy of the system, and the integral being 
taken between limits suppliea by the two given configurations. 
The first equation gives 

5A =/^m(dxdx + dydp + dz8z + ^Sx + ^d8y + zdSz) 

= 2m(*5a: + . . . ) +/'2m{dxSst + dydp + dz8z - dx5x - dySy - dzSz) 

by partial integration. But the integrated part 

^m(xdx+^dy+zdz) .... (A), 



while 
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obviously yanishes at both limits, because the initial and final con- 
figurations are given. 

If we now take the corresponding variation of the expressions for 
the kinetic energy, we have 

8T = Sm^« = :Sm{xdx + iiS$ + zdz\ 

from which we have 

/Sm(ia;5aj + dyd^ + dzdi) =/^dt. 
Also we have 

so that finally 

aA =/cU[^ - Sm(«aaj + j/Sy + zdz)l 

which so far is a mere kinematical result. But it can be rendered 
physical by putting - 5V for 5T, in accordance with the above condition. 
This we will suppose done. 

If now we desire to make 3 A vanish, so as to obtain what is called 
the '* stationary condition," we must make the factor in square brackets 
in the integral vanish ; i.e, we must have 

XTni^Sx + pdy + zdz) + 3V = 

for all admissible simultaneous values of dx, dy, dz for the various 
particles of the system. But this is precisely the general equation 
which, as we found in § 207 (1), determines the undiBturbed motion of 
the system. 

§ 211. The expression 8A = really signifies that any 
infinitesimal change from the natural mode ^ix i.- 

- 1 • /» • 1 n Stationary 

of passage produces an infinitely smaller action, 
change in the corresponding amount of the 
action between the terminal configurations. 

§ 212. It will be noticed that the essential characteristic 
of the modes of passage considered in this investigation is 
that all shall have the same terminal configurations, and 
that the system shall always have the same definite amount 
of energy. All, except the natural mode of passage, in 
general require constraint in order that they may be de- 
scribed. Hamilton's grand extension of the subject 
depended on comparing the actions in a number of natural 
modes of passage, diflFering from one another ^^^ ,^ ^^^^ 
by slight changes in their tenninal configu- 
rations, and slight changes in the whole initial energy. 
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In this new form of statement the nnintegrated part of the expres- 
sion for dA vanishes, since all the modes of passage contemplated are 
natural. The alteration of the whole energy, however, adds a special 
term to the equation, and we can at once write, from the expression 
(A) § 210, the equation for the change in the action under the new 
conditions, viz., 

«A = [^m{±Sx + pdy + 4&)] + «H, 

the part in brackets having to be taken between limits corresponding 
to the terminal configurations, and the yariations dx, dy, 8z at these 
beins subject to the conditions of the system. 

We cannot here consider this equation in its general form. We 
content ourselves with the simj^ler special deductions from it required 
for completii^ our sketch of Kinetics of a Particle. 

The last given equation, written in fiill for a single particle of unit 
mass, is 

«A = [±dx +^dy+ i&] - ( V^i) + P(fiyo + ^o^o) + <5H, 

where x^ ^q, Zq is the initial point, and x, y, z any other point, of the 
path. If the particle be altogether free, the seven variations on the 
right-hand side are independent of one another ; and thus we have the 
following remarkable properties of the quantity A, r^arded as a frmc- 
tion of seven independent variables (the initial and nnal co-ordinates 
of the particle, and its constant energy), viz., 

(dA\_dx f^\_ ^ 
dx /"dt * \daJo/ dt 

fdA\_dy^ /dA \ __ dy^ 
\dy) dt' \dyj dt 

(dk\^da fdK \ _ dzQ 
dz )~ dt* \ dzo) ~ dt 

From these we gather at once that A satisfies the partial differential 
equations 

(s)^(t.)"Hi)'-"-^=-.>- • <* 

§ 213. The whole circumstances of the motion are thus 
dependent on the function A, called by 
^f^tton!*''' Hamilton the "characteristic function." 
The determination of this function is trouble- 
some, even in very simple cases of motion ; but the fact 
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that such a mode of representation is possible is extremely 
remarkable. 

§ 214. More generally, omitting all reference to the initial point, 
and the equation § 212 (2) which belongs to it, let us consider A simply 
as a function of x, y, z. Then 

Any/unctiorif A, which satisfies thepartiaZ differential equation 

possesses the property thai -r-, -r-t -j- represent (he rectangular com- 

ponents of the velocity of a partide in a motion possible under the forces 
whose potential is V. 

For, by partial differentiation of (1) we have 

dt \dt J ~dfi ~ ~ dx ~dx da? dy daody dz dxdz 

with other two equations of the same form. 
But we have also three equations of the form 

d^/dA\_dx^ dy d^A dz d^A 
(U\dx J ~dt da? dt dxdy dt dxdz 

Comparing, we see that 

dx_dA dy_dA dz_dA 
dt~dx dt~dy dt~ dz 

satisfy simultaneously the two sets of equations. 

§ 215. Also if a, /3 be constants, which, along with H, are involved 
in a complete integral of the above partial differential equation, the 
corresponding pathf and the time of its description^ are given by 



(^)=*^» W)^^'' (55) = 



« + e, 



where Oj, /Sj, e are three additional arbitrary constants. The two first 
of these equations belong to surfaces on which the path lies. 

For these equations give, by complete differentiation with regard 
to^, 

cPA dx gPA dy cPA ^_q > 
docda dt dyda dt dzda dt~~ 



cPA dx cPA dy (PA dz__^ 
^cdp dt dyd^ dt "*" dzd^ dt 



dxdR dt dijdH dt dzdH dt 



(«). 
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But, differentiating § 214 (1) with respect to a, /3, H respectively, 
we get 

cPK dk^k^ dk ^A dk^^ \ 



dadx dx dady dy dadz dz 

cPk dk d^ ^ + i?A.^ = 

dpdx dx dpdy dy dpdz dz 

d^k dk ^k dk (PA dk^^ 



dBdxdx d'Rdydy dRdz dz 



(J). 



dx 
The values of -tt, etc., in (a) are evidently equal respectively to those of 

dk 

-3—, etc., in (6). Hence the proposition. 

§216. *' Equiactional surfaces," i.e. those whose common equa- 

a - * tion is 

Surfaces of A = const 

equal action. ' 

are cut at right angles by the trajectories. 

For the direction cosines of the normal are obviously proportional 
to 

/dk\ /dk\ /dk\ ^, . . ^ dx dy dz 

Thus the determination of equiactional surfaces is resolved into the 
problem of finding the orthogonal trajectories of a set of given curves 
m space, whenever the conditions of the motion are given. 

The distance between consectUive equiactional surfaces is, at any point, 
inversely as the velocity in the corresponding path. 

This may be seen at once as follows : the element of the action, 
which is the same at all points, is vSs (where Ss, being an element of the 
path, is the normal distance between the surfaces). 

§ 217. In consequence of the importance of the method we will take 

two examples of its application. First a direct 

Planetary motion, example, then one depending on the equiactional 

surfaces. 

To deduce from the principle of " varying action " the form and mode 
of description of a pla/net's orbit. 

In this case it is obvious that - -j— represents the attraction of 

gravity ( - /i/r^). Hence the right-hand member of § 214 (1) may be 
written 2(H+AA/r). 

Let us take the plane of xy as that of the orbit, then the equation 
§ 214 (1) becomes 

[It is to be observed here that, by taking the orbit as plane, we 
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virtually assume the equation dA/dz=0, as that of one of the surfaces 
(§ 207) on which the path lies.] 

It is not difficult to obtain a satisfactory solution of this equation, 
but the operation is very much simplified by the use of polar co- 
ordinates. With this change, (1) becomes 

(^)'4(^)'- (« *?) • • ■ ». 

which is obviously satisfied by 

constant = a 



(»)- 



(3). 



Hence 

A = a^+/3rV2(H + /A/r)-a2/r2 . . . (4). 

The final integrals are therefore, by § 215, 

(^j = *' " ^ ■" "^ J rV2(H + fxM - a'lr^ ' ^^^' 

and 

\dnj '^ JV2(H + /^/r)-a7r2 

These equations contain the complete solution of the problem, for they 
involve four constants, ai, a, H, e. (5) gives the equation of the 
orbit, and (6) the time in terms of the radius- vector. 
To complete the investigation, let us assume 

M/a2=l//, .2H/a2=(e2-l)/^2, 

where I and e are two new arbitrary constants introduced in place of 
a and H. With these (6) becomes 



«.=.-/. 



dr 



-/: 



^'' =^-cos-i-(r-i-^i), 



or 



I 



r= 



1 + e cos (^ - Oj) 



the general polar equation of conic sections referred to the focus. 
Also by dififerentiating (5) with respect to r, we have 



adv 

: = dd> 



r'^j2{K + filr)-a^lr^ 
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from which, by (6), we immediately obtain 



«; \/filJ 



This inyolves, again, the equation of equable description of areas. 

Compare § 152. 

§ 218. In a planet's elliptic orbit (he time is measured by (he area 

. . . ... described about one focus, and the action by that de- 

Action m orbit ,^^ ^^^^ ^j^ ^^ 

01 planet. ^ov with the usual notation we have 

dk=vds=-ds, 
P 

by the result of § 47. But in the ellipse or hyperbola, p' being'the 
perpendicular from the second focus, 

Pl/=±b^. 
Hence 

rfA=±pp'(fo, 

which expresses the result stated above. 

It is easy to extend this to a parabolic orbit, for which, indeed, the 
theorem is even more simple. 

§ 219. Unit particles are projected simultaneously and horizovUally 
Example. *^ ^^ vertical planCy from every point of a vertical 
' linCf all having the satne total energy a>t starting ; 
find the surfaces of eqtial action. This is nearly the same as saying 
that water escapes from little orifices along a generating line of a 
vertical cylinder, kept full to a definite level. But, if we so regard 
it, we must speak of equcU masses escaping per unit of time from the 
various orifices. 

The equation of action is obviously 



m*m'-^- 



Here y is the vertical co-ordinate of a unit particle, measured down- 
wards from the level at which the common energy is wholly potential. 
We may write at once 

^=^-^h!^-^^f' • • • (1)- 
The equation of a particidar path is 

^=a'=a!-|(2i/2,-a»)*: 

and as we have simultaneously, at starting, 
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Xq=0 and a^=2gyQy 

it is clear that a' yanishes. The value of A is therefore to be found 
by eliminating a between (1) and 

if 

This leads to the value 

A=^^((y+a!)»-(y-x)«). 

We may investigate the question in a different way by the result of 
§ 208. For if A; be the initial value of y for any particle we have, after 
the lapse of time t, 

y=k+igp \ 
x=\j2gkAj 

Eliminating t, we have the equation of the parabolic path — 

To find the orthogonal trajectory (the curve of equal action), differ- 

dx d'ij 
entiate, put - -p for -3=^, and eliminate k. We thus have 



dx_ X _ X _ \/y+x- \/y-x 
dy 2k y + /^ya-ar* ^y+x + ^y-x 



or 



so that 



-'^y+x{dy+dx) + ^y-x{dy-dx) = Ot 
(y +x)^±{y-x)^= const. 



If we turn the axes through Jir in their own plane, the co-ordinates 
being now ( and 97, this equation becomes 

In Fig. 57, AM is the axis. A few of the paths are shown by fiiU 
lines, and two of the curves of equal action by dotted lines. These 
curves have cusps lying on the line AH, which makes an angle iv 
with the vertical, and is touched by all the paths. The path whose 
vertex is G touches this line in H, and therefore passes through the 
cusp of which the branches are HE and HL. HE belongs to all paths 
whose vertices are above G, HL to those^uch as ML) whose vertices 
are below G. 

It is worthy of note that, by the first equations above 
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by the substitution of which in the equation of action we see how the 
time of reaching a particular surface of equal action depends upon the 
position of the starting point. 

§ 220. A very interesting plane examplci which has elegant applica- 
PioT»*» ^r^^n>^r^*a tious iu fluld motiou, and in the conduction of 

electric currents in plates of uniform thickness, is 
furnished by assuming ' 

A=logr, otA'=0, 

where r and are the polar co-ordinates of the moving particle. 
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In the former, where the curves of equal action are circles with the 
origin as centre, we have 

^_ « ^— • — y 

so that the paths are radii vectores described with velocity 1/r. Abo 
we have 



^^-MW *{%)'-?■• 



so that the force is central, and its value is 



dr 



1 
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In the second case, where the curves of equal action are radii drawn 
from the pole, and 

A'=^=tan-i^, 

X 

we have 

(iA'_ _y dh! _,_x 

dx ■"*" r*' dy~y-^' 

The kinetic energy is still l/2r2, and the central force - 1/r^, but the 
paths are circles with the origin as centre. Thus the lines of equal 
action and the paths of individual particles are convertible. 
We have also, in each of these cases, 



\dx) \dy) 



This shows (as in § 94) that, whatever be originally the grouping of a 
set of particles moving all according to one or other of these conditions, 
the density at any part of the group remains unchanged during the 
motion. In fact, as it is easy to prove, A and A' not only satisfy the 
same actional equation, but are elementary solutions of the partial 
differential equation 

d»A.d«A_ 

and they are conjugate, in the sense that 

dA^dA/^ dk^ dA.' 
dx~ dy' dy'' dx 

For this reason the paths belonging to the two systems are everywhere 
orthogonal to one another. 

Also, as the differential equation (1) for A is linear, any linear 
function of particular integrals is an integral. Thus, for instance, we 
may take {p being any constant) 

A = log r -p0f with A' =p log r+d. 

These, representing orthogonal sets of logarithmic spirals, possess 
the same properties with regard to action as did the concentric circles 
and their radii, which, in fact, are the mere particular case when 

§ 221. It is easy to give graphic methods of tracing these curves 
of action by means of an old process recently much (jr^pijic method 
developed by Clerk Maxwell. The present example, 
though a verj simple one, is quite sufficient to illustrate the process. 

Draw, as in Fig. 58, a set of circles whose radii are ea, c^a, ^^ etc. , 
and a set of radii vectores making with the initial line the successive 

angles -, 2-, 3-, etc., a being a quantity which may have any con- 



Thus we have for the valne of A at the point of intersection 



=logi 



^jui, as required. 

By morkiDg the intersections corresponding to diiferent values of q, 
we have a series of points in the required curve which, by odjuatmoiit 
of the value of a, may be made to lie as close together as is found 
necessaiT for tracing the curve of action through them libera manu. 

In Pig. 58 portions of three separate sets of mutually orthogonal 
logarithmic spirals have been traced, by using the intersections of the 
fundamental straight lines and circlet. 
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We may pursue the subject much further, by combining particular 
solutions like those given out taken from different origins. We can 
afford space for one only. Let P, Q (Fig. 59) be points on the axis of 
Xj distant a and - a from the origin, R any point in the plane of the 
figure. Let PR = r, < RPa? = ^, RQ = rj, < RQa; = 0^, 

Then if 

A=logr-logri, A'=^-^i, 

we must have, not only the equation 

cPA gPA^Q 

satisfied by each of A and A', but also the conditions 

dk^d^ dk^ dk! 
dx~ dy* dy dx' 

This follows at once from the fact that all the equations are linear. 

§222. In Fig. 59 we have 
eA = PR/QR. Hence the locus 
of R is a circle, whose centre, 
B, is on QP produced. 

Again A' = < RPa; - < RQa; 
= <PRQ. The locus of R is, 
in this case, any circle passing 
through P and Q. 

These circles evidently cut 
one another orthogonally in R ; 
for BR, which is a radius of the 
one, is a tangent to the other. 

Thus particles moving in a 
plane, so that the speed at any 
point R is inversely as PR . RQ, 
may describe circles in which 
PQ is a chord. In this case 
the curves of equal action are 

circles defined by the condition that the ratio PR : RQ is constant. Or 
they may move in the latter system of circles, in which case the 
former system gives the lines of equal action. For the equations in 
the preceding section give 

/dA'V fdk'Y 4a2 




Fig. 59. 



\dx ) \dy ) \dx ) 



(,^'+' — ' = 



\ dy I r^'t 



from which the conclusion is obvious. 

We may easily extend this example to other sets of orthogonal 
curves whose equations are 

Ai=j3A + A', Ai'=:-A+i?A', 
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where A and A' have their recent values. Or we may extend the 
example by assuming at starting 

A = m log r-mi log r^, 

in which case it will be found that we must have 

A'=w^-mi^i. 

These pairs may again be combined into 

pA + A' and - A +i>A', and so on. 

It will be noticed that in these examples the curves of equal action 

AnaloRv between *"^^ *^^® paths of the particles correspond in steady 

acSon and ^^^^ motion to curves of equal pressure and lines of 

velocity potential. ^°^> *^^ ^ electric conduction to equipotential lines 

' and current lines. In such cases in fact, where there 
is no vortex-motion, the action is closely analogous to what is called 
the " velocity potential " in a fluid. 



Generalised Co-ordinates. 

§ 223. By the help of the result already obtained in 
, , connection with least action, we may easily 

Generalised co- i . • . • i .i. -l • j • i. _ j.vJ 

ordinates. obtain in a simple, though indirect, way the 
remarkable transformation of the equations 
of motion of a system which was first given by Lagrange. 
We are not prepared to give here the transformation to 
Generalised Co-ordinates in its most general form ; but, even 
in the restricted form to which we proceed, it is almost 
invaluable in the treatment of the motion of conservative 
systems of particles in which the number of degrees of 
freedom is less than three times that of the particles. 
The one point to be noticed is that> when we restrict our- 
selves to a system of this kind, the expression for the 
kinetic energy, T, is necessarily a pure quadratic function 
of the rates of increase of the generalised co-ordinates. 
This is obvious from § 19. Repeating with generalised 
co-ordinates the investigation of § 210, we have 

A=2/Tdt=AT + B.-Y)dt, 
Hence 
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Now let dj <p, ij/f etc. , be the generalised co-ordinates, and we have 

2T=P^+2Q^^+R^+ . . . 

where P, Q, R . . . are in general functions of B, <t>, i^» « • • Of 
course Y is a function of ^, 0, ^ . . . alone, and does not involve 
^, 4*i ^> etc. 

Thus we have, writing for one only of the generalised co-ordinates, 

,A.z/((g)«.(g)«-(S)«)*.»E 

But we saw that, for any natural motion, the unintegrated part of 
dA necessarily vanishes. Thus, as ^, 0, ^ . . ., and, therefore, their 
variations, are by their very nature independent of one another, the 
vanishing of the unintegrated part ^ves us one equation of motion for 
each degree of freedom, the type being in all of them the same, viz., 



dt\dS) \de)'^\W)'^^' 



To exemplify the use of these equations we will take again a few 
of the more important cases of constraint already Examples, 
treated, and will then proceed to some others of ^ 

interest as well as of somewhat greater complexity. 

It is needless to take examples in which there is but one generalised 
co-ordinate. For the equation of energy is, in that case, itself the 
first integral of the (single) generalised equation. We have, in fact, 

so that 
or 

Wrf?)" J"[w^■*■(rf?)*]"w• 
Til"''. <« -dt^^Se' - 

we have 

6 



(d d^ _^.dy\^d[ ^\ 
\dtd¥ dS^dd )~dt\ '^ ) 



which proves the assertion. Were it not so, we should have two dis- 
tinct equations connecting and t — an absurdity. 

15 
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Thus for the simple pendulum, I being the length of the string, and 
the inclination to the vertical at time t, we have obviously 

T=JwP^, Y=C'mglcoae. 
Hence 

{S)"»- {§)-'■ (S)-^*»- 

Thus the equation of motion is 

mP& + mglGme=0, or^+|^8in^=0, 

as in § 142. And it is the derivative of T+ V=C. 

But now suppose the same pendulum to be moving anyhow, still 
denoting its inclination to the vertical, and ^ denoting the azimuth 
of the ^ane in which it is displaced, we have 

T=iml\^+am^0,4^\ Y =C - mgl ooa 0. 

These give at once 

\dd) =^^^» (dff) =*'^ sin ^ cos ^ . ^', (-jff) = wiflfZ sin 

Hence the two equations are 

d-sin^cos^.^H|sin^=0, ^(sin^^. ^)=0. 

Still keeping to easy examples, suppose the cord of the ordinary 

simple pendulum to be extensible, according to 

Pendulum with Hooke's law. Let \ be its length at time L Then 

extensible cord, the tension is E(\ - l)/lf and the work it can do in 

contracting is the integral of this with regard to \ 
from I to\ 1.6,, 

E(X - 1)^21. 
Hence we have 

V=C + E(X-QV2;-wi^\cos^ 

T=im(\2^+X2). 
Thus Lagrange's equations become 

^(X2^)+^X8in^=0 
at 

m%-m\&^+'K{\-l)ll-mgQoa0=O; 

equations which could be obtained immediately from the application 
of the second law, with the help of the kinematical expressions for 



KINETICS OF TWO OR MORE PARTICLES 227 

acceleration perpendicular to, and along, the radius-vector of a plane 
curve (§ 47). 

Instead of the complex pendulum treated in § 185, we will now 
take the case of two masses attached at different points to an elastic 
string, or light helical spring, and consider their vertical vibrations. 

Let a, b be the unstretched lengths of the parts of the string, M 
and m the masses. Then if ^, ); be their respective extensions at time 
tf we have 



V=|(|- + ^)-M^f-mi;r« + ^); 



so that Lagrange's equations are 

|-(Mi+m(^+i7)) + E|-(M+m)^=0 

The equilibrium positions are found by supposing the accelerations 
to vanish, so that, if we suppose ^ and 17 to he measured from them, 
the terms in g will disappear. Hence the solution is of exactly the 
same nature as that already given for an apparently different problem 
(§ 186). 

We may mention that equations practically the same as these are 
obtained when we consider the motions of a watch 
and its balance-wheel, the watch being supported in Setting a watch. 
a horizontal position by means of a wire, and oscillat- 
ing in its own plane by the torsion-elasticity of the wire. The reader 
of § 250 below will have no difficulty in obtaining this result. It 
suggests a practical method of *' setting" a watch to true time, with- 
out turning the hands forward or backward, and without letting it run 
down. 

The following is a simple, but very instructive, example 
of the transference of energy (back and forward) between 
two parts of a system. Two bar-magnets 
of equal mass (Fig. 60) are supported ^^^^^^J^^® ''^ 
horizontally by pairs of parallel strings 
of equal length, so that when at rest they are in one line. 
One of them is slightly displaced in the direction of its 
length, find the subsequent motion of each.^ 

If we can, by any process, find two fundamental states 
of motion which, once established, will be permanent, any 

^ We suppose the bars to be so long, in comparison with the distance 
between them, that we need take account only of the action of their poles 
which are turned towards one another. 
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other possible motion of the system will be a superposition 
of these two. The amplitudes and phases in the com- 
ponents may have any values, so long as the whole dis^ 
turbance is small. This follows from the fact that the 

system has two degrees of freedom 
only, — since we are concerned only 
with motions in the plane of the 
figure. 

(A) Now one obviously possible 
motion is a simple harmonic vibration 
of the whole, without change of dis- 
tance between the magnets. The 
period of this vibration is obviously 
the same as that of either magnet if the other were 
removed. 

(B) Another obviously possible motion is that in which 
the magnets are, at every instant, equally and oppositely 
deflected. The period of this oscillation will be longer or 
shorter than that of the former according as the poles 
attract or repel one another. 

Now the initial state of motion proposed evidently con- 
sists of the superposition of (A) and (B) in such a way 
that there is, at starting, no displacement of either mass, 
but a definite velocity of one of them only. This corre- 
sponds to simultaneous zero of displacement, with equal 
velocities, for each of (A) and (B). There is therefore at 
that instant no displacement of either mass ; and one is 
at rest while the other is moving with double the assigned 
velocity. If 2ir/n^ 2irln' be the periods of the two motions, 
it is obvious that after the time 7rl{n-n') the magnets 
will have interchanged their states so that the arrangement 
will present exactly the same appearance as at first, if 
looked at from the other side. 

Let a be the distance between the ends of the bars when all four 
strings are vertical. Then, if ^, be at time t the inclinations of the 
pairs of strings to the vertical, a becomes 

where I is the common length of the strings. The expression for the 
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potential energy due to magnetism is of the form ft/D, where a* is 

positive if like poles be turned to one another. 

Hence 

T=JmP(^+^2) 



a+l{4>-e) 



Fonning the equations as usual, and omitting powers of and (f> above 
the first, we have 

77iZ8#=-m5r20+g(l -|(0-^)); 

from which the results already given may be deduced. In fact, if we 
now measure and <f> from their equilibrium values, these equations 
are easily put in the forms 

((|)V?)(*..,... ((|)Vf.^)„-«=.. 

Finally, let us take the case of Atwood's machine (§181) when the 
masses are equal, and one of them is vibrating . ,, 
through small arcs. Atwood s 

Let r, be the polar co-ordinates of the vibrating maenme. 
mass ; then, neglecting powers of higher than the second, we have 
the generalised equations q^^ ^^ 

, vibrating. 

21* - r^= - ig0^, ^{f0) = - gr0. 

Put J^r for r, and 0\J2 for 0, and we get 

Transform to rectangular co-ordinates in the plane of motion, x 
being vertically downwards ; then 

«=2/7a^, p=-2ylx. 

This shows that the vertical acceleration of the vibrating particle is 
very small, but constantly downward. Hence the energy of the 
vibratory motion is steadily converted into energy of translation of 
the masses. 

When both the equal masses vibrate through small arcs, it is found 
that the mass whose angular range is the greater has downward ac- 
celeration with diminishing angular range. Hence it would appear 
that, if the string be long enough, the entire motion would be periodic. 

§ 224. Before leaving this subject we may form, from the complete 
value of 5A given in last section, the generalised equations correspond- 
ing to those of Hamilton's " varying action," as given in § 212. 
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• We have at once 

/dA\ /rfT\ fdA\/^\ (^\_f 

\de)'\dd)* \dil>)'-\d^J* • • • \dn)~^' 

But, by the value of T, we have 

(^)=P^ + Q*+ . . . , (^)=Q^ + B*+ ...» etc. 
These equations give ^, ^, . . . as homogeneous linear functions of 

(■53)' (55)' • • • that is, of (5^), (5^) 

Thus, if we substitute these expressions in the equation 

which is obviously true, because T is a homogeneous function of ^, 4>, 
... of the second degree, we have a partial differential equation of 
the form 

from which A is to be found. 

The coefficients p, ^, r . . . are, in general, like P, Q, B, . . . 
functions of 0, . . . 

As an illustration, take again the example in last section, where two 
masses are attached to a helical spring, and vibrate in a vertical line. 
From the value of T there given we have 

From these we have the equation for A 

<W -^ (t)(t) ' («^-) (t)^=2M«KH- V). 

The value of V is given above. This equation is, of course, to be 
treated according to the process illustrated in § 217. 



CHAPTER VI 

STATICS OF A RIGID SOLID 

§ 225. A RIGID body, as we have already seen, has at the 
utmost six degrees of freedom, three of translation and 
three of rotation. According to Newton's 
scholium, the conditions of equiUbrium of ^^^^Z^' 
such a body, under the action of any system 
of forces, are that the algebraic sum of the rates of doing 
work by and against the forces shall be nil whatever 
uniform velocity of translation or of rotation the body 
may have. For, if this were not so, there would be work 
done against acceleration, and the body would gain or lose 
kinetic energy. And this gain or loss would take place 
even if the body were originally at rest, i,e. it would not 
be in equilibrium. Hence to insure equilibrium, all that is 
necessary is that the sums of the components of the forces 
parallel to any three non-coplanar axes shall vanish, along 
with the sums of their moments about these axes severally. 
For simplicity it is usual to assume that the axes are 
rectangular, the origin being some definite point (say the 
centre of inertia) of the body. 

Thus we have at once 

S(X) = 0, S(Y) = 0, S(Z) = ,,^,?;^3. 

S(Z2/-Y2) = 0, S(X2-Za;) = 0, X{Yx-Xy)=0, 

where X, Y, Z are the components, parallel to the axes, of 
a force acting at the point x, y, z of the body. 
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When the left-hand members of these equations do not 
vanish, they obviously represent respectively the components 
of a force, and moments about the several axes, which, 
if reversed and taken along with the applied system of 
forces, would secure equilibrium. They form, therefore, 
an equivalent or resultant of the given system. The six 
equations above correspond to the six degrees of freedom 
involved. 

It is easy to see that it is a mere matter of convenience through 
what point of the body we draw the lines about which moments are 
taken. For, if we shift it by quantities a, J, c respectively, the 
moments become 

2{Z(y-6)-Y(2-c)},etc.; 
or, by a transposition, 

S(Z2/ - Yz) - J2(Z) + cS(Y), etc. ; 

and, by the first three equations, these quantities are seen to reduce 
themselves to their first terms. Hence, in forming the equations of 
equilibrium, simplicity will be gained by choosing as origin a point 
through which the line of action of one or more of the applied forces 
passes. 

Again, the point of application of any one of the forces may be 
shifted at will anywhere along the line in which the force acts. For 
the equations of the line in which the fprce at a;, y, z acts are 

x'-x y -yz' -z 

X "^r~" Z ' 

and these give 

Z^-Yz!=Zy-Yz, etc., 

so that the expressions for the moments are unaltered if the point of 
application of the force be shifted to any position along the line in 
which it acts. 

§ 226. In the great majority of treatises on Statics the 
fundamental propositions of the subject, above given, are 
deduced from the assumption (as a thing to be proved ex- 
perimentally) of the result just established, which is desig- 
nated the " principle of the transmission of force." Along 
with it are assumed the parallelogram of forces, and the 
principle of the "superposition of systems of forces in 
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equilibrium." Since the publication of the Prindpia^ the 
continued use of such methods must be looked upon as a 
retrograde step in science. 

§ 227. From this category we cannot quite except (so 
far at least as the usual modes of treating 
it are concerned) the valuable idea of the o^pe. 

" couple," due to Poinsot. But the term is in such common 
use, and the idea in its applications sometimes of such 
importance, that it cannot be omitted here. 

A couple is a pair of equal forces acting on the same body 
in opposite directions and in parallel lines. 

From the general conditions given in § 225 we see that 
a couple produces a definite moment of force about a par- 
ticular axis, but that the axis is determinate merely as 
regards direction, and not as regards position in space. 
The forces of a couple do not appear in the first three of 
the equations there given. On the other hand, the left- 
hand members of the other three equations may all be 
regarded as moments of couples. All the properties of 
couples are virtually contained in these statements. Thus, 
for instance, it is obvious that^ so far as its effects are 
concerned — 

1. A couple may be shifted by translation to any other 
position in its own plane. 

2. It may be shifted to any parallel '^^''^^pje.'^ °^ 
plane. 

3. In either of these it may be turned through any 
angle. 

4. Its forces may be increased or diminished in any 
ratio, provided the distance between their 

lines of action (which is called the " arm " "^ ° ^^^^ ^ 
of the couple) be proportionately diminished or increased. 

A couple is therefore completely determined by means 
of its " axis," which is a line drawn (through ... 

.. 1. \ j'Tx-l Axis of couple. 

any point whatever) perpendicular to its ^ 

plane, and of length representing its moment. And two 
couples are obviously to be compounded by treating their 
axes as if they were forces acting at one point. 
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§ 228. We will now examine the consequences of the 

Reduction of a SIX conditions of equilibrium (§ 225) in 

system to a force some of the more common cases which 

and a couple, present themselves. But, before doing so, 

it may make matters clearer if we restate the conclusions 

of that section in a somewhat different form. 

The resultant of any number of forces, acting at any points 
of a 'rigid body, may be rqn-esented by a single force acting at 
the origin, and a couple of definite moment about a definite line 
passing through the origin. 

For equilibrium of the body this force and couple must 
separaiely vanish. 

Thus if, in Fig. 61, P, acting at Q, be any one of the 
forces, and O the origin (chosen at random), we may 
introduce at a pair of equal and opposite forces :tP, 

parallel to P. The original force, taken 
along with-P at the origin, gives a 
couple ; and in addition there is + P 
acting at the origin. 

§ 229. When only two forces act 
on a body, the first condition above 
Pig. 61. shows that they must be equal and 

opposite, and the second that they must act in the same 
line, if they are to maintain equilibrium. When only 
three forces act, the first condition shows that they 
must be parallel and equal to the sides of a triangle ; the 
second that their lines of action must meet in one point 
or must be parallel, if they are to maintain equilibrium. 

If their directions meet in one point we have again 
the problem of the equilibrium of a single particle under 
three forces ; for there can be no moment about this point. 
When the directions are parallel, one of the forces 
must obviously be equal to the sum of the other two, 
and must act in the opposite direction. Also its line of 
action must lie between those of the other two, for their 
moments about any point in it must be equal and oppo- 
site. Hence it is impossible that any single force should 
balance a couple, unless we adopt the mathematical fiction 
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of an infinitely small force acting in a line which is wholly 
at an infinite distance ; so that its moment may be finite, 
and equal and opposite to that of the couple. 

§ 230. When any number of parallel forces act at 
definite points of a rigid body, their re- 

I... * t f 1a. j-T- • irfl X ftlld rorc68. 

sultant IS a smgle force equal to their 

algebraic sum, with a couple whose plane is obviously 

parallel to the common direction of the forces. The 

forces of this couple may be made, by lengthening or 

shortening the arm, equal to the resultant force. One 

of them will neutralise it, and the other remains the 

final resultant. However the direction of the forces be 

changed, this passes through a definite point called the 

" centre of parallel forces " (§ 233). Thus ^^entre » 

parallel forces necessarily have a single force 

as resultant, except when their algebraic sum is zero. 

§ 231. Excellent examples are furnished by heavy 
bodies of moderate dimensions, where the 
weights of their parts are forces practi- ^""*y- 
cally in parallel lines. The single resultant force, in 
such cases, is the whole weight of the body. Its direc- 
tion always passes through the centre of inertia (§ 109) 
because weight (in any one locality) is proportional to 
mass. For this reason all heavy bodies of moderate 
dimensions are said to have a " centre of 
gravity," which coincides with the centre ^^^^^ graviy. 
of inertia. But it must be noticed that the two ideas 
are radically different, and that, while every piece of 
matter has a true centre of inertia, it is, in general, 
only approximately that we can predicate of it that it 
has a centre of gravity. In fact a body has a true centre 
of gravity only when it attracts, and is attracted by, all 
other gravitating matter as if its whole mass were con- 
centrated in that point. See § 135, (5), where some simple 
examples of centrobaric bodies are given. When there 
is a centre of gravity in a body, it is necessarily coin- 
cident with the centre of inertia. In gravitation cases, 
where bodies of moderate size are concerned, the resultant 
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is, at least approximately, a single force. But, when 
we deal with large non-barycentric bodies like the earth, 
we find that the resultant of the sun's attraction is a 
force (determining the orbit) and a couple (producing 
precession, etc.). 

When a mass is laid on a three-legged table, we find 
the pressure which each leg supports by simply taking 
moments about the line joining the upper ends of the 

other two. The leg is thus seen to 
support a fraction of the weight of the 
mass, whose numerator is the distance 
of the centre of gravity of the mass 
from this line, and its denominator the 
distance of the leg from the same 
line. Thus we have a physical proof 
of the geometrical proposition that if 
any point, P, be taken in the plane 
of a triangle ABC (Fig. 62), and perpendiculars be drawn 
from it and from the angles, we have 

If the mass of the table is to be reckoned, P must be 
taken as the centre of gravity of the system of table 
and load together. If the table be of uniform material, 
triangular, and supported by legs at its corners, similar 
reasoning shows that when it is unloaded (or loaded 
at its centre of gravity) each leg supports one-third of 
the weight. 

§ 232. Examples in which the resultant is a single 
couple' are found in rigidly magnetised 

^conpk.* * ^^^^ P^^®^ ^^ * uniform magnetic field. 
As the amounts of N. and S. magnetism 
in a body are always equal, there is no force of transla- 
tion in a uniform field- The resultant couple depends 
for its magnitude on the orientation of the body, and 
the positions of equilibrium are those for which its 
moment vanishes. 
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§ 233. Let P at a;, y, 2 be one of a system of parallel forces, their 
direction cosines being X, /it, v. Let Q be the resultant force, and 
R, with direction cosines X', fi't v', the axis of the resultant couple. 
Then our conditions become 

Q=s(P), 

VR=S[P(i'y-A«!)], m'R=S[P(X« -!'«)], i''R=Z[P(Aw;-Xy)]. 

The last three equations give the following conditions determin- 
ing R, V, /, • ;— 

X'R +MS(P«)-vS(Py)=0 
- XS(P2) + m'R + i'S(Paj) = 
+ XS(Py) - fi2(Px) + y'R = 0. 

From these we have the equation of condition 

XX'+ft/*' + »'i/ = 0, 

showing that the axis of the couple is at right angles to the 
common direction of the parallel forces. 
We have also 

Ra = (2(Pa;))« + (S(Pt/))2 + ('S(Pz)f - (XS(Pa;) + MS(Py) + y7^(Pz))\ 

This expression is of the same form as that in § 77, and we there- 
fore conclude that, if X", /a", p" be the direction cosines of a line in 
the body such that 

X^ _ fi" _ v^ 
2(Paj)"2(Py)"2(P2) * 

the magnitude of the resultant couple is directly as the sine of the 
angle between this line and the common direction of the parallel 
forces. In fact the mere form of the three equations above proves 
this result. 

In the case of a body of moderate dimensions, acted on by 
gravity, P is the weight of the element at », y, z, and therefore 
proportional to its mass, so that if the centre of inertia be taken as 
the origin we have 

2(Pa;) = 0, 2(Py)=0, 2(P2)=0, 

and there is no couple. The whole effect is therefore the same as 
if the mass were condensed at the centre of inertia. 
In the case of a magnet, 

2(P) = 0. 

and there is no translatory force. The couple, as we have seen, 
depends upon the orientation of the body as regards the direction 
of the line of the earth's magnetic force. 

§ 234. We have seen that any system of forces acting 
on a rigid body may be reduced to a force 
and a couple; also that when the force is ^^^°^^^^ ^''^ 
in the plane of the couple the resultant 
can always be put in the form of a single force acting 
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in a definite line in the body. When the force is not 
in the plane of the couple, we may resolve the couple 
into two components, the plane of one being parallel, of 
the other perpendicular, to the force. The firsts when 
compounded with the force, merely shifts the line in 
which it acts. Thus any system of forces may be re- 
duced to a single force, acting in a definite line called 

the " central axis,'' and a couple in a plane 
™ "*"• perpendicular to it. One of the forces of 
the couple may now be compounded with the single 
force, and thus we obtain, as the resultant of any 
system of forces, a pair of forces in non- intersecting 
lines not perpendicular to one another. This is only 
one of an infinite number of ways in which fancy, or 
convenience, may lead us to represent the equivalent of 

a group of forces. Many very 
,,'-'" , curious theorems have been met 

with in investigations on this sub- 
ject. For instance, by compound- 
ing one of the forces of the re- 
sultant couple with the resiQtant 
^ " force (not now necessarily per- 

pendicular to its plane) we have 
a system of two forces acting in non-intersecting lines. 
Then we have the following curious proposition, which 
may easily be proved from the formulae already given : — 

Whm a system of forces is reduced in any manner what- 
ever to trvo, the volvme of the tetrahedron of which these are 
opposite edges is constant. 

§ 235. The most symmetrical pair of resultant forces 
is found thus. Take any point P (Fig. 
^i^^Sr^ 63) in the central axis, and draw through 
it a line APA', perpendicular to it, and 
bisected at P. Substitute for the single force at P its 
halves acting at A and A' respectively. Combine these 
respectively with the forces AQ, A'Q' of the couple 
when AA^ is made its arm. The system is thus re- 
duced to two equal forces AE, A'R', whose lines of 
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action are interchangeable by a rotation of two right 
angles about the central axis. 

Let P, with direction cosines \ /jl, v he one of the forces, and let 

X, y, z be its point of application. Then 

General re- 

X = S(PX), Y = S(P/^), Z = S(Pi') duction.! 

are the components of the single force at the origin. 
Also 

h='S[F(vy-Mz)] 

M = S[P(X2-i'a;)] 

N=2[P(/uaj-X3/)] 

are the components of the resultant couple. 

If we shift the origin to the point a, 6, c, the first three quantities 
are unaltered, but the couples become 

L'=L+cY-6Z 
M'=M+aZ-cX 

N'=N + &X-aY. 

The point a, hj c is on the central axis if the axis of the resultant 
couple be parallel to the single force, i,e. if 

L' M' W 

Y=-Y"= z"=^» suppose; 

or 

L= eX'cY + hZ 

M= cX+eY-aZ 

N=-6X+aY + eZ. 

Either of these sets gives the equations of the central axis. It is 
easy to show that the condition for minimum couple leads to the 
same equations. 

The resultant force and couple are in one plane, and therefore 
the resultant is a single force in the central axis, when 

L'X + M'Y + N'Z=0. 

By the values of L', M', N' above, we see that this is equivalent to 

LX + MY + NZ=0. 

When this last condition is not satisfied, we see that the value 
of the left-hand member which, from the way in which it occurs, 
must obviously be an invariant, is 

«(X«+Y3+Z8), 

where e has the same value as in the three equations above. 
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§ 236. One of the most remarkable of the many 
curious theorems connected with the single 
theorem^ resultant of a system of forces is that of 
Minding. We have seen that^ in general, 
the resultant may be put in the form of a single force 
and a couple in a plane perpendicular to it. If we now 
suppose the system of forces to be shifted into a new 
position such that their points of application, their magni- 
tudes, and the angles between their directions two and 
two, all remain unchanged, the resultant force will be of 
the same magnitude as before, but the couple will in 
general be different. Of the infinitely infinite number of 
possible positions which the forces may assume, an infinite 
number correspond to a zero couple. Minding has shown 
that the lines of action of these single resultants consist 
of all lines passing through each of two curves, fixed in the 
body, an ellipse and an hyberbola, in planes perpendicular 
to each other. The proof of the proposition gives an in- 
teresting example of the use of Bodrigues's co-ordinates 
(§ 83). 

The most obvious mode of attacking this question would be to 
resolve the applied forces into three groups, parallel respectively to 
three rectangular axes which revolve with them, and to choose 
those axes so that the sum of the resolved parts does not vanish 
parallel to any one of the three. £ach of these systems of parallel 
forces has its own "centre" (§ 230), — so that the final resolution 
gives three forces, each of a given magnitude, acting in any 
mutually perpendicular directions at three definite points in the 
body. This, however, is not analytically so simple as the following. 

We refer the body to fixed axes Oaj, Oy, O2, to be afterwards 
specified. As the origin and the directions of these axes are at our 
disposal, we may impose six conditions. Now suppose the forces 
to be resolved parallel to a set of rectangular axes Oa/, (V, Oz' 
which will be considered afterwards to rotete with them. Such a 
system of axes may, at starting, have any assigned position. This 
gives us three conditions more. Let then A, B, be the compon- 
ents, parallel to the second set of axes, of the force applied at the 
Eaint whose co-ordinates referred to the first system are a, 6, c. 
et the direction cosines of the second system in any of its future 
positions, referred to the first system, be l^ rui, rii ; /a, 77^2} fh ; l^, 
m^ n^ respectively. 

Then the force at a, b, e has the following components : — 
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All +B^ +C^8> parallel to Oa; 
Ami + B7»2+C7Wg, „ „ Oy 
Aril +B7ia +On^y ,, „ Oz, 

The expressions for the resultant force and couple at the origin 
will evidently depend upon the following twelve quantities, besides 
the direction cosines, viz. : — 

2A, SB, 20, 

S(Aa), S(A6), S(Ac), 

Z(Ba), S(B6), 2(Bc), 

2(Ca), 2(C&), 2(Cc). 

Assume 2B=0, 20 =0, i,e, let Oosf be always parallel to the direction 
of the resultant force. Next, let 

2(Aa)=0, 2(A6)=0, 2(Ac)=0. 

i.e, let the origin be chosen as the "centre" (§ 230) of the forces 
parallel to the resultant force. As we have still four conditions to 
impose, we select the following : — 

2(Ba)=0, 2(Bc)=0, S(Ca)=0, 2(06) =0. 

These express that the plane of the couple due to the forces 
passes through Oy, while that of the forces B passes through Oz, 
Write now 

2(A) = a, 2(B6)=a/3, S(Oc)=a[r 

The force and couple at the origin are 

a(7i2j8 - WI37), a^sT, -^^2/3. 
These are equivalent to a single force if (§ 235) 

(ZiTia - Wi«2)/3 - (liTfis - mil^Yr = 0, 
or 

7?l3/3-7l27 = . . . (1). 

This is the required condition. When it is satisfied, the equations 
of the line in which the single force 21 acts are any two of 

^iv - Wif = W2/8 - w?37 

V-wie= hy > . . (2), 

mi^-li-n =- 



the condition that these three agree being (1). 
Eliminate Z^ between the last two, and we get 



16 
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Now intaroduce in (1), in the first of (2), and in (3), Rodrigues's 
values of the cosines (§ 83), and they become respectively 

{xz - toy)fi - {vjz + xy)l;= (yz + tac)/3 -{y%- v!x)y 
^^(toz +xy)- ^{xz - vjy) = (a» + wyYm -{xy- wz)^^. 

Rearranging according to y^ 2, and yz^ 

(/3-7)y«-03+7)«w=O 

(fi -i)yz-\'(wi/l-\-x^ - (X7i -w^)z-\-(^-\-y)wx=(i 

[f(^ + /3)aj + 1;« - yyw\y + [^ - /3)w - i7(f + y)x^ = 0, 

the second of which may be put, by means of the first, in the form 

(in; + aj^^y - (ajiy - i^^f )2 + 2(/9 + 7)t«aj = 0. 

These three equations involve w^ x, y, z in the form of the ratios 

y 

only of the last three to the first. The last two are linear in —, 
— . Solving them, and substituting in .the first we find, finally, 

X 

a biquadratic in — , 

Hence, if particular values be assigned to ^, iy, f, we find four 

values of — . Thus, in general, there are four positions of the single 

resultant force passing through any point. 

But, without forming the biquadratic, we may easily obtain 
Minding's theorem. Suppose we seek the locus of all points in 
which the plane ^17 can be cut by the line of action of the single 
force. We have f = 0, and the equations above are reduced to 

(/3- 7)1/2! -(j8 + 7)«?a; =0 
iij{wy -xz)-\' 2(/3 + y)wx = 
{^-y)wy-{^ + y)xz =0. 

From the last two we find 

-yvz={p+y){^''y)w 
-my={P+y)(^+y)Xy 

so that finally, by the first, 

(^-7')«'-7')=7V. 
or 

^'^-^~^ .... (4). 

Had we put 17=0, we should have found, by a similar process, 



STATICS OF A RIGID SOLID 



243 



|4 



i^ 



/3" P'-T* 



= 1 



(6). 



(4) with f =0, and (5) with 17=0 represent an hyperbola and an ellipse, 
or an ellipse and an hyperbola, respectively, according as /3^ is greater 
or less than 7^. In either case the vertices of the hyperbola coincide 
with the foci of the ellipse ; so that the two curves are linked 



together. 



It is now easy to see that, from any assigned point of space, the 
two carves will appear to intersect one another in four points. 
Two, or all, of these may in special cases coincide. Lines drawn 
to these points give the four positions of the single force which can 
pass through the assigned point. 



Examples of Statical Methods and Theorems 



§ 237. Suppose a ladder to be leaning against a vertical 
wall. If there be no friction, what force, 
applied at the lower end, will just suffice to ^^.^^^ ^^^7,« 

* -^ . » J agamst a wall, 

support it ? 

In the treatment of all questions of this kind the 

student should commence by making a rough sketch of 

the situation, indicating all the forces 

concerned, with the directions in which 

they act. As shown in Fig. €4, the wall 

exerts an outward thrust S on the upper 

end of the ladder, the ground an upward 

thrust R on the lower end. The only 

other force is gravity, which may be 

supposed to produce a downward force 

at the middle of the ladder^ equal to its 

whole weight. Unless there be some other 

horizontal force to balance S, the ladder 

will obviously slide down. Suppose then 

a horizontal force F to be applied at 

the lower end, and let the ladder be inclined at an angle 

a to the horizon. Then our conditions become 

horizontally 

S-F=0, 
vertically 

W-R=0, 




Fig. 64. 
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and for the couple in the plane of the figure, I being the 
length of the ladder, 

iWlQOBa-Slana=0. 

[The last equation is obtained by taking moments 
about the lower end of the ladder, this point being 
chosen (§ 225) because the directions of two of the 
forces pass through it.] From these equations we find 
at once 

F=S=iWcota. 

It is to be observed that the requisite force F is very 
small while the ladder is nearly vertical, but increases 
without limit as it becomes more nearly horizontal. 

§ 238. Next let us vary the question by supposing the 
. . coefficient of friction on the ground to be 

se o nc ion. ^ ^^^ equations are precisely the same 

as before, and the limiting value of a for which equili- 
brium is possible is now to be found by putting 

F=AtR=AtW. 

Thus 

2/A=cota 

gives the smallest value of a for which equilibrium is 
possible. For any larger value of a less friction is called 
into play. 

§ 239. If next we assume the wall also to be rough, 
a new friction force, G, comes in. The equations (for 

any given value of a) are 

S-F=0 
W-R-G=0 

JWZ 008 a - S^ sin a-Gl cos a=0. 

Here there is a certain amount of indeterminateness 
which our formulae cannot escape (although of course 
it does not exist in nature) so long as we are not deal- 
ing with the limiting case in which motion is about to 
commence. Provided the coefficient of friction be the same 
for the wall as for the ground, we have then 

G=/aS, F=aaR. 
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Thus, in all, there are five equations. These are re- 
quisite and necessary because there are four forces S, 6, 
E, F to be determined, as well as the special value of 
the angle a. The result of eliminating the four forces is 

tana=-7r^- • 

§ 240. We may still further vary the question by 

supposing a man of weight w to ascend 

the ladder. Let e represent the fraction *^°^ ®^' 

of the ladder's length which he haei ascended. The 

equations are 

S-F=0 

W+w-R-G=0 

(iW + ew)l cos Oi - S^ sin o^ - GZ cos aj = 0. 

Introducing the condition that slipping is just about to 
commence, we obtain 

\ATiai _ W 1-fj? 
tan a "" i i ^ 

1 + V^ 

where a has the value given in § 239. Hence the 
limiting angle is increased or diminished by the load 
on the ladder according as 

2e>l. 

The ratio wj^f does not appear in this condition. But 
it shows its importance when e is either greater or less 
than |. 

Hence, when the ladder is just about to slip, a man 
makes it more stable if he stands anjrwhere on the lower 
half of it, but brings it down if he mounts higher. We 
conclude that, so far as sliding is concerned, it is advan- 
tageous to make the lower half of a ladder more massive 
than the upper half. 
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§ 241. Suppose a ladder, with its lower end resting 
against a wall, to be supported by a horizontal rail 
parallel to the wall (Fig. 65). This case is chosen because 
it illustrates definite limits within which stability is 
ensured. 

Let a be the half length of the ladder, a its inclination to the 
horizon,^ b the distance of the rail from the wall. SnpfK)9e the 
ladder in such a position that if there were no friction it would 
slip downwards. Then the equations of equilibrium are 

E + 6cosa-Ssina=0 

F + Sco8o + Gsina-W=0 

S6 sec a - Wa cos a=0. 

In the third of these equations the lower end of 

the ladder has been chosen as the 
point about which moments are 
taken, because the lines of action 
of three of the forces pass through 
it. Here again there is inde- 
terminateness, because there are 
two places at which friction comes 
in, and we do not know at which 
it is most freely exerted. But 
^'°- ^- if the whole be on the point of 

slipping, we have as before the additional data 

F=mR, G=AtS. 
These lead to the equation 

(1 - /A^ cos a + 2/A sin o = - sec' o. 
If we introduce an angle v, such that 

cos y= ^ . .. , sini'= 




this equation becomes 

cos' a C08(a -y) = ^^^ ^ ^,^ = - cos' | , 

the right-hand member of which must necessarily be less 
than 1. 
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This determines the lowest position of the lower end 
consistent with equilibrium, and the mere change of 
sign of fi^ and therefore of v, alters it into the equation 
for the highest. The signs of the friction terms are 
changed when the direction of slipping is supposed to 
be reversed. 

When there is no friction we may often usefully apply 
the principle of § 206. Eesume the problem just treated, 
a smooth inclined plane 'taking the place of the wall 
Trace the curve on which lie all the possible positions 
of the centre of gravity of the ladder, when it is made to 
move subject to the constraints. This curve (a conchoid) 
has, in general, a double point at the rail ; and two 
horizontal tangents can be drawn to it. One lies wholly 
above, the other wholly Mow, the part of -the curve near 
its point of contact. The first corresponds to the posi- 
tion of the centre of gravity where there is maximum 
potential energy, and therefore unstable equilibrium; 
the second, to a position of minimum, and therefore of 
stable equilibrium. But it is necessary to examine these 
solutions, so as to make sure that the action between the 
ladder and wall is really a presswe, not a tension. Hence, 
in the stable case, the centre of gravity of the ladder must 
lie between the wall and the rail. 



CHIAPTER VII 

KINETICS OF A RIGID SOLID 

§ 242. The motion of a rigid body is, as we have 

seen, completely determined when we know 

Rotation of rigid ^j^g motion of one of its points and the 

solid.. , . 1. -I 1 T 1 1 

relative motion of the body about that 
point. The point usually chosen is the centre of inertia 
of the body, and the investigation of its motion comes 
under the kinetics of a particle, which we have already 
sufficiently discussed. For we are permitted to suppose 
the whole mass to be concentrated at that pointy and to 
be acted on by all the separate forces, each unaltered in 
direction and magnitude. Hence we may now confine 
ourselves to the study of the motion about the centre 
of inertia which, for the moment, we may look on as 
fixed. 

To illustrate, in a very simple manner, the new con- 
ceptions which are required for the study of this ques- 
tion, let us take a uniform circular ring of matter, of 
radius R, revolving with angular velocity w about an 
axis through its centre, and perpendicular to its plane. 
Its moment of momentum is obviously 

M . Ro? . R, or MR^ . (a. 

Its kinetic energy is 

iM(Ra))2, or JMR^ . u)\ 
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If it be acted on by a couple C, in its plane, G is the 
rate of increase of the moment of momentum, or 

MRa.w=C. 

The work done by the couple in time Si is 

dadt, 

and the increase of kinetic energy is 

MR> . <audt. 

By equating these we have (after dividing both sides 
by 0)8/) the same equation as we obtained from the rate 
of increase of moment of momentum. It will be 
observed that these equations are of exactly the same 
form as those for the motion of a particle parallel to 
one of the co-ordinate axes, only that <o takes the place 
of a linear velocity (such as z) while the expression MR^ 
takes the place of M, and the right-hand side is the moment 
of a force, not a force simply. 

§ 243. Hence, generally, we are led to 
define as follows :— ^^^1''^ 

T% mi «• • • »i <» inertia. 

Def. The "moment of inertia of a 
body about any axis is the sum of the products of the 
mass of each particle of the body into the square of its 
(least) distance from the axis. 

The following theorem enables us at once to find the 
moment of inertia about any line, as axis, from that 
about a parallel axis through the centre of inertia : — 

Let the line be chosen as the axis of z^ then the moment of 
inertia about it is 

But, if «, y be the co-ordinates of the centre of inertia, ^, rj the 
co-ordinates of m with reference to that centre, we have 

and the above expression for the moment of inei*tia becomes 

2wi(i^ + y2 + 2iB^ + 2yi; + ? + 9;2). 

By the property of the centre of inertia, § 109, 
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S(mO = 0, 2{miy) = 0. 
Hence the above expression consists of two parts : — 

the moment of inertia about a parallel axis through the centre of 
inertia, and 

S(m).(^+A 

the moment of inertia of the whole mass supposed concentrated «t 
its centre of inertia. 

§ 244. Hence we need study only the moments of 
inertia about axes passing through the centre of inertia. 
But we will commence with an origin assumed at hazard 

If the direction cosines of an axis through the origin 
be A, /A, V, the square of the distance of the mass m at 
Xy y, z from it is 

Hence the moment of inertia is 

= Sm((y3 + 22)\2 + (22 + ar»)/i2 + (aj2 + y^y _ 2xy\fi - 2yzfiy - 2zxy\\ 

which may be written 

3f = AX2 + 2Gi\fi + Bfi^ + 2G1/LIV + 2G2i'X + C^'^. 

If we measure off, on the axis, a quantity p whose 
square is the reciprocal of 3, and call its terminal 
co-ordinates ^, ?y, f, this equation becomes by multiply- 
ing both sides by p^ 

1 = A? + 203^17 + B172 + 2Givl:+ 202^1 + Ci«. 

As the moment of inertia is essentially a positive quan- 
tity, this equation represents an ellipsoid. It must of 
course have three principal axes ; and, when these are 
taken as the co-ordinate axes, the terms in ^, 7;f, and 
fl in the above expression must disappear. 

§ 245. Hence at every point of every rigid body 

there are three "principal axes" of in- 
^dflnOTtS!^^ ertia, at right angles to one another. One 

of them is the axis of absolute maximum 
moment, another that of absolute minimum. 
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Our equation now becomes, when referred to these axes, 

or, dividing by p^. 

Thus the moment of inertia about any axis is found from those 
about the principal axes at that point by multiplying each by the 
square of the corresponding direction cosine, and adding the results. 
For the quantity A was written originaUy as 

Sm(i/2+22), 

i.e, it is the moment of inertia about the axis of x. We see also 
that, at every point of a body, there are three rectangular axes such 
that the expressions 

2(mxy)j ^(myz), ^{mzx) 

vanish when these are taken as co-ordinate axes. 

To find how these axes are distributed in a body, let us suppose 
it referred to the principal axes through its centre 
of inertia, and let MAJ, MA;J, MA;J be the moments Distribution of 
of inertia about them. The quantities A?!, ^g, h principal axes, 
are called the principal " radii of gyration." Radius of 
Then, by the results above, the moment of inertia gyration, 
about a line X, /i, v through the point a, /3, 7 is 

For a principal axis this is to be a maximum or minimum, with 
the sole condition 

Hence, if 2? be an undetermined multiplier, we have 

(A;;+i?)X -o(aX+/3/t+7y) = 

(kl+p)v-y{a\ + Pfi,+yp) = 0, 
But, if we consider a surface of the second order 

a^ y^ , z' 



kl+p^kl+p kl+p 
confocal with the ellipsoid 



= 1, 



a^ y^ z^ / \ 

jLi + p+T:i = l .... (a), 

Kl K^ K,^ 



the direction cosines of its normal at x, y, z are 

> X y i 



kl+p' kl-^p' kl+p 
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Henoe/if this surface pass through the point a, /3, 7, we have 

(JfcJ+l?)X=Po 

where P is to be determined by the equation 

Substitute this value of P in the preceding equations, and they become 
identical with those above given for determining the principal axes at 
a, /9, 7. Hence Binet's Theorem : — 

Tfie principcU axes at any point of a body are nomuila to ihe three 
surfa/ses of the second order which pass through that point and are coti- 
foeal with the ellipsoid (a). 

§ 246. We will here tabulate the values of the moments 
of inertia about principal axes through the 

m^tnn^ia. "^^^^^ ^^ i^®^^*» ^^ » '«^ specially useful 

cases. 

1. Plane uniform circular disk. 

Divide it into concentric rings, of radius r, of breadth 5r. Then 
the moment of inertia about the axis through the centre, and perpen- 
dicular to the plane, of the circle is 



/a 
2irf^dr=^Ta*pf 



where a is the radius, and p the mass of a square unit, of the disk. 
But the mass is va^Pf 
so that 

This of course applies to a circular cylinder. Obviously, in the disk 

In fact the moment of inertia about an axis drawn perpendicular to 
any plane figure at any point is equal to the sum of the other two 
about rectangular axes which lie in the plane. The one is 2m(aj*+2/^), 
and the others are Smo^ and Xmy'^ respectively. 
2. Uniform rod of length Ij p mass per unit length. 

M = ?/), M;fcj=0, Mkl=Ukl = 2pl 0%=^, 

•'0 ^^ 

so that 
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3. Uniform rectangular plate, sides a and h, axis parallel to h, 

Wc\=2hp [^xhix=^p, 

J 
that 

K = h< andA;J=Aft'*. 



Hence, by the remark above, 

4. Uniform sphere, radius a, p mass per unit volume. Here 

Z{ms^) = S(my2) = X{ms^), 
and therefore the sum of any two is 

=}Sm(a^+2^+28). 



Thus 



Mkl = Ukl = M^J = iAirp rr^dr = j\irpa\ 

J u 



But 
and thus 

5. Plane uniform elliptic disk, semiaxes a, b ; p mass of unit area. 
Moment of inertia about a is 





so that 



J 



From this follows immediately 

6. Ellipsoid, semiaxes a, &, c, and of uniform density : — 

lil=i('^+<^, h',=l{,^+a?), *J=i(«'+2^. 

From these we can, of course, reproduce the result for a sphere. 

7. Rectangular parallelepiped, edges a, &, c : — 

^J=A(^+c"), ^1=^(^+0^, K=Uo^+l^). 

, The determination of moments of inertia is, like that of centres of 
inertia, a purely mathematical matter, the full discussion of which 
would lead us away from the proper objects of this work. 

§ 247. The simplest cases that can present themselves 
so far as rotation is concerned (for the trans- 
lational effects on a rigid body are treated ^^tT^l*'''*- 

1 • * • 1 . • 1 nxeo, axis. 

precisely as if it were a mere particle, — ^a 

process already sufficiently illustrated) are those in which 
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there is one degree of freedom to rotate, i,e, when the 
body is rigidly attached to a fixed axis. Here the physical 
condition is simply that the rate of increase of moment of 
momentum is equal to the moment of the resultant couple 
about the axis of rotation. 

§ 248. Let us recur to Atwood's machine (§ 182) as a first 
example, and suppose the string not to slip 

woS's^n^hine ^^ *'^® P^^ey, SO that the pulley must turn. 
' In this case we must observe that the two 
free parts of the string are now, as it were, separate 
strings, so that we have no right to assume their tensions 
to be equal. In fact if they were equal there would be no 
acceleration of the rotation of the pulley, nor of course of 
the common velocity of the two masses. We assume that 
the pulley is symmetrical, and the axis through its centre 
of inertia. And we retain the former notation. 

Let a be the radius of the pulley, and o> its angular 
velocity, then cua is the linear velocity of either mass. 
Thus the linear acceleration of each of the masses is equal 
to a times the angular acceleration of the pulley. But the 
linear acceleration multiplied by the mass is the measure 
of the force producing it ; while the angular acceleration 
multiplied by the moment of inertia is the measure of the 
moment of the couple producing it. Thus we have (M 
being the mass of the pulley, and k its radius of gyration) 

M^ X angular acceleration == (T - T)a 
m' X linear acceleration = m'g - "F 
m X linear acceleration = T - ing. 

Eliminating T and T', and taking account of the above 
relation between the accelerations, we find at once 

Linear acceleration = — -, .,,q, ^ g : 

from which, by the last two of our equations, the separate 
values of T and T' may be found. 

If we compare this result. with that obtained in § 182, 
on the supposition that the pulley was perfectly smooth. 
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we see that the only difference is in the addition of Mk^ja^ 

to the sum of the two masses. Otherwise the nature of 

the motion remains unaffected. 

§ 249. Let us next take the case of a body of any form 

attached to a horizontal axis which does not 

pass through its centre of inertia. In such 2©^^^^ 

a case gravity is the force producing motion, 

and we have what is called a ** compound pendulum." 

Draw through the centre of inertia a line parallel to the 

axis ; let h be the distance between these lines, and 6 the 

angle which their plane makes (at a given time) with the 

vertical. The moment producing angular acceleration is 

obviously 

- Tngh sin 6, 

Divide by the moment of inertia about the axis, which by 
a previous proposition (§ 243) is 

(where h is the radius of gyration about the line drawn 
through the centre of inertia), and we have for the angular 
acceleration 

g^ sin ^ 

In the case of a simple pendulum of length Z, we saw (§ 142) 
that the angular acceleration is 

Hence the motion of the compound pendulum will be 
identical with that of the simple pendulum when, and only 
when, 

h h 

As h and Tc are necessarily positive (or rather signless) 
quantities, the smallest value of I is evidently when h = k 
Hence the shortest time in which the mass can vibrate 
about any axis parallel to the original one corresponds to 
that of a simple pendulum of length 2k When h is made 
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either less or greater than h, the length of the equivalent 
simple pendulum increases, and for any assigned value of 
I greater than 2k there are two corresponding values of ^ 
one less and the other greater than k. Their sum, how- 
ever, as we see by the coefficient of the second term in the 
equation 

is always equal to I, 

If then we can find two parallel axes in a rigid body, 
lying in one plane with the centre of inertia, and on 
opposite sides of that point, such that the time of oscilla- 
tion is the same for each, the distance between them is 
the length of the equivalent simple pendulum. Kater 
made use of this proposition in his determination of the 
length of the second's pendulum, under the circumstances 
in which it was defined by Act of Parliament as a datum 
for restoring, in case of loss, the standard yard. 

§ 250. Suppose now that a second body is attached to 

the first by an axis parallel to that about 

^^IS^^^^w which the first is constrained to move ; and, 

pouua penaulum. ^ . ,. . , . ' , 

for simplicity, suppose the centre of inertia 
of the first body to be in the plane containing the two 
axes. Here we have a complex compound pendvlum, and it 
is interesting to compare the motion with that of the com- 
plex simple pendulum of §§ 185, 186. 

Let m', h\ kff </> correspond, for the second body, to m, h, k, for the 
first, and let a be the distance between the axes. For variety we will 
adopt Lagrange's method. We have cleariy 

T = i(mP^ + mh^&^ + m'y^^ + m\a?&^ + ^' V + 2aA' cos (0 - e)^)y 
V = - mgh cos - 7n!g{a cos 0+h! cos 0). 

These would enable us at once to write down the equations of motion, 
however large be the disturbance, but they are too complex for our 
present work. Let us then assume and to be each very small, and 
we have 

{m{1c^ + h^) + mV} B + m'oik'i^ =-{mk + m'a)g0 

rn!{J(f'^ + h'^)^ + m'ah'B = - m'gh'ip. 

Combining, as before, by means of an undetermined multiplier we 
have 
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(m(P + h?) + m'a^ + \m'ah')B + {m'ah' + \m'{1<f^ + K^)^ 
'=-g {(mh + m'a)e + \m'h'4>} . 

Thus the two values of X are given by the equation 

m{T^-\- h^) + m'a^ + Xm/ah' ~~ mh + m'a 
This may be written in the form 

A+X _X 
B+X~C' 

where B is greater than A ; and A, B, are all essentially positive, 
if the bodies have been only slightly displaced from the position of 
stable equilibrium. The equation gives 

X2+(B-C)X-AC = 0, 

so that the values of X are essentially real and of opposite signs. If 
we write /a - B for X, this equation becomes 

/*2-(B + C)m+(B-A)C=0, 

so that the values of X + B are both positive, and therefore the motion 
of either mass is the resultant of two simple harmonic motions. 

§ 251. A well-known puzzle in connexion with this 
subject used to be " How to distinguish be- 
tween two hollow shells, one of gold, the ^^owdieUs 
other of silver, if their diameters and masses 
be alike, and both be painted.*' If we observe that the 
volumes of equal masses are inversely as the densities, the 
volume of the gold shell is seen to be less than that of the 
silver one, and therefore, on the whole, its mass is farther 
from the centre, and its moment of inertia greater. Hence 
any form of experiment in which the moment of inertia 
comes in will suffice to decide the question. Thus the 
shells might be alternately clamped to the end of a rod, and 
the system swung as a pendulum : — when the gold shell 
would vibrate more slowly than the silver one. Or they 
might be allowed to roily not slide, down a rough plane. 
In this case the work done by gravity on each is the same 
when they have fallen through equal spaces. But its 
equivalent is in the form of kinetic energy, partly transla- 
tional and partly rotational. The relative amounts of these 

17 
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two depend on the moments of inertia of the spheres, for 
the ratio of the translational velocity to the angular velocity 
is the same for each. Hence the gold sphere, having the 
greater moment of inertia, will have the smaller velocity 
of translation. Another form of this question was to have 
a shell with a spherical mass inside, which might be either 
free to rotate on gimbals, or else be keyed to the outer 
skin. The keying would of course retard the motion of 
the whole down a rough plane, for part of the energy due 
to gravity would then be shared by the internal mass in 
the form of energy of rotation, from which it would other- 
wise have been free. Another very instructive form is 
that of a spherical shell full of fluid. If the fluid be perfect, 
(§ 292), the moment of inertia is that of the shell alone ; 
if it be infinitely viscous, the moment of inertia is that of 
shell and fluid as if they constituted one rigid solid ; and 
we may have every intermediate amount. K we suppose 
the rotation of the outer shell to be suddenly stopped, the 
infinitely viscous contents would be reduced to rest also. 
But if they be not infinitely viscous they will not at once 
be brought to rest, but will be able to put the shell in 
rotation again if it be at once set free. Thus, in practice, 
we can tell a raw egg from a hard-boiled egg. The first 
is with difficulty made to rotate, and sets itself in motion 
again if it be stopped and at once let go. The second 
behaves, practically, like a rigid solid. 

§ 252. The problem of the rolling of a sphere down a 
rough inclined plane is solved at once, as above, by apply- 
ing the conservation of energy. For, if x be the co-ordinate 
of its centre parallel to the plane, d the angle through 
which it has turned ; and a its radius, we have the kine- 

matical condition 

x=a$ 

(due to the perfect roughness of the plane). 
Also the potential energy lost is 

M^ sin a, 
where a is the inclination of the plane to the horizon ; and 
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the kinetic energy gained is made up of the two parts, — 
^Mx^ translational, and ^Mk^d^ rotational. 

Hence 

M(A:2 + ^2)^ = 2Mga0 sin a, 

or 

jc^ = 2 , a . » a; sin a. 

This shows that the motion is the same as that of a 
particle sliding down a smooth plane of the same inclination, 
under gravity diminished in the ratio a^:k^ + a^. And it 
shows how friction may retard motion without producing 
any dissipation of energy. 

§ 253. Suppose one point of a rigid plane sheet be 
made to move in any manner in the plane of the sheet, 
what will be the consequent rotation 1 

Let M be the mass of the sheet, and ^, 17, given in terms of ^/the co- 
ordinates of the point whose motion is assigned. Let 
a, ^ be the relative polar co-ordinates of the centre of Varying con- 
inertia, then straint of one 

point of a body. 
M[f+a(cosd)]=X, MK+a(sind)]=Y, ^ ^ 

Wls^B= -YacosB + Xasme ; 

where X and Y are the forces requisite to produce the motion. Elim- 
inating them, we find 

{Jc^+a^)&=- a(ri cos ^ - f sin ^), 

with which we can do no more until further data are specified. 

Suppose ^, 17 to move with uniform acceleration |? in a direction 
assigned by a, then 

^=p cos a, iij =p sin a, 
and 

(k^ + a^)& = - ap{sm a cos ^ - cos a sin 0) = ap sin {0 - a). 

The centre of inertia of the mass therefore moves, relatively to the 
constrained point, precisely as does a simple pendulum ; but tne direc- 
tion of the acceleration p is reversed. 

Again suppose the constrained point to move uniformly in a circle 
of radius ft, with angular velocity w. We have 

^ = h cos <atj rj = bsuni>tf 
and 

{k^ + a^d*= + (a^ab{ain arf cos ^ - cos tat sin 0). 
or 

(k^+a^)(^y(0-'wt)=-u)^abBm(0-<ot). 
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Tliis is, asain, the equation of motion of a simple pendulum, but the 
angle of displacement 6 -tat is no longer measured from a fixed line 
but from the imiformly rotating radius of the guide circle. Hence the 
mass oscillates, pendulum-wise, about this uniformly revolving line. 

§ 254. Let us take, as an instance of impulse, the case 
of Kobins's " ballistic pendulum," — a massive 

pendulum Wock of wood movable about a horizontal 
axis at a considerable distance above it, — 
employed to measure the velocity of a cannon or musket 
shot. The shot is usually fired into the block in a hori- 
zontal direction perpendicular to the axis. The impulsive 
penetration is so nearly instantaneous, and the mass of the 
block so large compared with that of the shot, that the 
ball and pendulum are moving on as one mass before the 
pendulum has been sensibly deflected from the position of 
equilibrium. This is the essential peculiarity of the 
ballistic method, — which is used also extensively in electro- 
magnetic researches and in practical electric testing, when 
the integral quantity of the electricity which has passed in 
a current of short duration is to be measured. The line 
of motion of the bullet at impact may be in any direction 
whatever, but the only part which is effective is the com- 
ponent in a plane perpendicular to the axis. We may 
therefore, for simplicity, consider the motion to be in a 
line perpendicular to the axis, though not necessarily hori- 
zontal. 

Let m be the mass of the bullet, v its velocity, and p the distance of 
its line of motion from the axis. Let M be the mass of the pendulum 
with the bullet lodged in it, and k its radius of gyration. Then, if oi 
be the angular velocity of the pendulum when the impact is complete, 

mvp='M^cjj 

from which the solution of the question is easily determined. For the 
kinetic energy after impact is changed into its equivalent in potential 
energy when the pendulum reaches its position of greatest deflexion. 
Let this be given by the angle 6 ; then the height to which the centre of 
inertia is raised is h{l - cos ^), if h be its distance from the axis. Thus 

M^^(l -cos^)=iMA;»w2=J^^ » 



or 



^ . d mpv 
2sin-^= ^ 



2 M^V^ * 
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an expression for the chord of the angle of deflexion. In practice the 
chord of the angle is measured by means of a light tape or cord at- 
tached to a point of the pendulum, and slipping with small friction 
through a clip fixed close to the position occupied by that point when 
the pendulum hangs at rest. 

§ 255. As another example of impulse let us consider 
the case of a body moving in any way in a plane perpen- 
dicular to one of its principal axes. It is required to find 
what point of the body must be suddenly fixed in order 
that the whole may be brought to rest ; also, what will be 
the consequent impulsive pressure at this 
point. It is easy to see that this is exactly ^"^"^^^ ""Tn"^^ 
the same question as to find the impulse, motSn. 
and its point of application, so that it may 
produce a given motion of a body in a plane perpendicular 
to one of its principal axes. 

The impulse must obviously act in a plane passing 
through the centre of inertia. And the physical condi- 
tions are that the change of momentum of translation is 
equal to, and in the direction of, the impulse, while the 
change of moment of momentum about the centre of inertia 
is equal to the moment of the impulse. Let the impulse 
acting at the point ^, 'q have components R, S parallel to 
rectangular co-ordinates in the plane of motion, and let w 
be the angular velocity, i*, v the linear velocities, generated 

by it. Then the physical conditions are 
■ 

Mw=R, MiJ=S, MP«=S^-Ri7. 

When w, V, (0 are given, R and S are found from the first 
two equations, and the third is then the equation of the 
line in which the impulse must act. Similarly, when the 
impulse and its line of action are given, we have in terms 
of these data the quantities u, v, w. 

§ 256. As a simple practical example, suppose one 
strikes a hard object with a stick in such a 
way that his hand is at rest at the instant ^^ussfon!*^^" 
of the impact ; with what part of the stick 
must he strike so that there may be no jar on his hand ? 
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Let ^ be measured along the stick from its centre of 
inertia in the direction which it has at the instant of im- 
pact Then the kinematical condition is 

v=au, 

where a is the distance from the hand to the centre of 
inertia of the stick. Thus, as the impulse S is the sole 
cause of the stick's being brought to rest, we have 

Mt;+S=0, MA«w/a + S^=0; 
BO that 

Hence if the stick be uniform and be held by one end, so 
that its length is 2a, and therefore 3^^ = a^, we have 

and a + ^, the distance of the point of impact from the 
hand, is 

i,e, it is at two-thirds of the length of the stick. 

If, however, the hand be moving, at the instant of im- 
pact, perpendicularly to the stick with velocity V, the 
kinematical condition is v-V = a(ii, which introduces a 
corresponding change in the result. 

§ 257. Returning to the case of finite forces, we find 
that the reaction of the axis is easily calculated. If the 
„ ,. . axis about which the body is constrained' 

Reaction on axis. , . . -i j*/^ i 

to rotate be perpendicular to a plane 
(through the centre of inertia) about which the body is 
S3rmmetrical, and if the applied forces act in that plane, it 
is clear that the reaction of the axis is a single force in 
that plane. Let its components be S and H. Then 

Z(»i«) = S(X) + S, 2(mi?) = S(Y) + J7, 
Sm(a^ - pi) = S(a5Y - yX), 

Let a, 6 be the polar co-ordinates of the centre of inertia, 
then dy 8 are the angular velocity and the angular accelera- 
tion for all particles of the mass, and we have 
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-Macos^.^-Ma8in^.^=2(X)+g 

From the third we find 0^ and the others give S and H. 

When there is no plane of symmetry perpendicular to the axis, 
there must be two pomts of it at which reactions are exerted on the 
revolving body. Let the co-ordinates of these bearings be c, c', and 
the reactions there S, Hy Zy S', H!y Z respectively. 

Then we have the six equations (in which 2=0) 

2(m«)=2(X)+g+S' 
2(mi?) = 2(Y)+J7+-£r 
2(m2) = 2(Z)+Z+^; 
• 2m(a;y - y«) = 2(a;Y - yX) 

2w(y2 - 2i?) = 2(2/Z - zY) -cH- dW 
2m(2« - a») = 2(2X -xZ)-\-SA'\- c'S'. 

The fourth equation, as before, determines ^, and we have then four 
equations to determine S, S', S, H*, The remaining equation deter- 
mines only the sum Z+Z", In fact by more or leas perfect ^iri^ we 
can throw more or less of the force parallel to the axis on one or other 
of the bearings. There is really no indeterminateness in nature, but 
we cannot get the information required to evaluate separately JS' and Z*, 
§ 258. As a single example of the use of these formulre, take the case of 
a body rotating, under the action of no force, about an axis (z) through its 
centre of inertia. Here 2(ma;) = 0, etc., and z is constant. The first 
two of the six equations last written show that the pairs of forces S, %' 
and H, H! form couples. The fourth equation gives B=-tat\ and with 
this the remaining bvo become 

2(m2!i/). w3= -cH-c'H'=''{c-c!)H 
-L^mzx) . w3 = - cS - c'S' = - (c - c')S. 

The multipliers of (o^ are each zero if the axis of rotation be a principal 
axis, and tnus, in this case, there is no stress perpendicular to the axis. 
When the axis is not a principal axis the left-hand terms are generally 
finite, but they vary as the oody turns. It is easy to see, however, 
that together these terms constitute a constant couple always in a 
plane passing through the axis, rotating with the body and dependent 
directly on the square of the angular velocity. Thus, to analyse the 
factor "Limzy^yfQ note that z is constant, and 

y=rsin(w^ + a), 

where r, a were the polar co-ordinates of the mass m at time <=0. 
Hence 

J:,{Tmy) = sin <i>tZ{inzXi) + cos (i)tZ{mzyi), 
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where Xi=rcoaa and yi=rflina were the co-ordinates of m at 
t=0. 

Similarly we have 

S(7?M5c) = cos (at'Z{m2Xi) - sin iatZ(mzyi). 

These expressions prove the preceding statements. 

§ 259. When impulsive forces are applied to the body, 
exactly the same methods may be employed, with the ex- 
ception that u^ -u must be written for a;, etc., and a/ -<a 
for 0, in the formulae of § 257. The quantities X, Y, Z, 
^, H, Zf ^\ R\ Z' now denote impulses and not forces. 

As a very simple instance of impulse in this branch of 
the subject, suppose that a rigid plate, mov- 

sudd^'e^V^ped.iDg *°yhow in ite own plane, has one of its 

points suddenly fixed, what will be the sub- 
sequent motion ? Let the position in space at which the 
point is to be fixed be chosen as origin, and let the axis of 
X be chosen so as to pass through the centre of inertia at 
the moment of fixture. Then, if % v be the velocities of 
the centre of inertia, o> the angular velocity about it, a its 
distance from the point to be fixed, the conditions of the 
impact are 

v'=v-JI/'M. 

m 

— three equations with five unknown quantities. But the 

conditions that the point in question is reduced to rest are 

evidently 

24'=0, i/-w'a=0. 

These furnish the requisite additional data, and the solu- 
tion is complete. If we eliminate H between the two 
equations which contain it, we have 

Ic^ta' + av' = 1(^<a + av, 

whence, by the relation between v' and a>', we have 
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These equal quantities, each multiplied by M, represent 
respectively the moment of momentum about the point 
before and after its fixture. 

§ 260. Thus, as a little consideration will show, we 
might have solved the problem at once, so 
far as the impulsive change of motion is con- gene'iXrindples. 
cerned, by noticing that as the impulse is 
applied at the origin, the moment of momentum about 
that point will not be altered by it. In fact many prob- 
lems, which present serious complexity when treated by 
the direct methods, are solved with comparative ease by 
such general considerations as the conservation of moment 
of momentum, or the conservation of energy. The first 
principle holds good when there is no resultant couple, or 
impulsive couple, round the origin ; the second when no 
work on the whole is done by or against the forces or 
impulses. 

§ 261. We have given instances of pure sliding, and of 
pure rolling, in one plane, and will now give 
a single instance of combined rolling and ^^^J^®j. J^^^ 
sliding. A common but instructive case of 
the problem we propose to consider is that of a hoop 
thrown forwards and at the same time made to rotate, so 
that after a time it stops, and finally rolls backwards to 
the hand. Other cases are furnished by a "following 
stroke " or a " screw-back " with a billiard ball. 

Let the axis of x be parallel to the motion of transla- 
tion of a sphere or cylinder moving on a horizontal plane. 
Then we have, if F be the friction, a the radius of the hoop 
or ball, the rate of change of momentum = F, and that of 
moment of momentum about the centre = Fa. 

So long as sliding continues, F is constant, and equal to 
the product fiMg of the normal pressure and the coefficient 
of kinetic friction. Hence at time ty if Uq and w^ be the 
initial velocities of translation and of rotation, 

u=tio-figt 
^•^w = k^ciJo - figat. 
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These equations cease to be true when the sliding ceases, 

i.e. when we have pilire rolling, of which the geometrical 

condition is 

u+aw=0. 
This gives 

or 



L= 



Ma^'+k^) 



At time t^ and ever after we have 



(a=zuo- 



ifca + a« "^ k^ + d 



^-^0- ^ + ^1 -a ^_^^2 



F + a* ~ Ar^+a« 



Hence, if the body be projected in the positive direction, 
its ultimate motion will be in the negative direction if 
auQ — 1^(3}q be negative, i.e. if the initial angular velocity be 
positive, and greater than au^jlfi ; which is -^uja in the 
case of a sphere. Thus, at starting, the linear velocity of 
the point of contact with the plane must bear to that of 
translation of the ball a ratio of over 7 : 2 if it is to stop 
and return. In the case of a hoop this ratio must be at 
least 2 : 1. 

§ 262. We pass now to the case of a rigid body one 
point only of which is fixed As we have 

^'to^'ii;:^' ^'^y ^^ (§ 242) this has only to be 

compounded with the motion of the whole 
mass, supposed concentrated at the point, in order to give 
the most general motion of which a rigid body is capable. 
The geometrical processes which have been applied to this 
problem, though in many respects of great power and 
elegance, cannot be introduced here. We will therefore 
give the more important results in a brief analytical form, 
and then geometrically exhibit their application. 

Becurring to the general equations 

:2m{xp - yA) = S(a;Y - yX) = N, etc. , 
we may transform the left-hand membera as follows : — 
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Let wx, Wy, w« be the angular velocities of the body about the fixed 
axes of Xf y, z respectively. Then (§ 77) we have 

x=z(ap-y(Ogy etc. 

From these we have three equations of the type 

si=zdUg - ydt + i(»)y - ^Ug 
= ZGjp - yoig + {ywx - icwy)wy - (a;«a - zdj^Wg, 

Thus we have 

a^ - 2/« = (a^ + y2) ^^ _ yzciy - jC2d>x + xzuyUi - zytagsa^ 
+ (ic2 - y^)(aj,(ay - xy((a% - wj). 

Now if the fixed axes be taken so as to coincide at a particular 
instant with the principal axes of the body passing through the point 
which is regarded as fixed, the terms involving factors of the form 
^{mxy), etc., necessarily vanish (§ 245). Also we have 

'2m{pt?-'i^)=lmt{7?+z^-y^-z^), 

so that, if the principal moments of inertia of the body be A, B, 
respectively, the dynamical equations become 

Cd>x+(B- A)wx«y=N, etc. 

But it was proved in § 79 that when the angular velocities of a rigid 
body are referred to moving and to fixed axes, which coincide at a par- 
ticular instant, not only are the angular velocities but also the angular 
accelerations equal at that instant in the two systems. Thus, if 
«i, W2, Wg be the angular velocities of the body about its principal axes, 
the equations just obtained take the form (due to Euler) 

At&i + (0 - W)(a^^ = L 
B a>2 + ( A - C) W3«i = M 
C<i^8 + (B - A)wiWa=N. 

When Wj, W2, Wg are found, in any particular case, from these equa- 
tions, the actual orientation of the body at any time can be calculated 
from them by the kinematical processes of § 81. The position in space 
of the point of the body which has been hitherto treated as fixed is to 
be calculated separately by the processes already explained for kinetics 
of a particle, and thus the motion of the body is completely determined 
— in the sense that the difficulties of the further steps are of a purely 
mathematical nature. 

When the forces applied to the body have a single resultant, which 
either vanishes or passes through the origin, the 
right-hand terms disappear from Euler's equations. Rigid body 
Multiply the equations by w^, W2, ws respectively, under no forces, 
and ada. We' thus obtain 
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AoJiCii + B<il2<U2 + C(tf3(«>3 = 0, 

Aw; + B«; + CwJ=2T . . . (1), 

— the statement that the kinetic energy is constant. Again, multiply 
by A(»>ij Bbf^ Cws respectively, and add. Then we have 

A'wjtiii + BVi<z«s + (?W8&8 = 0, 
whence 

AX+BX + C2«J=I>'* • • • (2), 

expressing the constancy of amount of moment of momentum. 

But if, in these equations we now choose to regard 0;^, c^, (us as the 
co-ordinates, parallel to the principal axes, of the extremity of a line 
which represents, in magnitude and direction, the instantaneous axis, 
we see that that axis is a central vector of each of the ellipsoids (1) 
and (2). Hence the instantaneous axis describes, relatively to the 
body, a cone of the second order. Since T and D are the only 
arbitrary coefficients in the equations, all the ellipsoids (1) or (2) are 
similar and similarly situated. The curve of intersection of (1) and 
(2) projected on the plane of the axes A and B has the equation 

A(C - A)« J + B(C - B)«J = 2TC - D» 

This represents an ellipse if the terms on the left have the same sign, 
i.e. if C is either greater or less than each of A and B. Hence, if the 
body be originally rotating about an axis nearly coinciding either with 
the axis of greatest or that of least moment of inertia, it will continue 
to do so. These two cases are exemplified respectively by a quoit and 
by an elongated rifle bullet, — at least in so far as the resistance of the 
air does not interfere with their motion. But if the body be originally 
rotating about an axis nearly coinciding with the axis of intermediate 
moment of inertia, the curve indicated by the equation above is an 
hyperbola or a pair of straight lines through the origin ; and the instan- 
taneous axis travels, in general, far away from its first position in the 
body. We will henceforth look on A, B, as in descending order of 
magnitude. It is obvious from the mode in which they are formed 
that A = B + C only when the body is a plate. Hence, generally, any 
two of A, B, C are together greater than the third. Also by multiply- 
ing (1) by A, and comparing it term by term with (2), we see that 
2 AT > D2 ; similarly 2CT < D^. 

To complete the examination of the immediate results of Euler's 
equations in this case, let us find how the length of the instantaneous 
axis, considered as a common vector-radius of the ellipsoids (1) and (2), 
depends on the time. 

Let 

02=wj + wj + wJ (3); 

/C-B A-C B-A\ A 
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where A is the determinant 

= -(0-B)(B-A)(A-C). 



Ill 
ABC 
A2 B' C^ 



Now (1), (2), (3) are linear equations in wj, wj, wj and from them we 
have three equations like 

AwJ = BC(C - B)02 + 2T(B2 - C^) + D2(C - B) 

=BC(C-B){02-a}, 

where 

2T(B + C)-D2 

"= BC 

is, by the remark above, essentially positive. Hence 

A'wJwX = A2B2C3(C - B)(B - A)(A - C)(ft2 - a){(l^ - b){Cl^ - c) 

Thus 

qCi = V(a - if)(b - 02)(c - 02) . 

whence (fi is at once found by elliptic functions. known, we have 
Wi, «2, W3, and then by the method of § 81 we have the complete 
analytical detennination of the position of the body in terms of the 
time. 

§ 263. Such a solution, however, fails to give so clear 
a conception of the nature of the motion as . , . 
is afforded by the very elegant geometrical ^^^pgo^^. ^ 
representation discovered by Poinsot. We 
may arrive at it by considering the tangent plane to (1) at 
the extremity of the vector radius 12. If «, y, z be the 
current co-ordinates of that plane, its equation is 

A«i(«i -x) + Ba)2(a)2 -y) + C«8(ws - 2) = 0, 

so that the perpendicular from the origin upon it is equal, 
by (2), to 2T/D, a constant. The direction cosines of this 
perpendicular are proportional to Awj, Bwg, Cwg, the com- 
ponents of moment of momentum. Hence it is the axis of 
resultant moment of momentum, and is therefore (§ 174) 
fixed in direction in space. The tangent plane to (1) at 
the extremity of the instantaneous axis is therefore a fixed 
plane, and the ellipsoid (1) rolls upon it as if it were per- 
fectly rough. From this we can of course find the equation 
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of the curve of contact with the plane, and thence that of 
the cone, fixed in space, on which the cone of instantaneous 
axes in the body rolls, as in § 75. The latter cone is of 
course given by the intersection of (1) and (2). 

To complete this beautifdl representation of the motion, all that is 
necessary is a method of measuring time, something 
Sylvester's addi- to show the rate of rolling of the ellipsoid on the fixed 
tion to Poinsot's plane. Many constructions have been given for this 
construction, purpose, such as Poinsot's " rolling and sliding cone," 
etc. , but none can compare in elegance with that in- 
vented by Sylvester. "We can only sketcn a particmar case — sufficient, 
however, to completely solve the question. 

Writing Z, m, n for the direction cosines of the fixed line referred to 
the principal axes, we have 

Z=Awi/D, m=Bw2/D, n=C(asfD . . (4). 

Our equations (1) and (2) may now be written 

?/A + m7B+7iVC=2T/D« . . . (1), 
P+m^+n^^l .... (2). 

Introducing a factor p^ of dimensions the same as 1/A, we have from 
these a third equation 

P(1IA +p) + ?n»(l/B +p) + w2(l/C -{■p)= 2T/Da -i-p . (6). 

Now consider an ellipsoid 

jc' ^ ^ 



l/A+^^l/B+;?^l/C+i? 



=E . . . (6), 



which is similar, and similarly situated, to one of the ellipsoids con- 
focal with (1) of § 262. Draw to it a tangent plane perpendicular 
to the line OL, whose direction cosines are (4). We obtain for the 
determination of the point of contact Q three equations of the form 



where 



^=S(l/A+i?)' ^-S(l/B+i?)' ^-S(l/C+;?) • ^'^' 
Sa= ^ ■ ^' . ^ . 



{\lk +pf ^ (1/B +pf ^ (1/C +pf 



Here x, y, z are the co-ordinates of Q, and the distance of the 
tangent plane from the origin is E/S. 
Now (6) gives at once by means of (7) 

S2[?(l/A +p) + m2(l/B +p) + n\\lG +p)\ = E ; 

whence, by (5) 
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E 



S2 = 



2^/D^+p 



This is constant, and therefore the new tangent plane is fixed in space. 

Let us now find the angular velocity about the fixed line OL of this 
plane's point of contact Q with the ellipsoid (6). 

The direction cosines of the instantaneous axis OP are as Un ia^, <*>s. 
Those of OQ are as a;, y, z. 

And we have obviously by (4) and (7) 

Ci^i (i>2 <*^ =0. 

X y z 
AiOi Bci^ CoTs 

Hence the line OQ lies in the plane containing the instantaneous 
axis OP and the fixed line OL. The motion of ellipsoid (6) is there- 
fore one of combined sliding and rolling along the new tangent plane. 
To find the sliding, we must find the angular velocity of Q about the 
line OL. It is to that about OP, which is 0, in the ratio of the sines 
of the angles POQ and QOL. 

But 

and 

By means of the equations (1) and (7) above we find easily 

sin^POQ Py 
sin^QOL"" 1)2 

Hence the angular velocity of Q about OL is Dp, a constant. Now 
suppose the plane on which the ellipsoid (6) rolls and slides to become 
perfectly rough, and to be capable of rotating round OL ad an axis, 
there will no longer be sliding of Q, but the plane will be made to 
rotate with the constant angular velocity Dp, Thus the time of any 
portion of the motion of the body will be measured out by the angle 
of forced rotation of this plane. 

§ 264. As a simple example, let us take the case of a quoit, in 
which A, the moment of inertia about the axis of 
figure, is greater than either of the equal quantities Qnoit 

B and C, which may be referred to any two perpen- 
dicular lines in the plane of the quoit. The equations become 

Aai=0, so that (Oi is constant ; 
Biu2 + ( A - B)w3«i = 
Bd,3 + (B-A)wi«2=0. 
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A-B 

Put for a moment — tT— <«^=w, then we have 

These giye by eliminating (03 
Hence 

W3 = PC0S(?1< + Q) 

«8= -n~^<2.2=Psin(ni + Q). 

The resultant of these is an angular velocity P, about an axis in the 
plane of the axes of B and 0, and making an angle ti^ + Q with the 
axis of B. Hence the instantaneous axis describes in the body a right 
cone whose axis is that of figure ; it moves round it in the same 
direction as that in which the body is rotating, and with angular 
velocity n. The fixed cone in space is also, obviously, a right cone 
and the other rolls on it externally. 

If instead of a quoit the body be a long stick or cylinder, we have 
A=B>C, and the equations become 

Cylinder. At^j + (C - A)w2«s = 

A<ia + ( A - C)o;3Wi = 

The last gives a;3= constant, and, if 

A-C 

n= — T~~'^ » 

the first two equations are 

Thus 

&i + ncij\ = Of Wi=Pco8(?i/ + Q), 
and 

W2= - P sin (71^ + Q). 

This indicates a rotation of the axis of constant angular velocity P in 
the negative direction. Everything else is as before, but the cone fixed 
in the body rolls on the iTiside of that fixed in space. 

§ 265. Next let us take the case of a pendulum bob, supported by 

a flexible but untwistable wire, and containing a 

Gyroscopic gyroscope whose axis is in the direction of the length 

pendulum. of the pendulum. Here we may use, for variety, 

Lagrange's equations. For simplicity we suppose 

the centres of inertia of the bob and gyroscope to lie in the axis, and 

the bob to be symmetrical about the direction of the length of the 

pendulum. 

Let the moment of inertia of the whole about the axis of symmetry 
be A when the gyroscope is supposed to be prevented from turning 
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relatively to the bob, and let the other two principal moments about 
the point of suspension be B. Let that of the gyroscope about its 
axis be 0. Then, if be the inclination to the vertical, <p the azimuth 
of the pendulum, and ^ a quantity denoting the position of the gyro- 
scope with reference to a definite plane in the bob passing throu^ its 
axis, we easily find 

2T = A(l - cos Of 4^ +B{^+ sin2^02) + C[^ - (1 - cos e)4>7, 
V = Mgl{l - cos $) = Vo(l - cos 6), suppose, 

where M is the whole mass, and I the distance from the point of sus- 
pension to the centre of inertia of the whole. 

The general treatment of this complex problem cannot be attempted 
here. We may, however, easily obtain useful and characteristic results 
in some special simple cases, which will enable us to form a general 
idea of the nature of the motion. 

Thus, suppose if possible $ to be constant. This is the Conical 
Gyroscopic FendiUum, We easily find the equations 

Conical gyro- 
^ - (1 - cos 0)4>=Q= const. scopic pendulum. 

( A(l - cos ^) + B cos 0)4>^ - CO^ = Vo. 

For any assigned values of Q and ^, this shows what will be the corre- 
sponding value of 4>, But it also shows that if we change simultane- 
ously the signs only of Q and ^, the value of ^ is unaltered. Thus, 
reversal of the direction of rotation of the gjrroscope involves reversal 
of the direction of motion of the bob, if the time of rotation is to be 
unaltered. But to any assigned values of and Q two values of 4> 
correspond. As cannot, in the case considered, exceed ^ir, the 
multiplier of ^' is essentially positive. So is YQ=Mgl. Hence the 
values of j> are real ; and one is positive, the other negative. Thus 
the pendulum, with any rate of rotation of the gyroscope, may be 
made to move in any horizontal circle ; but the angular velocity will 
be greater when it is in the same sense as that of the rotation of the 
gyroscope than when it is in the opposite sense. When ^ is so small 
that 0^ may be neglected, we have . 

B4^-CQ4>=Yo, 

or ________ 

2B^=CQ±V4BVo+CW. 

To give a numerical example, let the mass of the gyroscope be 

^M ; let B=M^2, C=— -M;^, then 

If w = 5, c=10, a =101 (which are fair approximations to the 
dimensions of the ordinary form of the instrument), 

18 
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Suppose the gyroscope to revolve 100 times per second, then fi=200T 
practically, and 

^=tir±Vl0 + ttira=2-613db4-039 

= 6-562 or -1-526. 

The angular velocity, when the gyroscope is not rotating, would be 
that of the corresponding conical pendulum, 

V^= ±3-162; 

so that in this case the gyroscopic pendulum would rotate about twice 
as fast, or only about half as fast, as the ordinary conical pendulum, 
according as it rotated with or against the gyroscope. 
If we nad taken (2=10ir we should have found 

^ = 3 -29 or - 3 -04, nearly. 

Thus the slower the gyroscope rotates the slower is the conical pendu- 
lum motion in the same direction, and the quicker that in the opposite 
direction. 



CHAPTEE VIII 

STATICS AND KINETICS OF A CHAIN OR PERFECTLY 

FLEXIBLE CORD 

Statics of a Chain 

§ 266. Axiom. — WTien a body or system is in equilibrium 
under the action of any forces, additional constraints wUl not 
disturb the equilibrium. Compare § 201. 

This principle is of very great use in forming the funda- 
mental equations of fluid equilibrium, and thence those of 
motion (§ 293). And we find it of advantage, as will be 
presently seen, in reducing to elementary geometry the 
problem of the equilibrium of a chain, or perfectly flexible 
cord. 

We may treat this problem, called that of a " catenary," 
by any one of the following methods : — (1) ^ , 
by investigating, as a question of statics of a 
particle, the conditions of equilibrium of a single link ; (2) 
by imagining a finite portion of the chain to become rigid 
in its equilibrium form, — assuming, by the axiom above, 
that it will remain in equilibrium, and then treating the 
question by the methods employed for a rigid body ; (3) 
by employing the energy test of equilibrium as in § 206. 

§ 267. We exemplify each of these methods in- the 
specially important case of the ordinary catenary. 

A waiform chain ha/ngs between tvx) fixed jpoirUs, find the 
tension at any point and the curve in which the ^ 

7 . , " * (Jommon 

chain ha/ngs. catenary. 
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First Method. — Let /i be the mass of unit length of the chain ; T 
the tension at the point x^ y, z; s the length of the chain to x, y, z 
from some assignea point ; and let the axis of y be taken yertically. 
Then we have for the equilibrium of the element 5$^ considered as a 
material particle, 

The equation in 2 is precisely similar to that in x. Omitting the terms 
which cancel one another, and dividing by $8, these become 

U'^h' 'M>'^' ^(^S)=<'- 

From the first and third it follows that dz/dx is constant, i.e. the 
chain hangs in a vertical plane. We may take it as that of xy, and 
the equations are reduced to the first two. 
The first gives 

t|=t.. 

showing that the horizontal component of the tension is constant 
throughout the whole length of the chain. Substituting for T in the 
secona, it becomes 



ds\dxj To 



The quantity on the right is evidently of [L-^] dimensions, so that we 
may write 

un 1 __ 

Hence a is the length of a portion of the chain whose weight is equal 
to the constant horizontal component of the tension. 
The equation now becomes 

da^ adx a 'V \dxj ' 

Integrating, we have 



IV^-(S)'=^'- 



If we now assume that the axis of y passes through the point at which 
the chain is horizontal, we have at that point a;=0, dy/dx=Of and 
therefore C = 1 . Thus 

The integral of this is 

a ' 
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no constant being added if we assume the axis of x so that y=af x=0 
together. Such is the equation of the curve required. 
From it we easily find 

25 xfa ~x/a 
— =6' -e 
a 

8 being measured from the axis of y. 
The tension at a;, ^ is, as above, 

Hence the tension at any point of the chain is equal to the weight of 
a length of the chain equal to the ordinate at that point. 

Also if a chain of finite length be laid over two smooth parallel 
rails, its ends, when the whole is in equilibrium, will 
be in the horizontal line corresponding to the axis of x Chain over 
in the above investigation, the middle part of the parallel rails, 
chain forming part of the catenary. When a given 
length 21 of chain rests in equilibrium on two smooth parallel rails at 
the same level, we have therefore s+y=l, while x=bf the half distance 
between the rails. 

By the above expressions for y and s in terms of x, this leads to 
the equation 

«€*/» = ?, 

which determines a when h and I are given. Since the minimum value 
of the left-hand side occurs when a =6, we see that the least length of 
chain for which equilibrium is possible under the above conditions is 
equal to e times the distance between the rails. 

§ 268. Second Method. — ^The chain being in equilibrium, 
suppose any finite arc of it, 
as PQ (Fig. 66), to become 
rigid. The forces acting on 
PQ are three — the tensions 
Tj and T^ at its ends, and 
its weight W acting at its 
centre of inertia. But three 
forces in equilibrium are in 
one plane (§ 229). Hence 
the curve is in one vertical 
plane. Also, as the two 
tensions are not parallel to 
one another, the lines of 
action of all three forces meet in one point. Hence 
there is no couple, and the conditions are simply 




Pig. 66. 
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T3cos^2-Ticosdi=0 
Tasin e^-T^ sin ^i- W=0 ; 

where tf^, 0^ are the inclinations to the horizon of the tan- 
gents at the ends of the portion solidified. The first asserts 
that the horizontal part of the tension is the same at P 
and Q, ie, all through the chain. The second asserts that 
the difi^erence of the vertical parts of the tensions at any 
two points is equal to the weight of the part of the chain 
between them. By proper mathematical methods these 
data lead to the results already obtained. In fact the 
equations we have just obtained are the first integrals of 
the equations in § 267. 

§ 269. Third Method, — ^The potential energy of the chain ia 

with the sole condition 

I -j-dx= constant, 

the limits of integration being fixed, and the same for each expression. 
Hence, by the rmes of the calculus of variations, we have the same 
equations as before. 

§ 270. Still supposing gravity to be the only applied force, there are 
many forms of important questions which can be 
Mass of chain to solved by any one of these methods. We will take 
hang in given some simple, but varied, examples. 

curve. Find how the mass of unit length of a chain must 

vary fronn poiTvb to point so that the catenary may he 
an assigned plane carve. 
We have, as before, 

MY'-' a^tY'^' 

but fx is now an unknown function of s. 
As before, we have 



'^=T». -^i(l)=g- 



From the assigned equation of the catenary, the value of ti follows 
by the second of these conditions. 

For example, suppose the chain is to Jiang in an arc of an a,ssigned 
circle. Referred to the lowest point of the circle, the equation is 

x^=2ay-y^, 
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where a is the radios. From this we have 



so that 



dy X . s 

-rr-= =tan- » 

dx a-y a 



To a5 
/A= — sec*- • 



ag 



a 



The tension at the lowest point is thus equal to the weight of a piece 
of chain like that at the vertex, and of length equal to the radius of 
the circle ; the mass per unit length becomes greater, without limit, 
as we approach the end of a horizontal diameter. 

Next find the form of the chain when the mass of any are is propor- 
tional to its horizarUal projection. This is a rough 
approximation to the case of a suspension bridge Suspension 
where the roadway is uniform, and much more massive bridge, 

than the chains, to which it is attached throughout 
by vertical ties. The equations are as before, but the additional con- 
dition takes the form 

M3-=A*0i a constant. 



This gives 



dx 



d^__Ml 
d3? To 



and the chain forms a parabola whose vertex is downwards, and whose 
axis is vertical. 

As a final example, we have what is called the catenary of uniform 
strength ; that is, the form in which a chain hangs 
when the tension at every poirvt is proportional to the 
breaJcing stress at that point. Here we suppose the 
strength to be proportional to the section, i.e. to the 
mass per unit length. This gives the condition 



Catenary of 

uniform 

strength. 



Hence 



or 



where a=elg. 

The immediate integral is 



T=efi, 

ds\dxj eTo e dx 

da?~a\dx) ~ay^\dK) )' 



2=*'<^C);^ 



and the second integral may be written, by proper selection of origin, 
in the final form 



c*^'*=sec- • 
a 
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This curve has obviously two vertical asymptotes dis- 
tant ± ^wa from the axis of y. The quan- 

mi span. ^.^^ ^ .^ ^^j^^^^j ^ ^^q tenacity of the mate- 
rial ; and thus we see that there is a limit (even in this 
simplest case) to the span of a chain, however strong, 
formed of any known kind of matter. 

It is a very carious fact that, if we write the equation of this 
catenary in tenns of the arc and the radius of curvature, it becomes 
identical with that of the common catenary in terms of Cartesian 
co-ordinates, horizontal and vertical. For we see at once that 

ds X 

3-=8ec » 
dx a 

so that 



while by the previous equations 



1 da? 


X 

cos- 
1 a 


\dx) 


ds a 
dx 


^l>-^" +,-•". 

^V 


Compare § 267. 



Thus finally, 



§ 271. When the chain is not uniform, and when it is subject to the 
action of other forces than, or besides, gravity, the equations are 



ds 



(t^)=--. i('^^)=-^. M)-'^' 



where X, Y, Z are the component forces on unit mass. These three 

equations are necessary and sufficient ; for fi is sup- 
Catenary posed to be given in terms of «, and thus we require 
general. only the value of T, and the (two) equations of the 
catenarv. 
The first members of the equations above consist each of two 
terms, viz. :— 

dT ,,. ,. J J.' A t. dx dy dz 

-^ multiplied respectively by ^ , ^ , ^ , 

and 

-multiplied by ^, p^, ,^; 
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p being the radias of curvature of the chain. Hence (§ 22) we conclude 
that, so far as the tension alone is concerned, the forces on an elemen- 
tary unit of len^h of the chain are dT/ds in the direction of the tan- 
gent, and T/p m the direction of the radius of absolute curvature. 
These must balance the corresponding components of the external 
forces on the element. Hence we see that the resultant of the applied 
forces lies, at every point, in the osculating plane. Thus we have 

Here S and N are the tangential and normal components of the applied 
forces per unit length of tne chain. 

But when a unit particle moves in a curve, we have always 

dv dv c,, jV^ -,, Catenary as path 

^=«^=S, and-=N. of particle. 

where S' and N' are the tangential and normal components of the 
requisite force. If we write these in the form 

~=- -=— 
ds V* p~ V* 

and suppose that the curve in which the particle moves is the same as 
the catenary above, while the speed at each point has the same 
numerical value as the tension, we see that we must have 

§!-§.'- -s E-E__w. 

V T ' V T 

or 

S'=-ST, N'=-NT. 

Thus the catenary will be the free path of the particle provided the 
force applied at any point is equal to the reverse of the product of that 
acting on the chain by the numerical value of the tension of the chain 
at that point. 

Conversely, if we take any case of free motion of a particle, a uni- 
form chain will hang in the corresponding orbit under the action of the 
same forces each reversed, and divided by the numerical value of the 
speed at the corresponding point of the orbit. Thus we can at once 
pass from particle kinetics to corresponding cases of catenaries. 

In the case of a projectile, the path is a parabola, the force is con- 
stant and parallel to the axis, and the speed is as the 
square root of the distance from the directrix. Hence, Parabolic 
that the parabola may be a catenary under gravity, catenary, 
it must be turned vertex downwards ; and the mass 
of the chain per unit length at any point must be inversely as the 
square root of the distance from the directrix. It is easily found from 
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this that the mass of any arc of the chain must be proportional to the 
length of its horizontal projection, as in the second problem solved in 
§270. 

In the case of a planet we have 

Elliptic catenary. tj*=/Lt(2/r- 1/a). ' 

Hence a chain will hang in an ellipse if it be repelled from one focus 
by a force varying inversely as the square of the distance, the mass per 
unit length of the chain bemg directly as the square root of the distance 
from that focus and inversely as the square root of the distance from 
the other. If the chain be uniform, the law of the repulsive force 

from the first focus must be l/Vr^r' instead of 1/r^, where r, r' are the 
distances &om the two foci. 

§ 272. When a chain or string is stretched across a 
cylinder, the surface must exert a reaction on 
^r^^^r^ it to keep it in its curved form. The pre- 
ceding investigation has shown that the 
force normal to a chain per unit length at any point is 
balanced by T/p per unit of length, which must therefore be 
the magnitude of the normal reaction. We may establish 
this, however, in a very simple manner, as follows : — 
Let AB (Fig. 67) be a small portion of the cord, and 

AC, CB the tangents at its 
Q .,,-- — extremities; and let the 

(small) exterior angle at C 

be 6. Then, p being the 

Pio, 67, ^ normal force per unit length 

of the string, we have at 
once 

J?. AB = 2T8ini^=T^ 

ultimately. But AB = pO, so that 

JP=T//>. 

If there be friction, and if the element of the rope be just 

about to slip, in consequence of the differ- 
rough cyUnder. ®^^® ^^ *^® tensions at its ends, we have 

V-T=fip.AB=fiTe, 
so that 

T' = T(l+Ai^). 







J confine 
that T/,t 
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the cord reduced to rest^ and an undulation, of any, but 
unvarying, form and dimensions, running along it with 

linear speed ^Tjm. 

Suppose the tension of the cord to be equal to the 
weight of W pounds, and suppose its length I feet and its 
own mass w pounds. Then T = W^, Im = w^ and the speed 
of the undulation is /JWlg/w feet per second. 

§ 274. As will be shown later, when such an undulation 
„ ^ , , reaches a fixed point of the cord or chain, it 

Reflected wave. . n i j j \. ^ ^ xi. j 

IS reflectedf and runs back along the cord 
with the same definite speed. But the reflected form 
differs from the incident form in being turned about in its 
own plane through two right angles. When the string is 
fixed at both ends any disturbance runs along it, backwards 
and forwards, with this speed, and thus (in a piano or 
harp) administers periodic shocks to the sounding board, 
causing it to give out a musical note. The interval 
between these periodic shocks at either end is of course 
the time taken by the disturbance in running from end to 
end of the string and back again. Dividing the doubled 
length 21 of the string by the speed above reckoned, we 
find for this interval the value 

2\/wl/Wg= 21^/mfWg, 

the reciprocal of which is the number of impulses per 
second. It is thus seen to be directly as the square root 
of the tension of the string, inversely as the square root of 
its mass per unit of length, and also inversely as its length. 
These are well-known facts in Acoustics. 

It is to be observed that there is no necessity for 
limiting the proposition of § 273 to a plane curve, though 
we have treated the question as if it were such. The 
demonstration there given applies even to a knot of any 
form. But the results of the present section are, in 
general, confined to cases in which the radius of curvature 
is always great compared with the diameter of the cord 
(see § 280). 
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§ 275. We will now consider more particularly the 
vibrations of a musical string, whose tension 
is great and its own mass small mS^tei 

Forming the equations of motion as above hinted, 
we have tfree of the type 



^(ag)=-Mx-.). 



In the special case of a tightly stretched and practically inextensible 
string, performing very small transverse oscillations, we may greatly 
simpUfy these by assuming that no external forces act. This implies 
that the weight of the string is negligible in comparison with the 
tension. If the axis of a; be taken to coincide with the undisturbed 
position of the string, we have to the second order of small quantities 

as the condition that the string is not extended. 
With this the equation above written becomes 

or the tension is the same throughout. The second and third 
equations now become 

The y and z disturbances are therefore of the same general character, 
and perfectly independent of one another. We will therefore confine 
our attention to one of them. From the equations we see that T//t 
must be of dimensions [L^T^l and we wiU therefore write for it a^ 
where a of course represents a speed. 
The equation in ^ is now 

whose integral is known to be 

y=f{(U-x) + F(at+x), 

where / and F are arbitrary functions. As we have already seen 
(§ 53), the first part of the value of y expresses a wave running with 
speed a along the axis of x in the positive direction ; the second part 
a wave in the negative direction with the same speed. Thus we see 
that any small disturbance whatever, of a stretched string, gives rise 
to two series of waves propagated in opposite directions with equal 
speeds. Also, as the equation is linear, the sum of any two or more 
particular integrals is ako an integral. 
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If we sappose one extremity of the string to be fixed at the origin, 
we have the condition a;=0, y=0, and therefore 

One end fixed. =f((U) + Yifli), 

As this holds for all values of t, the function F is simply the negative 
of/, so that 

y =f{ai - x) -/{at + x). 

To investigate what becomes of a disturbance which runs along the 
cord to the fixed end, let us suppose that/[r) (which, by the remark 
above, may represent anv part of a disturbance of the string) is a 
function which vanishes lor all values of r which do not lie between 
the positive limits p and q, but which for values of r between these 
limits takes definite values. Then at time ^=0 we have 

for, by hypothesis, f{r) vanishes for all negative values of r. This 
denotes a disturbance of the string originally extending from x=p to 
x=q, which runs up to the origin. After the lapse of any interval 
greater than q/a we nave 

y=f[ai-x\ 

foT at+x has now become greater than q. This is a wave of exactly 
the same form as before, but the sign of the disturbance and the 
direction of its propagation are both reversed. Every portion of a 
wave is therefore reflected, with simple reversal of the displacement, 
as soon as it reaches the fixed end. For we may take the limits p and 
q as close together as we choose. 

Now suppose the string to have another fixed point at a;=^. Then 
we have 

Both ends fixed. =f{at - 1) -/{at + 1), 

Thus/ is (§ 67) a periodic function, of period 2l/a, and can therefore 
be expressed as a series of simple harmonic terms ; of the full period, 
half period, one-third period, etc. Hence we may write, the coefficient 

i being put in for convenience, 

« 

y = JSj*" Am COS wml'^at -x)+ JSi*' B^ sin irml-\at - x) 
- JSj* Am COS irml-\at +x)- JSj* B^ sin vml-\ai + x) 
= 2)i* Ato sin Tml-'^ai sin Tmlrhi - Zj* B^ cos irml-^at sin irmZ-^ 

This expression contains the complete solution of the problem. To 
adapt it to any particular case, we must know at some definite time 
(say ^=0) the value of y in terms of x, i.e, the initial disturbance ; 
also the corresponding value of ^. We have then 

yo = - Sj"' Bto sin 7rml~^x 
ya = -y2i°° mAfn sin 7nnl''^x, 
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■^ Voi Po Bxe given in terms of x, we can find, by the process of § 67, 
the values of A^ and B„», and thence the required value of y. This 
question will be further treated in Chapter XL 

§ 276. As another example, suppose a uniform chain to be sus- 
pended by one end, and to make small oscillations in 
a vertical plane. Oscillations of a 

We cannot enter here into details ; so we simply chain fixed at 
assume that elementarv persistent harmonic solu- one end. 
tions are possible, or, what comes to the same thing, 
that there are permanent forms in which the chain can rotate about 
the vertical from the point of suspension. 

If the axis of x be vertical, the equations of motion are 

where fi is the mass of unit length of the chain. As the oscillations 
are supposed to be small, we may neglect the change in the vertical 
ordinate of any point of the chain, because it must be of the second 
order of small quantities if the horizontal displacement is of the first 
order. Hence we may put everywhere x for s, and therefore consider 
X to be independent of t Thus the first equation becomes 

dT 

whence 

T=fJig{l-x\ 

where I is the length of the chain. The second equation then becomes 

or, if we measure x from the lower end of the chain upwards, 

cto^ dx g ' 

The complete integral of this equation would be much more general 
than we require, for it would express every possible small motion of 
the chain, however apparently irregular. What we seek are the fimda- 
mental modes of simple harmonic oscillation, any number of which, as 
in the case of a musical string, may be superposed. Hence we may 
write 

y=7jsui(nt + a)f 

where n is a numerical quantity as yet undetermined, but confined 
to one or other of a series of definite values ; i;, on the other 
hand, is a function of x only. With this value of y the equation 
becomes 

Xj-R + J- H — fi = 0. 
dx^ dx g 
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By the usual method of undetermined coefficients we easily find the 
particular integral. 

This series is obviously convergent for all finite values of m^/(/. 

The quantity A represents the semi-amplitude of oscillation of the 
lower extremity of tne chain. The conoition that the upper end is 
fixed gives 170=0 for a;=Z, i,e. 

The roots of this equation (which are all real and positive) give the 
values of n for the several fundamental modes of vibration. 

We have 17^=0 for the following values of nH/g : 1-446, 7*62, 18*72, 
34*76, etc. 

From these we find for the periods of the various simple disturbances 
the following multiples of the period of a simple pendulum equal in 
length to the chain, viz. 0*83, 0*36, 0*23, 0*17, etc. When n^/g has 
the least of the above values, the chain is always entirely on one side 
of the vertical, and the time of a complete oscillation is to that of a 
simple pendulum of the same length as 5 : 6 nearly. 

The general integral is of the form 



'^^^^/f')- 



§ 277. When a free chain, at rest, has an impulsive tension applied 
at one end, the calculation of the conse<^uent im- 
Impulsive pulsive tension at different parts of the chain and the 
tension. velocities generated is very simple. 

For, calling the instantaneous speeds along the 
tangent and along the radius of absolute cm vature v, and Vp respect- 
ively, we have 

^ = flV^8, T/p = fJLVpf 

where fi is the mass of unit length of chain at 8, It is obvious that 
there can be no impulsive speed perpendicular to the osculating plane. 
The kinematical condition is simply that an elementary arc ds is not 
altered in length. But the tangential increment of speed alone would 

imply an increase of the length of ds in the ratio 1 +-7^d^ : 1 in time dt. 

Also the impulsive speed Vp would imply a diminution of its length in 
the ratio 1 - VpSt/p : 1 by virtually making it an arc of a circle of 
smaller radius, but subtending the same angle at the centre. Hence, 
neglecting the square of 8t as compared with its first power, we find 
for the kinematical condition 

ds p 
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This gives, by enabling us to eliminate the impulsive velocities, 

c[s\in ds ) fi ^~ 

If the chain be uniform, this becomes 

<CT T 
d^ />2-"- 

The whole kinetic energy generated in the chain by the impulse is 

and the condition that this shall be a maximum is the differential 
equation above. This is a particular case of a general theorem due to 
Lord Kelvin, viz. : — 

A material system of any Mndj given at rest, and, subjected to an im- 
pulse in any specified direction and of any given magnUvde, moves off 
so as to take the greatest amiount of kinetic energy which the specified 
impulse can give it. 

The direction in which an element of the chain begins to move is 
inclined to the tangent at an angle <f> where 

tan0 = -^= -=• 

V, (^ 

ds 

§ 278. It is to be observed that, in such questions as those just 
treated, the possibility of an impact's being propa- 
gated instantaneously along the whole length of a Waves of exten- 
chain depends upon its assumed inextensibility. sion of a string. 
When a wire (such as that employed for a distance- 
signal on railways) is regarded as extensible, there is a definite speed 
with which a disturbance of the nature of extension is transmitted 
along it. 

Thus, recurring to the equations of § 276, we see that for the motion 
of a stretched elastic string in the direction of its length we have 

If there be no applied forces, X=0. Also, if we use x instead of » 
to characterise a particular point of the string, we must put aj+f for 
X and X for s, ^ being a function of x and t which denotes at any 
instant the displacement of that point. 

The physical condition is expressed by Hookers Law in the form 

19 
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dx 
Henoe 

This expresses (as in § 275) the passage of simultaneous waves. They 
are now waves of longitudinal, not of transverse, displacement. 
The nature of the interpretation of the equation is of the same general 

character as before, the speed being v^/m* 



CHAPTER IX 

DYNAMICS OF AN ELASTIC SOLID 

§ 279. This subject, which is a very extensive and 
difficult one, and in its generality quite unsuitable for 
discussion here, is treated from a very elementary point of 
view in Properties of Matter, Chap. VIIL, to which 
the reader is referred. We therefore content ourselves 
with one or two examples, whose treatment is compara- 
tively simple, while their applications are frequent and of 
considerable practical importance. 

§ 280. Even so restricted a problem as that of 
determining the form assumed by a wire or ^^ ,. j • i 

1 °- , . . , . Cylinancal or 

thin rod of homogeneous isotropic elastic prismatic wire, 
material, under the action of given forces originally 
and couples, presents somewhat formidable straight, 
difficulties unless in its unstrained state the wire be straight 
and truly cylindrical or prismatic. And, even with these 
limitations, the problem again becomes formidable if we 
introduce the consideration of non-isotropic material ; while, 
in any case, if the radius of curvature at each point is not 
very large in proportion to the thickness of the rod in the 
plane of bending, the problem is to no appreciable extent 
simplified by the limitation of form of the body. We will 
therefore give the comparatively simple case of the mere 
bending and twist of a homogeneous isotropic wire whose 
natural form is cylindrical or prismatic, the amounts of 
these from various sources being so small as b din 
to be superposable. Bending lengthens one 
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set of lines of particles originally parallel to the axis of the 
m-^ wire and shortens others. Twist lengthens 
all but one such line, forming them into 
helices. The more detailed investigation, which we can- 
not give here, shows that there is one line of particles (the 
'' elastic central line '') which passes through the centre of 
inertia of each transverse section, and which may be treated 
(under our present limitations) as rigorously unchanged 
in length. The mutual molecular action of the parts of 
the wire on opposite sides of any transverse section may 
of course be reduced to a force and a couple, and the force 
may be conveniently treated as passing through the centre 
of inertia of the section. Also the twist and curvature of 
the wire near this section obviously depend on the couple 
and not on the force. For the moment of the couple is in 
general finite, while that of the force (about any point in 
the corresponding element of the wire) is infinitesimal. 

§ 281. Let any two planes, at right angles to one an- 
other, be drawn through the elastic central line before 
distortion ; and let them be cut in lines PR and PS by a 
transverse section through each point P of the central 
line. Also let PT be an elementary portion of that 
line. Then it is clear that the form of the distorted 
wire will be completely determined if we know the form 
assumed by the central line, and the positions taken by 
the lines PR and PS drawn from each point in it. In 
their new positions FT', P'R', and P'S' will still form (in 
consequence of the limitations we have imposed) a rect- 
angular system ; and the nature of the distortion will be 
clearly indicated by the change of position of this rectan- 
gular system as it passes from point to point of the 
distorted central line. The plane of rotation of PT is the 
osculating plane of the bending; its rate of rotation in 
that plane per unit length of the central line is the amount 
of bending ; and the rate of rotation of the system FR', 
P'S', about PT, per unit length of the central line, is the 
rate of twist. Suppose P' to move with unit velocity along 
the distorted central line, and let p, o-, r be the angular 
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velocities of the system about F'R', P'S', P'T respectively, 
then p represents the curvature (or bending) resolved in 
the plane ST'T, <r that in KF'T, while t represents the 
twist. 

Now, if the elastic forces constitute a conservative system, the 
amount of work done on an element of the body cor- 
i*esponding to a length ds of the central line is to be Expressions 
calculated entirely from its change of fonn. It must for force and 
therefore be expressible in the form couple in terms of 

bending and 
wSs twist. 

where wisa. function of p, a^ t ; which must be such that the couples 
producing the bending are 

dw , dw 
dp da * 

while that producing the twist is 

dw 

These, again, are functions of p, <r, r, and they must, on account of the 
principle of superposition, be linear and homogeneous. For, within 
the limits to which we have restricted ourselves, the doubling alike of 
bending and twist must involve the doubling of each of the couples. 
Thus w must be a homogeneous function of p, a-, t of the second degree. 
Hence we may assume 

w = 4( Ap2 + B<r2 + Cr2 + 2D/w + 2E(rr + 2Frp), 

where A, B, C, D, E, F are quantities depending on the form of the 
section of the wire and the nature of its material at each point. This 
gives 

^ = Ap + D(r + Fr, ^=Dp + B<r + Er, ^=Fp + E(r + Cr. 

Hence, when the couples are assigned, the amounts of bending and 
twist are at once calculated from them. But the expression above is 
much more general than we require for the limited case we are con- 
sidering. For, if the only couples applied to a portion of the prism or 
cylinder considered be in planes perpendicular to its length, twist only 

will be produced. Thus, for -T-=^i t~=^> we ought to have also 

Cup ■ (Uf 

p=0, <7=0. Hence E and F both vanish, and we have simply 

w = i( A/)2 + 2D|5<r + B(r2 + Cr*). 
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This may be reduced, by properly selecting the planes originally drawn 
through the elastic central line, to the form 

Now we see that 

dw . dw n dw ^ 

^=Ap, ^ = Ba^ ^=Cr. 

§ 282. In a prismatic or cylindrical wire of homogeneous 
isotropic material, the elastic central line is thus a torsion 
axis simply. Equal and opposite couples, applied to the 
ends of such a wire, in planes perpendicular to its length, 
produce twist in direct proportion to the moments of the 
couples. There are two planes perpendicular to one 
another, and passing through this line, such that, if equal 
and opposite couples in either of these planes be applied at 
any parts of the wire, the portion between is bent into a 
circular arc in that plane. These are the principal planes 
of flexure. The quantities A and B which, when multi- 
plied by the amount of bending in either of these planes, 
give the moment of the corresponding couple are called 

the principal " flexure rigidities " of the wire, 
rigidity. When they are equal (as in the case of a 

wire of circular, square, equilateral trian- 
gular, etc., section) any plane through the axis is a principal 

plane of flexure. C is the torsional rigidity 

fixed at one end and a couple applied at the 
other, the wire assumes the form of a circular helix. The 
exceptions (or rather particular cases) are : — (a) when the 
plane of the couple contains the elastic central line, and 
there is mere flexure, without twist ; (b) when the plane 
of the couple is perpendicular to the wire, and there is 
twist simply. 

§ 283. As an example of the preceding theory, take 

Flexure of ^^^t the case of a uniform plank clamped 

plank by its horizontally at one end, and otherwise un- 

own weight, supported. This is obviously the same as 

the case of a plank of double the length, supported by a 

trestle placed under its middle. We assume as before that 
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the radius of curvature is always very large compared with 
the thickness of the plank. 

In all such cases we may at once apply the principle of 
§ 266, and suppose one portion of the plank up to a section 
P to be fixed in its equilibrium position. The curvature 
immediately contiguous to P will then be simply propor- 
tional to the moment about P of the forces acting on the 
unfixed portion. Hence at the free end there will be no 
curvature, and the curvature at points near that end will 
be of the second order of infinitesimals; i.e. its rate of 
increase at the end vanishes. 



Let X be the length of the fixed portion, I the whole length of the 
plank. Then, as the deflexion y from the horizontal is always very 
small, the curvature is expressed (§ 22) by d^/da^, so that we have at 



once 



/l-x 
a/dx^= -ifig{l-x)^. 



where E is the ^^flexural rigidity'' of the plank, and fi its mass per 
unit of length. 
Successive integrations give 

e2=b+jw(z-*)», 

and 

Ey=A-B(l-x)- ^fig{l - x)K 

The terminal conditions are 
fora;=0, y=0, ^=0; 

andfora:=Z, g=0, g=0. 

The last two are obviously satisfied. 
The two. former give 

Hence 

Ey = - ^fJi^iBl* - iP(l -x) + {l- X)*). 

Thus the droop of the free extremity {x=l)]a 

8 E 8E* 
where W is the whole weight. 
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If the plank had been weightless, but loaded at the free end with 
a weight W, oUr equation would have been 

and we should have had 

Ey = A' - B'{1 - a) - 4 W(Z - x)K 
The terminal conditions at a;=0 are as before, so that 

B' = - i Wr», A' = - i W/s + J Wi« = - iWPy 

and the droop of the free end is WZ'/SE, greater than before in the ratio 
of8:3. 

If the plank be again looked on as heavy, but its free end be sup- 
ported on a trestle which is pressed upwards till it acts with a force 
W, we find directly 

Eg=W(Z-a:)-i)u^(Z-aj)2 

Ey = A" - W(l -x)-\- JW(Z - xf - ^fxgil - x)*. 

The terminal conditions, at a;=0, are still as in the first case, and they 
give 

when the amount by which the free end is raised is 

This is obviously the same as the amount of depression of the middle 
of a plank of length 21 supported by trestles at each end. 

§ 284. Hence the droop of the middle of a plank resting 
on trestles at its ends is to that of the ends when the plank 
rests on a single trestle at the middle in the ratio of 5 : 3. 

If the equation expressing the curvature in the first 
or third cases above be twice differentiated, the common 
result is 



DYNAMICS OF AN ELASTIC SOLID 297 

The simplicity of this expression leads us to seek for the 
most general form. Suppose the plank to Horizontal 
be exposed to any system of forces in lines piank under 
perpendicular to its length and breadth, any vertical 
Then, if any transverse section be made, the forces, 
stress between the two portions of the plank will consist of 
forces ( i G) and couples ( ± H) in the plane of length and 
thickness. Let the applied forces be N per unit of length. 
Suppose also, as before, that the radius of curvature is very 
great compared with the thickness. Then the equations of 
equilibrium of an element are 

dx ax 

We have also the condition of bending, viz. 

E X curvature = E^ = H. 
Eliminating H and G among these equations, we have 

dx!^ db^ dx * 

which of course includes all the previous particular cases. 
We may now determine (under the limits imposed) the 
form of a uniform plank of any length, supported in a 
nearly horizontal position at different points in its length, 
and loaded at any assigned points with any weights. The 
importance of this in practice is obvious. 

§ 285. But we may easily take a further step, and in- 
vestigate the oscillatory motion, so long at vibration of 
least as the acceleration parallel to the plank or 
length of the plank and its rotation are flat spring. 
negligible. For in such a case, if fi be the mass per unit 
of length, the equation of motion is (§ 207) 

We will consider only the case in which the applied force 
N may be neglected. This is practically the case of a 
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uniform wire or flat rectangular spring. Suppose, further, 
that it is fixed at one end and free at the other, like 
Wheatstone's '* kaleidophone," or like the tongue of a reed 
organ-pipe. 

Then, writing n^ for the fraction iif&f we have 

g+»V=o. 

A particular integral may obviously be found in the form 

y=i7C08(i^^/n3+o) . . . . (1), 

where 17 (a function of x) and iln (a constant number) have to be 
found ; a is any constant. The substitution of this value of y 
leads to 

the complete integral of which is 

i7=Ac**+Bc-**+Cco8(m;+D). 

Now, provided the value of i be properly determined, the motion 
represented by (1), with the above value of 17, can exist by itself; and 
the most general motion of which the spring is capable (under the 
limits imposed) consists of superposition of a number of separate motions 
of a similar character. Hence this may be treated by itself. Our 
limiting conditions in the present case are 

a;=0, 17=0, -^ = at the fixed end ; 

and 

a;=Z, ^=0, -^=0 at the free end. 

Now, from the value of 17 above, we have expressions for these differ- 
ential coefficients. Thus we have four equations, which enable us to 
determine i and the ratios of B, C, D to A. The equation in i is 

(6«+e-«)cosi7+2=0. 

Here the multiplier of cos il is always greater than 2, except in the 
special case of i=0, which we obviously need not consider, as it gives 
y=0, and therefore belongs to the statical problem abe€tdy considered. 
Hence as, to make cos il negative, il must be greater than ^ir ; and, 

as€^+6~^=5 nearly, it is clear that the excess of the first value of 
U over ^ir is somewhere about 0*3. The next value falls short of fir by 
a quantity of the order y^, the next exceeds %ir by a quantity of the 
order gtW» etc. The required values arrange themselves in two groups. 
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one of either group being taken alternately. The first group involves 
arcs a Httle greater than but rapidly approaching to the values of 
(4m + l)iir ; the second consists of arcs a little less than but rapidly 
approaching to those of (4m + 3)iir. 

§ 286. Some of the simplest, but at the same time most 
practically useful, of questions connected Effects of 
with elasticity of solids relate to the changes pressure on tubes 
of form or volume experienced by circular and spherical 
cylindrical tubes or spherical shells exposed shells. 
to hydrostatic pressure. A steam-boiler, the cylinders and 
tubes of an hydraulic press, a fowling-piece or cannon and 
(on a much smaller scale) Orsted's piezometer, deep-sea 
thermometers, etc., afford common instances. All that is 
necessary for attacking such questions is given in Chap. 
VIII. of Properties of Matter, already referred to. For 
it is there shown that, if a homogeneous isotropic elastic 
solid be subjected to a simple longitudinal stress P, uniform 
and in a definite direction throughout its whole substance, 

the result will be linear extension = P(g-+QT) in the direc- 
tion of P, and linear contraction =^(q--qi) ^ *U direc- 
tions perpendicular to P. The quantities n and k, as ex- 
plained in the chapter referred to, are respectively the 
"rigidity" and the reciprocal of the "compressibility" of 
the solid operated on. 

§ 287. The case of the piezometer, in which the vessel 
holding the liquid whose compression is to ^ , 

, o -^. jiA'-.j j, Equal pressures 

be measured is exposed both inside and within and 
outside to the same hydrostatic pressure, is without 
seen to correspond to three equal stresses in piezon^eter. 
directions at right angles to one another. These directions 
may be any whatever, and in each of them the linear ex- 
tension is obviously 



^\\^n'^9k) \6n 9k) ) " 



3k 



P is negative, as the stress is a pressure. Hence the strain 
consists in a simple alteration of volume measured by "P/k, 
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Every part of the walls of the vessel, as well as its external 
bulk, and its interior content, is compressed to the same 
extent 

§ 283. In the case of a cylinder, when the internal and 
external pressures are different, it is clear 

lnteliS2'p.;::L«;. from symmetry that the stresses may be re- 

solved at any pomt of the walls into three 
at right angles to one another, the first (P^) parallel to the 
axis, the second (P^) at right angles to the axis, and inter- 
secting it, and the third (Pg) perpendicular to each of the 
other two. In a transverse section of the cylinder, the 
second of these is radial and the third is tangential to a 
coaxial cylinder passing through the element considered. 
We suppose the cylinder to be closed at both ends, and we 
make the further assumption (quite exact enough for 
practical applications, and most important from the point 
of view of simplicity of calculation) that all transverse 
sections of the cylinder remain, after distortion, transverse 
sections. This is equivalent to assuming P^^ to be constant 
throughout the walls of the cylinder. Hence, if there be 
interior pressure only, the value of this stress must be 

p _ pressure on end of interior of cylinder _ Hal 
^ ~ area of transverse section of walls of cylinder "~aj - a J 

where 11 is the interior hydrostatic pressure, and a^, a^ are 
the internal and external radii. This stress represents a 
longitudinal tension of the walls of the cylinder. 

Let us consider an element of the cylindrical wall, defined as follows 
in the unstrained state : — 

Draw two transverse sections at distances x and jc+ 5x from one end, 
two planes through the axis making an (infinitesimal) angle $ with one 
another, and two cylinders of radii r and r+dr about thejconmion axis. 
In the strained state 6 is unchanged, but x becomes sc + f, and r 
becomes r+p. The distance between the transverse sections was dx ; 

it becomes dx + -j-dx, so that the linear extension parallel to the axis is 

-7- . The distance between the cylinders was 5r ; it becomes 5r+ j-5r, 

so that the radial extension is ~ . The breadth of the base of the 

ar 
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wedge-shaped element was rd ; it becomes {r+p)d, so that the linear 
extension perpendicular alike to the radial line and to the axis is -. 
If we now write, for simplicity, 

the three requisite equations between stresses and strains are at once 
obvious in the form 

^= -/Pi+eP,-/P8 
£=-/P,-/Pa+«P,. 

We have, however, four unknown quantities ^, p, Pg, and Pg, so that 
another equation is required. This must be supplied by one of the 
statical conditions of equilibrium of the element above defined, when 
in its strained state. There is obviously equilibrium in the axial direc- 
tion, and also parallel to the base of the element ; but radially we have 
a case resembling that of an element of a cord as in§ 272. Neglecting 
small quantities of a higher order than those retained, this considera- 
tion gives 

T^dedxdr~{F^rdedx)8r, or F^=^F^r), 

Solving the four equations, and taking account of the boundary 
conditions 

P2= - n when r=ao> aiid P2=0 when r=ai 

we obtain the following values : — 



p 

r 






or, reintroducing the values of e and/, 

d^ Ual 1 



dx aj - aj Sk 
P^ Hal (1 al 1\ 
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§ 289. Thus the nature of the distortion produced in the walls of a 
cylindrical tube by internal pressure may be described as made up 
of a uniform dilatation, whose linear measure in every direction is 

—I — TT S7 » combined with a shear in each transverse section, whose 

. ^ , Hala* 1 ,„ ^- . 
measure is 1± (,._'^.^ ^ (§ M). 

The shorter axis of this shear is radial, and the magnitude of the 
shear is obviously greater for smaller values of r. The inner layer of 
the walls is thus the most distorted. The amount of the distortion is 
directly as the pressure, and inversely as the area of the section of the 
walls. 

When the walls are very thin the shear is practically the same 
throughout their thickness. When they arc very thick, the shear near 

the inner surface is nearly 1=^2"' however fine be the bore. That near 

a" n 

the outer surface is nearly ldb-| — , which vanishes when the bore is 

very fine. Thus it appears that, if a stout tube bursts by the shear 
produced by internal pressure, little is gained either bv making it of 
extremely great thickness or by making it of very small bore. 

The diagrams A and B in Fig. 68 show, necessarily on a greatly ex- 
aggerated scale, the nature of the distortion produced at different parts 







A B Fio. 68. c D 

of the wall of the tube. They represent transverse sections of small, 
orijginally spherical, elements made by planes at right angles to the 
axis. The radial diameters are horizontal. A is an element close to 
the external surface, B an element near the inner surface. The increase 
per unit volume of the interior of the tube is 






so that, if the tube be very thick in comparison with its bore, the in- 
crease is nearly n/?i. In flint glass this is approximately about t^Vt, 
when IT is a ton-weight per square inch. 

§ 290. The reader who has followed the above investigation will find 
no diflficulty in obtaining the corresponding results 
Cylmder under for a cylindrical tube, closed at both ends andexposed 
external pressure, to external pressure H, in the form 
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dx" al-aldk 
p_ Hat fl all\ 

dp_ Ual (1 all\ 
dr a\-a^^k r^ 2nJ' 

The only comments we need make are (1) that the signs of these dis- 
tortions are now negative ; (2) that they are (so far as change of volume 
is concerned) greater than for the internal pressure, as af has taken 
the place of aj as a factor in each term involving k ; (3) that the terms 
involving the rigidity are, except as regards sign, unchanged. 
The change of volume of every part of the walls is 

na\ 1 

a; - al k' 

and the change of volume of the interior is 

The numerical value of the factor 11 { ^+~ ) is about y^jViF for flint 

glass and about ^^nr for steel, when 11 is a ten-weight per square inch. 
There is, however, a peculiarity which (when the walls are thick enough) 
distinguishes this from the preceding case. For k is usually consider- 
ably greater than w, so that a fortiori Zk is greater than 2n, Hence, 
in the value of rf/)/dr, the term van is always greater than that in k so 
long as the pressure is internal. Thus the radial effect is compression 
at all parts of the walls. But, when the pressure is external, we may 
(if the walls be thick enough) find a value of r for which 

dk r^ 2n 

In glass, this occurs when r=l'6ao nearly. At this distance from the 
axis there is no radial change of length ; at greater distances there is 
radial compression, and at smaller radial extension. This is indicated 
in the diagrams C and D in Fig. 68, which, like the former, are greatly 
exaggerate. They represent the distortion of small spherical elements 
of a thick tube, — the first at the inner wall, the second at the outer 
surface. As before, these are sections made by a plane perpendicular 
to the axis of the cylinder. 

§ 291. In a spherical shell of internal and external radii oq and o^, 
the equations become a little more simple on account 
of the more complete symmetry. Spherical shell 

Using the same notation, so far as it is now applic- under external 
able, we have pressure. 
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The statical equation is 

2rP,=|:(r«PJ. 

With these we obtain, for external pressure II, the result 

f al-al\U^r^ in)' 

from which the other equation may be derived by dififerentiation. 



CHAPTER X 

STATICS AND KINETICS OF A PERFECT FLUID 

Hydrostatics 

§ 292. The "perfect fluid " with which we deal is defined 
as incapable of resisting change of shape, p^^^^ „^^ 
Hence the mutual action between the parts 
on opposite sides of any imagined plane drawn in it is 
necessarily perpendicular to that plane. This is called 
pressure (or tension, as the case may be), and is measured 
by force per unit of surface, so that its dimensions 
are [M/L'P]. lu all ordinary liquids, vapours, and 
gases, when in equilibrium, this condition is practically 
fulfilled; but there is always resistance (due to viscosity , 
producing effects precisely similar to those of friction 
between solids) which opposes change of form at a 
finite rate. Hence the equilibrium conditions for the per- 
fect fluid are realised in ordinary fluids ; but the motions 
of an ordinary fluid are usually very different from, some- 
times wholly unlike, those of the perfect fluid under 
similar external conditions. In particular, vortices or 
eddies, which in ordinary fluids are due directly to viscosity 
and can be destroyed only by viscosity, cannot be produced 
in a perfect fluid ; neither, if we imagine them somehow to 
exist, could they be destroyed. 

§ 293. In a fluid, at rest^ the pressure at any point has 
the same value in all directions. Here we ^ 
regard the pressure in any direction as 

20 
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being the average pressure on a plane surface perpendicular 
to that direction, when its area is indefinitely diminished. 

The rate of change of pressure per unit of length in 
any direction is equal to the component, in that direction, 
of the external force on unit volume of the fluid. 

Hence, when there is no external force, the pressure is 
the same at all points and in all directions (§ 287). 
Proofs of these propositions are obtained at once by means 
of the axiom of § 266, combined with the special condition 
of perfect fluidity : — ^viz. that there can be no tangential 
force between contiguous elements. 

First, suppose there is no external force, such as gravity. 
Imagine a portion of the fluid, in the form of a plano-con- 
vex lens, to become rigid. All the pressures on elements 
of the convex surface are directed towards the centre of 
the sphere of which it is a portion ; so, therefore, must 
their resultant This is balanced by the resultant pressure 
perpendicular to the plane surface, and its line of action, 
having to pass through the centre of the sphere, must 
pass through the centre of that surface. Hence the result- 
ant pressure on any plane circular area passes through 
its centre. This proves that the pressure is the same 
at all points of any plane. 

Next, let a triangular prism of the fluid, with ends per- 
pendicular to the sides, be solidified. The pressures on 
the ends must balance one another. Hence the pressure 
is the same on any two parallel planes. 

But the total pressures on the sides must also balance 
one another. By a previous proposition these are coplanar 
forces, passing respectively through the middle points of 
the faces, and therefore meeting in one point. As they 
are proportional to the breadths {Le, to the areas) of the 
sides, and also to the pressures per unit surface, it follows 
at once from the triangle of forces that the pressure per 
unit surface is the same on any two planes. 

We have considerable experimental evidence to the 
effect that liquids are capable of enduring, without rupture, 
very great tension. Statically, of course, it must be subject 
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to the conditions just obtained for pressure. But the 
possibility of its existence is one of the strongest arguments 
we have in favour of that "continuity" of motion (§ 301) 
which we find has to be assumed in forming the hydro- 
kinetic equations. 

§ 294. When external forces ac£, their amounts vary 
as the third powers of the linear dimen- ,,«,.« . , 

- . .,^ , , 1.1,1 ^ ^ 1 Eflfect of external 

sions of similar elements, while the total forces. 

pressures vary as the squares. Hence, in 
the immediate neighbourhood of any point, ie, for in- 
definitely small elements, these forces vanish in comparison 
with the pressures. Thus the pressure is the same in all 
directions at any point. 

It is obvious that this result is true even for a fluid in 
motion. For the resistances to acceleration (§ 207) are 
also as the third powers of linear dimensions, and therefore 
vanish in comparison with the pressures. 

The statement above, as to the rate of change of the 
pressure per unit length in any direction, follows at once 
from the consideration of the equilibrium of a prism whose 
edges are in that direction and its ends perpendicular to it. 

Consider a rectangular element dxSydz, at a point x, y, z in the 
fluid, the density being />, and the components of force per unit mass 
X, Y, Z. If ^ be the pressure at x, y, z, the forces urging the element 
along X positive are 

pdydz + pXSxdydz, 

That urging it along x negative is 

The terms of the second order cancel one another, and we have (for 
equilibrium) simply 

with similar equations for the other axes. 

These, of course, as they stand, express merely the results given 
above. But, if we put them in one, as below, 
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we get the further information that the right-hand member of the 
equation must be, like the left, a complete differential of a function of 
three independent variables. 

When the applied forces form a conservative system we have (§ 179) 

Xdx+Ydy+Zda= -cTV, 

and the equation becomes 

dp= -pdY, 

This requires that p shall be a function of V, or of |?, which comes 
to the same thing. Hence 

§ 295. When a fluid is in equilibrium under a system 
« . - of conservative forces, surfaces of equal 

EMiriaces of , '« , , •. ■• 

equal pressure, pressure are surfaces of equal density, and 
density, and also of equal potential. But the density 
potential. ^^ ^^ otherwise homogeneous fluid depends 
on the temperature as well as on the pressure; so 
that for equilibrium under conservative forces surfaces 
of equal pressure must also be surfaces of equal tempera- 
ture. In this case as well as in that of a naturally 
heterogeneous fluid it is obvious (§ 206) that for stable 
equilibrium the denser parts must occupy positions of less 
potential energy than do the rarer. 

All the ordinary propositions connected with the equi- 
librium of liquids, and mixtures of liquids, under gravity 
and atmospheric pressure alone, and contained in vessels 
of any shape, follow at once as consequences of the general 
result above. And that result takes the obvious form that 
the pressure, density, and temperature depend on the level 
only. 

When V is a many- valued function ; say, for instance, 

V=tan~ .y/x, 

equilibrium is, in general, impossible. For in such a case, even with 
a homogeneous incompressible liquid, the increase of pressure in 
passing from one point of it to another might be made to depend upon 
the course taken. If the hquid were confmed to a ring-shaped channel 
surrounding the axis of z, we could procure equilibrium only by putting 
a barrier across it, so as to make its content a simply connected space. 
When the system of forces is not conservative, equilibrium (usually 
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unstable) could be attained by so arranging the portions of the (then 
necessarily heterogeneous) fluid, that p iMBcomes an integrating factor of 

Xdx+Ydy+Zdz. 

§ 296. As an example, let us consider the compression 
at any depth in a quiet lake whose tempera- ,,.,.,. - 
ture is the same throughout, and thus w^^S^ 
determine how much its level is lowered in by its own 
consequence of the compressibility of water. weight. 
To avoid mere mathematical difficulties, we suppose its 
depth the same throughout, so that we are virtually dealing 
with a vertical column of water in & tube of uniform bore. 
If we consider the column first as incompressible, second 
as compressed, we may denote any layer of the water by 
its depths x and ^ in these states respectively. If 1, /a be 
the corresponding densities, the mass of water in a hori- 
zontal layer of unit area is expressed by either of the 

equal quantities 

dx=pd^. 

It is commonly assumed that water, about 0"^ C, loses 
1/20,000 of its bulk per additional atmosphere, and that 
a water-barometer stands at about 34 feet Taking these 
rough data, we have 

1 — 1 _ * 



34.20,000 

so that 

^"^^V ~ 68. 20, 000 j* 

According to this formula, water which would be 20,000 
feet deep if not compressed by its own weight, would sink 
by -^ part of its depth under the action of gravity. This 
is an exaggerated result, for we know that water (like all 
other matter) must ultimately become less compressible 
as it is already more compressed. 

If we take, for the compressibility of water near 0° C, the more 
correct expression 

vo-v _ 0'3 

~pVo 6000+2?* 
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which, for moderate values of p, agrees with the ordinary assumption, 
we have 

1 _ 0-3p _ - 0-Zx _ ex 

p" 6000+1?" 204,000+*" a+x ^^' 
This gives 

^=ealog + {l-e)x 

The two first terms of this expression coincide with those given above, 
as from the ordinary statement as to compression. 

The higher terms, which are absent from the rough formula above, 
rise into prominence, as compared with the second, as soon as x 
becomes large ; and they show that the results of the rough formula 
give throughout too great an amount of compression. 

§ 297. A mass of homogeneous, gravitatiiig, incom- 

Spheroid of pressible liquid, in the form of an ellipsoid 
liquid rotating of revolution, is capable of rotating, like a 

like a solid, ji^^ body, about its axis of figure. This 
is one of the elementary steps in the important investiga- 
tions regarding the Figure of the Earth, 

We saw in § 135, 7 that the resultant attraction on 
any internal particle has components proportional to its 
co-ordinates, when the axis of figure is chosen as one of 
the rectangular system. The resistance to acceleration has 
components proportional to the square of the angular 
velocity and to the co-ordinates perpendicular to the axis 
of figure. Hence, writing / and g for the p and q of 
§ 1 35, 7, the hydrostatic equation is 

dp=-p {(/- u^)xdx + (/- (o^yydy + gzdz} , 
and the level surfaces for any value of p are 

Thus, that one of these may be the ellipsoid itself, we 
must have 

Putting their values for / and g, and expressing the whole 
in terms of €=«/v/l - e% we have 



o,2=?^^(€2 + 3)tan-'e-3eY 
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This is positive for all positive values of € ; for the factor 
in brackets is 4=^/16 when € is small, and its differential 
coefficient is essentially positive. Thus to each form of 
rotation-ellipsoid corresponds a definite angular velocity, 
which, ceteris paribus, depends on, and is proportional to, 
the square root of the density of the fluid. 

The proposition can be extended to certain cases in 
which no two axes of the ellipsoid are equal. But the 
discussion of these requires elliptic integrals. 

§ 298. In the case of a quiet atmosphere, of uniform 
temperature, the rate of increase of pres- .. , . 

AbHiosDiiBric 

sure per unit of length downwards is pressure, 
simply proportional to the density. But 
as, in this case, the pressure itself is directly propor- 
tional to the density, the problem reduces itself to the 
well-known theorem of the rate of growth of a sum at 
compound interest payable every instant. Thus the 
pressure increases in geometrical progression as the level 
is lowered in arithmetical progression. 

The equation is 

dp 

if z be measured vertically upwards, and if we neglect the curvature of 
the strata and the change of gravity with elevation. But we have also 

p=kp, 

by Boyle's Law ; k being proportional to the absolute temperature. 
These equations give for a calm atmosphere at uniform temperature 

n being the pressure at sea-level, 2=0. 

If we ask what thickness a layer of uniform air, of density equal to 
that at the surface, must have to produce equal surface-pressure, we 
introduce a quantity H (called the "height of the homogeneous atmo- 
sphere ") whose value is found from 

gpQH = Il=kpQ, 

Thus we may write the above equation in the form 

H is, of course, like A;, a quantity proportional to the absolute tem- 
perature. 
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Its value, at 0° C, is about 26,200 feet, as may be seen at once if we 
take the unit pressure, or atmosphere, as equivalent to a height of 
33*9 feet on a water-barometer, and the corresponding density of air at 
0" C. as 0-00129. 

§ 299. A curious question, intimately connected with 

the explanation of mirage-phenomena, relates to the con- 

a^ ^. . ditions of temperature at different heights 

Stationary, etc., i • i i n ^ j , « i. x- » 

states of density, which shall correspond to a " stationary 

state of density, or to more or less rapid 
falls of density per foot of ascent. The case of the 
"stationary" state of course gives a uniform rate of 
increase of pressure, and therefore of temperature, per foot 
downwards. This rise of temperature per foot of descent 
is easily seen to be 273726,200. Any higher rate would 
be inconsistent with stability. 

When the temperature is variable, it is a function of z only (§ 295). 
Thus the hydrostatic equation becomes 

If p is to be stationary in any layer, we have 

^= - ?^= - 273/H, as above. 

If either the density, or the temperature, be assigned as a function of 
2, the equation above gives the other of the two. In particular we 
have the relation 

d , 27Sin + dt/dz 

Tz^^^p = --knTt> 

in which, for stability, the right-hand member must not be positive. 

If we seek the mode of aggregation of a mass of air at uniform tem- 
perature, under the mutual gravitation of its parts only, we are led to 
the curious equation 

•' 

dr\pdrj k ^' 

For it is clear that the mass must arrange itself in concentric shells of 
uniform density, and (§ 133, 7) the applied force on the air in any 



or 
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shell is due to the attraction of the mass within it. A particular 
integral of this equation, indicating a possible distribution, is 



P = 



2irr-« 



Unless there is a spherical containing vessel, this solution involves an 
infinite mass of air provided the density be anywhere finite. For, 
with this law of density, all concentric shells of equal thickness con- 
tain equal masses. 

By making various assumptions as to the dependence of temper- 
ature (implicitly involved in k) upon distance from the centre, we can 
easily obtain interesting integrable forms of the differential equation. 

§ 300. All questions connected with fluid pressure on 
an immersed body, or part of a body, are at pressure on 
once answered on general principles by sup- immersed 
posing a rigidified portion of the fluid to surface. 
take the body's place. Important practical applications 
are those to hydrometry, and to the meta-centre and 
the stability of floating solids. These are all very 
simple matters, so far as theory is concerned, though 
they often lead to mathematical questions of considerable 
difficulty. But their interest is almost wholly practical. 
There is a case, however, of special interest, viz. the pres- 
sure upon a plane suiface (a flood-gate, for instance) 
immersed in a fluid. Here the question becomes one of 
composition of innumerable parallel forces into a resultant 
(the total pressure) acting at a point called the Centre 
of Pressure^ whose position is dependent on the lie of the 
surface and the depth to which it is immersed. 

Suppose a plane circular disc, of radius r, to be immersed in a liquid 
of uniform density p. Let a be the depth of its centre under the 
surface, 6 the angle its plane makes with the vertical. Let the disc be 
divided into horizontal strips, x denoting the distance of one of them 
from the centre. The whole pressure on the strip is 

2^7^-7?dx • gp{a + a; cos 6), 

Hence the total pressure, the integral of this expression between the 
limits x= -r, x= -{-r, is 

rrr^agp, 

depending upon the position of the centre only. 
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The moment of the pressare about the horizontal diameter is the 
integral of the same quantity, with the additional factor x, or 

iirr^gp cos 0, 

Hence the distance of the centre of pressure from the centre of the 
disc is 

SO that if the disc be turned about its centre, into all possible positions, 
the locus of the centre of pressure is a little sphere whose highest point 
is the centre of the disc, and whose radius is inversely as the depth of 
that point under the surface. 

Wnen r is greater than a, there are positions in which the disc is 
only in part immersed, and the question becomes a little less simple. 



Hydrohinetics 

§ 301. Keeping still to the " perfect fluid " as defined in 
§ 292, we define just as before the pressure at any point. 
And the argument of § 294 shows that, when the fluid 
is in continuous motion (to which we confine ourselves), the 
pressure at any point is the same in all directions. 

But there are two preliminary questions, connected with 
y , . the motion of a fluid, which require special 

pomt. consideration. The first is, " What are we 
to understand by the velocity at any point? " 
The second is, "When the velocity is not continuous 
throughout the fluid, what are the characteristics of possible 
discontinuity?" In § 94 we alluded to one form of dis- 
continuity, finite slipping ; and the corresponding fiction 
of a vortex-sheet. In § 294 the other kind, producing 
rupture, was mentioned. For the analytical conditions see 
§ 303. So far as the "perfect fluid" is concerned, the 
velocity when continuous is defined at once (much as 
pressure was defined in § 293) as follows : — 

The velocity at any point, in any direction, is the aver- 
age volume of fluid which passes per unit of time, per unit 
of area, across a plane surface drawn through the point and 
perpendicular to the direction, when the area and the time 
of passage are both diminished without limit. The only 
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part of this definition which requires modification when we 
deal with actual fluids is the phrase " without limit." It 
is certain that liquids, not to speak of gases and vapours, 
have a grained structure of essentially finite, though ex- 
cessively minute, dimensions ; and that contiguous parts of 
this structure have relative motion which, even when its 
range is extremely small, may be very rapid. But our 
definition, from the statistical point of view, will be suffi- 
ciently accurate for the ordinary application to mass-motion 
of real fluids if, instead of the words " without limit," we 
read "to limits depending upon the dimensions of the 
molecular structure, and upon the average time of descrip- 
tion of a molecular path." 

It is clear from what has just been stated that, w^hen 
we apply our results to the motions of actual fluids, we 
must make a wide distinction between the "velocity of the 
fluid at any point " as defined statistically for purposes of 
mathematical calculation, and the " velocity of a particle of 
the fluid " at that point. The assumed continuity of the 
motion is altogether inconsistent with well-known physical 
phenomena, such as diffusion, heat conduction, etc. 

§ 302. We may now consider what changes take place, 
in a short period, in the fluid contents of a ^ ,. , 

£ J 1 i. _x-- £ J. Equations of 

fixed elementary portion of space : — not motion. 
only as regards the amount of matter, but 
as regards the components of momentum of that matter ; 
and the corresponding expressions will give us the equa- 
tions of motion. 

The first of these has already been given as (4') of § 94. "We write 
it again, with the substitution of the more usual expressions u, v, w 
for the components of velocity at any point instead of ^, 17, ^, which 
will soon be required for another purpose. It is 

dp . d{pu) d(pv) . d{pw) _ ... 

dt dx dy dz 

But the expressions (4) and (4') of § 94 are true whatever meaning we 
attach to p, provided its changes inside the element are due to passage 
in and out, through the boundary only. Hence if we put pu for />, the 
left side of (4) will express] the excess of momentum, parallel to x, which 
enters the element over that which leaves it. To this must be added, 
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to make it equal to the right-hand side, the amount of a;-momentum 
produced by external force, and by pressure, in the material contents 
of the element. [In writing the expression it is convenient to put 
pv . u and pw , uin place o{ pu.v and pu . w respectively.] Thus we 
have three new equations, of which one is 

d{p . u) d{pu . u) d{pv . u) d(pw , u) _ _ dp ^ 
dt dx dy dz ~'^ ~^dx 

Notice that, by (1) above, the terms containing the differential 
coefficients of the first factors disappear, so that we have on dividing by p 

du , du , du du ^ 1 dp y^. 

dt dx dy dz pdx 

The three equations of this form, along with (1), constitute the basis of 
the whole subject so far as the interior of the fluid is concerned. 

We may put them in a form which is often more convenient, by 
adopting the notation 

^ d d d d 

^t dt dx dy dz 

where the common effect of the operators is to give total rate of change. 
In other words, we now follow an element of the fluid as it moves, 
instead of dealing with the temporary contents of a fixed element of 
space. (1) and (2) become respectively 

?p fdu dv dw\ - /,/» 

^^''[m+d-y-'-^n ■ ■ • <'' 

"du ^ Idp fcyx 

75T = A -J- • • • , [,^ }, 

^t pdx 

When impulsive pressure is applied (the fluid in such a 
case being necessarily incompressible), as by suddenly 
altering the motion of a solid immersed in it, or by moving 
a boundary, we may take the integral of this last equation 
for an indefinitely short time. It takes the form 

, 1 dm 

p dx 

where T3 is the impulsive pressure. For the time-integral 
of the finite force X is indefinitely small. 

§ 303. The condition at a boundary is obviously that 
(here is no motion across it. 
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This may assume different forms, depending upon what 
is implied by the word boundary. It may, ^ , 
for instance, be the surface of a fixed or condition, 
movable vessel which contains the fluid, the 
common surface of two fluids which do not mix, a 
solid moving in a fluid, etc. Cases in which there is a 
surface of discontinuity of motion in the fluid are left 
aside for the moment We have thus far treated u, v, w 
as quantities which cannot finitely differ in value at points 
of the fluid indefinitely near one another : — i.e, as quanti- 
ties all of whose space-differential-coefficients are essen- 
tially finite. And the result of the present inquiry is in 
no wise inconsistent with this limitation. 

In order to show how widely our assumptions differ 
from physical fact^ we have only to notice that not only is 
viscosity altogether ignored, but diffusion itself is quite 
inconsistent with the sort of continuity of motion above 
described. 

Let the equation of any part of the boundary be, at time t, 

A^y y, 2, 0=0. ' 

At time t + dt, we have changes in a;, i/, z connected by the single rela- 
tion 

(f)«'-(D'»*(f)''*(D-»- 

The first three terms of this expression, when divided by 

V(IMI)-HI)'. 

give the rate at which the boundary moves alon^ its own normal. 
Hence for the parts of the fluid close to the boim£iry we must have, 
simply, 

We might at once have obtained this result, in the form 

1=0 (3'), 

which is equivalent to " once a boundary, always a boundary." But 
students are apt to look on such short cuts with suspicion. 
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§ 304. In addition to these conditions we have another, 

Relation depending wholly upon the physical proper- 

between density ties o£ the fluid itself. This is, as a nile, 

and pressure, merely the special relation between density 

and pressure. £ut^ especially in cases of rapid changes 

of volume during the motion, this is not of the same form 

as the corresponding relation when the fluid is at rest. 

For changes of volume involve production or absorption 

of heat, and consequent change of temperature. This, 

however, is properly a question of Thermodynamics. 

§ 305. The most natural division of our subject is now 

very different from that adopted till comparatively recent 

discoveries. Formerly the division followed the physical 

TV. . . p .r state of the fluid, and thus the treatment of 

Division of the , r v -j x j r 

subject. ^he motion of a liquid was separated from 

that of a gas. Now the distinction is 

kinematical, depending on the character of the motion or, 

what comes to the same thing, the nature of the successive 

strains which- a fluid element suff'ers. 

The broad division of fluid motions into " differentially 
Differentially irrotational " or "simply streaming," and 
irrotational and "rotational" or "vortex," motion has been 
vortex motion, cursorily mentioned in § 92. The precise 
nature of the distinction was first clearly pointed out 
by Stokes, to whom we owe, in very great measure, 
the systematised treatment of the whole subject. One 
of his illustrations must be given here. Let a spherical 
element of a moving fluid be supposed to become sud- 
denly rigid. There will be, of course, internal impulses, 
except when the motion is already that of a rigid 
body. But, as moment of momentum cannot be altered by 
internal causes, the solid sphere will have translation 
only, if the motion be of the first kind ; but rotation as 
well as translation, if of the second. In motions of the 
^ first kind, as is proved in § 94, the velocity 

poteS. components are the partial space- differ- 
ential coefficients of a function of a;, y, 2, and 
f, called from analogy the Velocity Potential, 
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V. Helmholtz took the next great step. He showed 
that the axes of the elementary rotations form continuous 
curves (vortex lines) in the fluid. Further, that if vortex 
lines be drawn through every point of an elementary closed 
curve, so as to form a tube, the fluid contents of that tube 
(vortex filament) preserve their identity : 
while their rate of rotation at any point ^ ®^ ament. 
is inversely as the area of the corresponding cross-section 
of the filament. Thus these filaments, if they are not closed 
curves, can terminate only at a boundary of the fluid. 
Another of these grand results was that rotation is con- 
fined entirely to those portions of the fluid which once 
possessed it. 

Still further insight was given by Lord Kelvin's mode 
of treating the question, which introduced 
the consideration of the " circulation " round 
any closed line, passing constantly through the same set 
of fluid elements. 

In our brief treatment of this part of the subject we 
will follow sometimes one, sometimes another, of these 
pioneers. But, to establish the distinction upon which our 
division proceeds, we give at once the proof that, on the 
assumption of continuity of the motion, those parts of the 
fluid which have no rotation never acquire any. 

§ 306. Let us represent by ^, rj, I the components of 
angular velocity at x, y, z. By the results of § 94 (1) we 
see at once that we have three equations of the form 

^ ^^ Elements without 

2^=^^ — -r • . (4). rotation never 
^ acquire any. 

In finding the total rate of variation of these quantities 
we must carefully bear in mind that d/dt is not commu- 
tative with d/dx, etc. The result is three equations like 

This is obtained, of course, by the help of (2') ; and 
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have also assumed that X, Y, Z form a conservative 
system, while p is a function of p. 

If there be no change of volume, the bracketed term 
on the right in (5) vanishes. Anyhow, these equations 
show at once that if ^, 77, ^ be at any moment zero in a 
fluid element, their rates of increase also vanish, and they 
remain zero. 

§ 307. We commence with the case of motion when 
there is no rotating element. Assume that, as in §§ 94, 
305, we have 

vdx+vdy+tDdz=d4>, 

Let V be the potential of the applied forces, and for 
Motion when ^^® present suppose the fluid to be incom- 
there is a velocity pressible. Equation (1) of § 302 becomes 
potential. that of Laplace, 

^+^+^=0 (6)- 

while the first of (2) takes the form 

^d0^c^ d^ dV . rf0 <^0 _ dY 1 dp 
dtdx dx dx^ dy dxdy dz dxdz dx p dx' 

The common integral of the three equations of this form 
is 



d^ 
dt 



^'{{2)'*(l)'Kt)'}-»-'i ■ <"• 



The term in brackets, on the left, is the square of the 
resultant velocity. In future we wiD write U for this 
velocity, so that we have 

^+JU2=C-V-^ . . . (7). 
dt p 

In solving these equations <^ must be found from (6) so as 
to satisfy the boundary conditions. From it we have at 
once u, V, w; and then (7) gives the pressure. 
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§ 308. Tlte most distinctive property of motion when 
there is a velocity potential, is that it can- Cannot exist in a 
not exist in a fluid which fills a rigid, closed simply-connected 
vessel whose volume is simply connected. ^^^^^ ®P**^®" 

Refer to § 135, 6, and put </> in place of U, and also of 
V in any of the expressions for Green's Theorem there 
given. We have 

the third integral vanishing in consequence of (6) of § 307, 
the condition for a velocity potential in an incompressible 
fluid. But d(f>ldn necessarily vanishes at every point of a 
fixed boundary, so that the right-hand member of the 
equation just written must vanish. This involves, at every 
point in the fluid, the conditions of absence of motion, 

^_.0 ^=0 ^=0. 

dx * dy * dz 

That there may be motion, of the kind specified, in the 
interior, there must therefore be normal displacement 
of some part of the boundary. 

§ 309. It must be carefully noticed that the proposition 
just proved is limited to simply-connected Limitation as 
spaces. It would be inconsistent with our regards simply- 
plan to go into details as to the modifica- connected spaces, 
tions which Green's Theorem requires when we deal with 
complexly-connected regions, or with a perforated solid 
moving in a liquid. But we may show by means of a very 
simple example, which is also an extremely suggestive one, 
the general nature of the new considerations. 

Let tho motion of an incompressible fluid be expressed by 

Av Ax 

whore 

7^ = 3^ + 1/^. 

This obviously corresponds to a velocity-potential 

<f>=Atan-\y/x; 
21 
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and we may assign any two fixed values of r, and two of 2, so that the 
fluid is confined co the space, generally doubly-connectdd, between two 
coaxal circular cylinders of definite length. We may, apparently, 
make the space simply-connected, by abolishing the interior boundary ; 
but, as the linear speed of the fluia is A/r, it is indefinitely great for 
points indefinitely near the axis of z. If we make the ring-space 
simply-connected, by the device of a barrier cutting it across in (/iie 
closed line, the motion assumed cannot exist. 

Remark on the above results (a) that the value of obtained is 
essentially a many-valued function whose value increases by a definite 
amount (2irA) for each element of fluid when it has completed its 
circular path about the axis ; (6) that the motion is dift'erentially 
irrotational, although the whole fluid is turning about an axis ; and 
it w^ easily be seen how vast and complicated is the problem here 
presented in one exceedingly simple case. 

§ 310. Again a marked subdivision occurs, according 
„, , ^. as <f) is, or is not, a function of t When </> 

Steady motion. , : ^ ' j . r . t i.* nj 

IS independent of t we nave what is called 
Steady Motion, in which the motion of the fluid depends 
upon position only ; so that each element of fluid which 
passes a particular point has a definite speed and direction 
of motion when it reaches it. Successive elements follow 
one another like sheep following a leader, each clearing 
obstacles, etc., at the same place and in the same manner 
as did the one before it. This is the case of a steady 
stream, free from eddies. But when a flood comes we 
have an example of the other case. The equations of 
steady motion are thus (§ 307) 

The second of these indicates the singular result that 
steady motion of a homogeneous incompressible fluid lowers 
the pressure at each point below the equilibrium value by 
a quantity equal to the kinetic energy per unit volume. 

A beautiful illustration of this result is furnished by a 
plate placed close to the (flat) bottom of a tall vessel full 
of water. When the water escapes from a central orifice, 
it streams out radially between the two plates, the speed 
being inversely as the distance from the centre of the 
orifice. The plate is pressed upwards towards the bottom 
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of the vessel ; and, if the stream be sufficiently rapid, will 
support a considerable weight. There is here a sort of 
analogy to a boy's " sucker," but the cause of the reduction 
of pressure is quite different. In fact, if the motion of 
the liquid were arrested, the film between the plates would 
become concave in cross-section at its outer boundary, and 
a (statical) capillary diminution of pressure would be 
produced ; now, however, of uniform amount throughout. 
Other illustrations of the hydrokinetic result are furnished 
by spray-jets and jet-pumps. 

§ 311. The path pursued by any portion of the fluid 
is obviously, at every point, perpendicular 
to the corresponding surface of velocity- ^^' 

potential. Hence its equations are 

dx dy dz .^ ^ (gj^ 



\dxj \dy) \dz) 

This is called a stream line, 

§ 312. A very interesting case of steady motion, where 
an exact solution is easily obtained, is that 
of an infinite mass of Uquid whose velocity is ^^Yn c^re^^^^ 
the same at all points except in so far as it 
is disturbed by an obstacle, a sphere fixed in space. 

Here it is clear that the motion is symmetrical about the diameter 
of the sphere which is parallel to the direction of motion of the undis- 
tm-bed fluid. This line we take as axis of a, the origin being at the 
centre of the sphere. If r be the distance of any point of the fluid 
from the origin, and d the inclination of that distance to the axis of a;, 
it is clear that is a function of r and alone. This must have the 
form G-hXy or C - &r cos d, when r is very great, h being the undis- 
turbed speed of the fluid. Also there is no radial motion at the surface 
of the sphere, so that 

dr 

when r=a, the radius of the sphere. These boundary conditions show 
that the variable part of consists of a function of r, multiplied by 
"cos 0, One part of this function is - &r, the rest vanishes at an infinite 
distance. Hence we find that, to satisfy Laplace's equation, as well 
as the boundary conditions above, we must have 



= C-&r^l + ^)cos^. 
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The equations of the stream lines are 

dx dy dz 

- a* /- _ 3^\ 3 a^xy ~ 3 a?icz ' 
^2?\ 'WJ "2 7* "2~^ 

The two last equals show that we are dealing with a system of plane 
curves ; and with the first give 



.=0, C=2^(l-g} 



When C=0, the stream line is partly the axis y=Oy and jiartly a 
meridian of the sphere r=a. ' 

From the value of </> we find at once for that of ^ at the surface of 
the sphere 

p 8 

so that it is the same for corresponding zones, fore and aft. The 
resultant pressure on the sphere, necessarily parallel to the axis of a:, 
is therefore obviously nil. Hence if we impress upon the whole 
system a velocity equal and opposite to that of the distant parts of 
tne fluid, we reduce the problem to that of a sphere moving in an 
infinite fluid originally at rest. And we see that in this case the 
sphere moves uniformly, carrying as it were its system of velocity- 
potential surfaces along with it. Their equation is now 

0=C- 2^008^, 

where it is to be remembered that r is the distance from a moving 
point, x=btf y=0, z=0. 

The liries of motion of the fluid at any moment (for there are now 
no stream lines, since the motion is not steady) are plane curves 
having the equation 



r^zrc^sin^ ; 

where the origin is, as before, the centre of the sphere. 

§ 313. We have seen that all motion of a fluid, when 

Motion of a there is a velocity-potential, is necessarily 

solid in incom- associated with motion of at least part of 

pressible fluid. \}^^ boundary (unless the space containing 

the fluid is multiply-connected). Also we saw in § 308 

that the whole kinetic energy of the fluid can be at 

once expressed in terms of an integral over the boun- 
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dary. Thus the work required to produce a given 
motion of any solid in an infinite fluid can be calculated, 
provided we know the values of <^ and d<t)/dn at the sur- 
face of the solid, and are sure that the boundary integral 
vanishes when taken over an imagined surface every- 
where infinitely distant. This method of attacking such 
questions has the special interest that it gives the effective 
additions to the inertia, and the moments of inertia, 
which are due to the fluid, without any inquiry as to the 
general motion of the fluid itself. And it gives a per- 
fectly natural explanation of such apparently puzzling 
phenomena as the unretarded motion of a sphere when 
left to itself in a mass of liquid, and the instantaneous 
cessation of all motion if the sphere be suddenly stopped. 
The alternative mode of solution must, of course, be 
based upon the final equations of § 302, where we enter 
into details as to the impulsive pressure, and the finite 
changes of speed, throughout the fluid. 



Vortex-Motion 

§ 314. We leave to another chapter the discussion of 
the important forms of motion with a velocity-potential 
which can be classed under the general term fFave ; and 
will now prove a few of the simpler properties of. vortex- 
motion. 

We have already seen that the essential characteristic 
of such motion is that there is no velocity-potential, or 
that the expression 

%(j6iM-\-vdy->r'(Jod% (1) 

is not a complete differential of ^ function of three 
independent variables. 

Of course, whatever be the motion, if i*, % w are 
definite functions of x, y, z (and t, if need be), it is 
possible to calculate the value of the integral of (1) at 
any moment for any assigned curve between two points. 
But it is only when (1) is, so far as x, y, z are concerned, 
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a complete differential, that the value of the integral is 
necessarily independent of the form of the curve, even 
in simply-connected spaces where all paths between two 
points are " reconcileable." 

If, for a moment, we were to regard «, v, w as the 
, components of force at x, y, z, the integral 

circulation, would express simply the work done on a 
particle during its passage along the curve. 
Such an illustration may possibly be useful, it cannot 
be misleading. But there is no such definite inter- 
pretation when u, v, w are components of velocity. 
Lord Kelvin, for want of more appropriate terms, calls 
the integral the flow along the curve, and, when the 
curve is a closed one, the eirculation in it. The student 
must be most particularly warned against a too literal 
interpretation of these terms, for no single element of the 
curve need necessarily form part of the path of an 
element of the fluid. 

§ 315. The true nature of the so-called circulation in 
any closed path appears at once from § 94. Stokes's 
theorem, given in equation (3) of that section, is, with 
our present notation. 

Thus, for an elementary closed path, the circulation is 
the product of the area by double the angular velocity 
about the normal. A finite circuit may (as in § 94) be 
regarded as made up of such elements, where each part 
of the network of common boundary of two elements is 
regarded as being gone over twice in opposite directions. 
Thus the circulation round a finite closed curve is the sum 
of the various elementary areas of enclosed surface, each 
multiplied by double the spin about its normal. From 
the assumed continuity of the motion, this must be the 
same for all surfaces having the same linear boundary. 
If, then, we form a tube, by drawing vortex lines 
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through every point of a closed curve, lying entirely in 
rotating parts of the fluid, the circulation in aU sections 
of such a tube is the same. For it is obvious that there 
can be no circulation round any element of the surface 
of the tube. The tube must therefore form a doubly- 
connected space (vortex-ring or knot), or must terminate 
in the bounding surface of the fluid. By taking the area 
of the closed curve as infinitesimal, we see that, along a 
vortex-filament, the angular velocity is everywhere in- 
versely as the cross-section. 

All this, however, refers only to the state of things at 
any particular instant. We must now consider how it 
varies from instant to instant in one and the same portion 
of the fluid. 

§ 316. We have therefore to consider the rate of 
change of flow due to the displacement xj^* f v 
and deformation of the line of particles of of flow, 
the fluid along which the summation ex- 
tends. It is obvious that 

p-dx=du, etc., 
vt 

so that 

^f(udx+ . . ,)= jf'^x + . . . +iidu + . . .) 

by the equation (2') of § 302. If p be a function of p 
only, the value of the expression is simply the difference 
of the values of 

2 ' } p 

at the extreme points of the line of particles. Hence we 
have, for a closed curve, proof that the circulation remains 
unaltered. 

§ 317. We have seen (§ 94, (1), or Translation 
S 306) how the translational motion of deduced from 
each element of the fluid gives at once rotation, 
the angular velocities of the rotating parts. We must now. 
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after Stokes, show how to find from the assigned values 
of the rotations of the various elements the translatory 
speed of each element of the fluid. [Here it is most 
particularly to be observed that, in the mathematical 
'p&rfed fluid, the only possible connection between rotation 
of one element and translation of another is imposed by 
the assumption of continuity of the motion — an idea sug- 
gested wholly by the behaviour of viscous liquids.] 

For this purpose we have only to solve the equations 

_^ dw dv . ,,. 

^=^-1^'"^ w 

with the condition (due to incompressibility) 

dU ^ , ^_ft /QV 

dx dy dz^ ' * ' • w» 

in accordance with given data as to the values of ^, 17, {" 
throughout the fluid. If we introduce four new and 
independent functions of position P, L, M, N, we may 
write three equations of the form 

efP rfN <ZM ^ 
When these are substituted in (1) and (2), we have 

d^"^ d'f^ d^~^ .... (4), 

with three others of the type 
provided that 

^ + ^+^ = .... (6). 
dx dy dz 

(4) and (5) show that P, L, M, N are potentials, the first 
belonging to matter wholly outside the space to which 
the inquiry extends, and therefore giving terms in i*, «;, «?, 
which are altogether independent of the vortex-motion, 
on which, on the contrary, the others entirely depend. 
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The general solution of (5) can be at once expressed 
in the form 



L=-^jjj^dadbdc,eto.. . . (5'), 



where ^a is the value of ^ at the point a, h, c, and r is the 
distance of that point from Xy y, z. 

To verify (6) we require merely to show that 

But, by partial integration, the right-hand member be- 
comes 

The numerator of the fraction in the triple integral is 
essentially zero, in consequence of the relations connecting 
^, ry, f at any point with the linear velocities. That of 
the fraction in the surface-integral can have no value 
except where a vortex-tube cvis the surface. As it must 
cut the surface an even number of times, we may sup- 
pose the external part of it to lie along the surface ; and 
we have then only, by a mathematical fiction, to extend 
infinitesimally the limits of integration so as to make the 
boundary include it. 

§ 318. The kernel of the whole of the vortex theory 
is Stokes's integral, (3) of § 94 ; taken along with the 
assumed continuity of the motion. But, in the perfect 
fluid, this assumption is wholly gratuitous, for a vortex- 
cylinder (once formed !) could obviously exist in such a 
fluid without producing any external effect due to its 
rotation alone ; unless it were rotating so fast as to tear 
the fluid asunder in spite of its enormous cohesion. 
Whether it would be stable or not, and what the con- 
sequences of its instability, are questions of a higher 
order. 



CHAPTER XI 

WAVES 

§ 319. By the tenn wave is commonly understood a 
state of disturbance which is propagated from one part of 
a medium to another. Thus it is energy which passes, 
and not matter, — though in some cases the wave perma- 
nently displaces, usually to a small amount only, the medium 
through which it has passed. Currents, on the other 
hand, imply the passage of matter associated with energy. 

§ 320. The subject is one which, except in a few 
very simple or very special cases, has as yet been treated 
only by approximation even when the most formidable 
processes of modern mathematics have been employed, — 
so that this chapter, in which it is desired that as little 
as possible of higher mathematics should be employed, 
must be confined mainly to the statement of results. And 
the effects of viscosity, though very important, cannot be 
treated. 

There are few branches of physics which do not present 
us with some forms of wave, so that the subject is a very 
extensive one:— tides, rollers, ripples, bores, breakers, 
sounds, radiations (whether luminous or obscure), tele- 
graphic and telephonic signalling, earthquakes, the propag- 
ation of changes of surface-temperature into the earth's 
crust — all are forms of wave-motion. 

§ 321. When a medium is in stable equilibrium, it has 
no kinetic energy, and its potential energy is a minimum. 
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Any local disturbance, therefore, in general involves a 
communication of energy to part of the medium, and it 
is usually by some form of wave-motion that this energy 
spreads to other parts of the medium. The mere with- 
drawal of a quantity of matter (as by lifting a floating 
body out of still water), local condensation of vapour in the 
air, the crushing of a hollow shell by external pressure, 
the change of volume resulting from an explosion, or from 
the sudden vaporisation of a liquid — ^are known to all as 
common sources of violent wave-disturbance. 

Waves may be free or farced. In the former class the 
disturbance is produced once for all, and is then propag- 
ated according to the nature of the medium and the form 
of the disturbance. Or the disturbance may be continued, 
provided the waves travel faster than does the centre of 
disturbance. In forced waves, on the other hand, the 
disturbing force continues to act so as to modify the pro- 
pagation of the waves already produced. Thus, while a 
gale is blowing, the character of the water-waves is con- 
tinually being modified ; when it subsides we have regular 
oscillatory waves, or rollers, for the longer ones not only 
outstrip the shorter but are less speedily worn down by 
fluid friction. The huge mass of water which some 
steamers raise, especially when running at a high speed, 
is an excellent example of a forced wave. The ocean-tide 
is mainly a forced wave, depending on the continued action 
of the moon and sun ; but the tide-wave in an estuary or 
a tidal river is practically free, — being almost independent 
of moon and sun, and depending mainly upon the con- 
figuration of the channel, the rate of the current, and the 
tidal disturbance at the mouth. 

In what follows we commence with a special case of 
extreme simplicity, where an e/x/ad solution is possible. 
This will be treated fully, partly on account of its own 
interest, partly because its results will be of material 
assistance in some of the less simple, and sometimes ap- 
parently quite diff'erent, cases which will afterwards come 
up for consideration. 
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§ 322. In § 273 above it has been proved by the most 

Transverse waves ®l^^®^*^^y considerations that an inexten- 
on a stretched sible but flexible rope, under uniform 
''^^^ tension, when moving at a certain definite 
rate through a smooth tube of any form, exerts no 
pressure on the interior of the tube. In fact, the rope 
must press with a force T/r (where T is the tension and 
r the radius of curvature) on the unit of length in con- 
sequence of its tension, and with a force - /x^^/r (where v 
is the speed, and fi the mass of unit length) in consequence 
of its inertia. That there may be no pressure on the tube, 
Le. that it may be dispensed with, we must therefore have 

T-fiv^ = Oy or v= '^TlJZ From this it follows that a 
disturbance of any form (of course with continuous curva- 
ture) runs along a stretched rope at this definite rate, and 
is unchanged during its progress. In the proof, the influ- 
ence of gravity was left out of consideration, and this result 
may therefore be applied to the motion of a transverse 
disturbance along a stretched wire, such as that of a piano- 
forte, where the tension is very great in comparison with the 
weight of the wire. But the italicised word any, above, 
gives an excellent example of one of the most difficult 
parts of the whole subject, viz. the possibility of a solitary 
wave. This is a question upon which we cannot here enter. 
If we restrict ourselves to slight disturbances only, 
theory points out and trial verifies that they are super- 
posable. In fact, in the great majority of investigations 
which have been made with regard to waves, the disturb- 
ances have been assumed to be slight, so that we can avail 
ourselves of the principle of superposition of small motions 
{ante § 73), which is merely an application of the mathe- 
matical principle of " neglecting the second order of small 
quantities." The verification by trial is given at once by 
watching how the ring -ripples produced by two stones 
thrown into a pool pass through one another without any 
alteration ; that by observation is evident to any one who 
sees an object in sunlight, when the whole intervening 
space is full of intense wave-motion. 
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§ 323. Returning to our wire, let us confine ourselves 
to a small transverse disturbance, in one plane, and try to 
discover what happens when the disturbance reaches one of 
the fixed ends of the wire. Whether a point of the wire 
be fixed or not does not matter, provided it do not move. 
In the figure below, two disturbances are shown, moving 
in opposite directions (and of course with equal speed). 
Of these, either is the perversion^ as well as the inversion, of 
the other. When any part of the one reaches 0, the point 

B 





FiQ. 69. 




halfway between them, so as to displace it upwards, the 
other contributes an exactly equal displacement downwards. 
Thus remains permanently at rest, while the two waves 
pass through it without affecting one another ; and we may 
therefore assert that the wave A when it reaches the end 
of the wire is reflected as B, or rather that each part of A 
when it reaches goes back as the corresponding part of 
B. B, in the same way, is seen to be reflected from O 
as A. 

Now we can see what happens with a pianoforte wire. 
Any disturbance A is reflected from one end as B, and 
at the other end is reflected as A again. Hence the state 
of the wire, whatever it may be, recurs exactly after such 
an interval as is required for the disturbance to travel, 
twice over, the length of the string. 

§ 324. Remembering that the displacements are sup- 
posed to be very small, our fundamental result may now 
be expressed by saying that the force acting on unit length 
of the disturbed wire, to restore it to its undisturbed posi- 
tion, is T/r or fti;^/r. Thus the ratio of the acceleration of 
each element to its cwvature is the square of the rate of propag- 
ation of the wave. It will be shown below that this is the 
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immediate interpretation of the differential equation of the 
wave motion. 

Let us express the position of a point of the wire, when undisturbed, 
hj X its distance (say) from one end. Let y represent its transverse 
displacement at time t. Then, bearing in mind that the disturbance 
travels with a constant speed v, the nature of the motion, so far as we 
have yet limited it, will be expressed by saying that the value of y, at 
aj, at time t, will be the value of y, at a;+ vr, at time t + r ; or, simply, 

y=/{vt-x). 

For this expression, whatever be the function/, is unchanged in value, 
if < + T be put for t, and a; + 'rr for a; ; and no other expression jwssesses 
this special property. If there be a disturbance running the opposite 
way along the wire, w^e easily see that it will be represented by an 
expression of the form 

Yivt+x), 

These disturbances are superposable, so that 

y=/[vt-x) + Y{vt + x) (1) 

expresses the most general state of disturbance which the wire can 
suffer under the limitations we have imposed. Before going farther we 
may use this to reproduce the results given above. 

Now a;=0 is one end of the wire, and there y is necessarily always 
zero. Hence 

0=f{vt)'\-¥{vt), 

so that the functions / and F differ only in sign. This condition, 
inserted in (1), gives us at once the state of matters indicated by the 
cut above. 

Ux=lhG the other end of the wire, we have the new condition 

The meaning of this is simply that the disturbance is periodic, the 
period being 2l/Vf the other result already obtained. 

Fourier's theorem (§ 67) now shows that the expression / may be 
broken up into one definite series of sines and cosines, whence the usual 
results as to the various simple sounds which can be produced, together 
or separately, from a free stretched string. 

It may be asked, and very naturally, How can this explanation of 
the nature of all possible transverse motions of a harp or pianoforte 
wire, as the result of sets of equal disturbances running along it with 
constant speed, be consistent with the appearance which it often 
presents of vibrating as a whole, or as a number of equal parts separ- 
ated from one another by vwdes which remain apparently at rest in 
spite of the disturbances to which, if the explanation be correct, thiey 
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are constantly subjected ? The answer is given at once by a considera- 
tion of the expression 

y = sin-j-(v< - a;) - sin -ji!^ + ^) 

(where i is any integer), which is a particular case of the general ex- 
pression (1), limited to the circumstances of a wire of length I. This 
indicates, as we have seen, two exactly similar and equal sets of simjple 
harmonic waves runninc simultaneously, with equal speed, in opposite 
directions along the wire. By elementary trigonometry we can put 
the expression in the form 

_ . iirx ivvt 
y= - 2 sm —=- cos -y— • 

This indicates— ^rs<, that the points of the string where x has the 
values 

0, l/i, 2l/if , , . y I 

remain constantly at rest (these are the ends, and the * - 1 equidistant 
nodes by which the wire is divided into i practically independent 
parts) ; second, that the form of the wire, at anjr instant, is a curve of 
sines, and that the ordinates of this curve increase and diminish 
simultaneously with a simple harmonic motion, — the wire resuming 
its undisturbed form at intervals of time l/iv, 

§ 325. This discussion has been entered into for the 
purpose of showing, from as simple a point of view as 
possible, the production of a stationary or standing wave. 
The' same principle applies to more complex cases, so that 
we need not revert to the question. 

Recurring to the general expression for y in (1), it is clear that if 
we differentiate it twice with respect to t, and again twice with respect 
to Xf the results will differ only by the factor tr which occurs in each 
term of the first. Thus 

cU^'^dx^'/idx' . . . . ^z; 

is merely another way of writing (1). But in this new form it 
admits of the immediate interpretation given above in italics. For 

^ is the acceleration, and ^ the curvature. 
dt^ dxr 

§ 326. If the displacements of the various parts of the 
wire be longitudinal instead of transverse, Longitudinal 
we may still suppose them to be represented waves in a 
graphically by the figure above — by laying ^^® °^ ^°^- 
off the longitudinal displacement of each point in a line 
through that point, in a definite plane, and perpendicular 
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to the wire. In the figure a displacement to the right 
is represented by an upward line, and a displacement 
to the left by a downward line. The extremities of 
these lines will, in general, form a curve of continued 
curvature. And it is easy to see that the tangent of the 
inclination of the curve to the axis {i.e, its steepness at 
any point) represents the elongation of unit length of the 
wire at that point, while the curvature measures the rate 
at which this elongation increases per unit of length. The 
force required to produce the elongation bears to the 
elongation itself the ratio E, viz. Young's modulus. The 
acceleration of unit length is the change of this force per 
unit length, divided by /x. Hence, by the italicised state- 
ment in § 324, we have v= n^E/^ (§ 278). All the in- 
vestigations above given apply to this case also, and their 
interpretations, with the necessary change of a word or 
two, remain as before. 

Thus, according to our new interpretation of the figure, 
the front part of A indicates a wave of compression, its 
hind part one of elongation, of the wire, — the displacement 
of every point, however, being to the right. B is an equal 
and similar wave, its front being also a compression, and 
its rear an elongation, but in it the displacement of each 
point of the wire is to the left 

Hence the displacements of continually compensate 
one another ; and thus a wave of compression is reflected 
from the fixed end of the wire as a wave of compression, 
but positive displacements are reflected as negative. 

§ 327. If we now consider a free rod, set into longi- 
tudinal vibration by friction, we are led to a particular case 
of reflexion of a wave from &free end. The condition is 
obviously that, at such a point, there can be neither com- 
pression nor elongation. To represent the reflected wave 
we must therefore take B of such a form that each part of 
it, when it meets at the corresponding part of A, shall 
just annul the compression. On account of the smallness 
of the displacements, this amounts to saying that the suc- 
cessive parts of B must be equally inclined to the axis with 
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the corresponding parts of A, but they must slope the other 
way. Thus the proper figure for this case is 




o 



Fia. 70. 




and the interpretation is that a wave of compression is 
reflected from a free end as an equal and similar wave of 
elongation ; but the disturbance at each point of the wire 
in the reflected wave is to the same side of its equilibrium 
position as in the incident wave. 

This enables us to understand the nature of reflexion of 
a wave of sound from the end of an open organ pipe, as 
the former illustration suited the corresponding pheno- 
menon in a closed one. 

§ 328. Suppose the wire above spoken of to be mass- 
less, or at least so thin, and of such _ 
materials, that the whole mass of it may linear system 
be neglected in comparison with the masses of discrete 
of a system of equal pellets, which we now masses. 
suppose to be attached to the wire at equal distances from 
one another. The weights of these pellets may be supported 
by a set of very long vertical strings, one attached to each, 
so that the arrangement is unaffected by gravity. The 
wire may be supposed to be stretched, as before, with a 
definite tension which is not affected by small transverse 
disturbances. We will take the case of transverse dis- 
turbances only, but it is easy to see that results of precisely 
the same form will be obtained for longitudinal disturb- 
ances. A moment's thought will convince the reader that 
there must be a limit to the frequency of the oscillations 
which can be transmitted along a system like this, though 
there was none such with the continuous wire. It is not 
difficult to find this limit. 

22 
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Let the transverse displacement, at time t, of the n^ pellet of the 
series, be called yn ; and let T be the tension of the wire, m the mass 
of a pellet, and a the distance from one pellet to the next. Then the 
equation of motion is obviously 

dfi a a 



4(^-24>-' 



O 

where D stands for £ <2a; . 

[We remark in passing that, if a be very small, this equation tends 

to become 

dhf T ^cU^y 
ijYi — '— rr — a* — • 

dt'^ a da? 

But in this case we have ultimately m=a/A ; so that we recover the 
equation for transverse vibrations of a uniform wire.] 
Suppose 

yn=kco&{pt-qx) 

(where x=na) to be a possible free motion of the system. When this 
value is substituted in the equation above it gives 

Tr 

-mp^co&{pt-qx) = —\ QO»{pt-q, x + a)-\-QO&{pt-q,x-a) 



-2 cos 



(jp^-ga;)J 



2T 

= cos (pt - qx) ' (1 - cos qa)j 

SO that 

4T 
mjp^ = — sin^ ga/2. 

It app ears fr om the form of this expression that the greatest value of 

p is 2\fTlami ; or 2v/a, if v be the speed of a transverse disturbance in 
a uniform wire under the same tension, and of the same actual mass per 
unit of length. The time of oscillation of a pellet is 2ir/p, and cannot 
therefore be less than 

irVow/T, or irafv, 

§ 329. The result is that, if v be the speed of propaga- 
tion of a disturbance in a uniform wire with the same 
tension and same mass, the period of the simple harmonic 
transverse oscillation of shortest period which can be 



WAVES 889 

freely transmitted in such a system is tt times the time 
of running from one pellet to the next with speed v. 

Instead of pellets on a tended wire, we might have a 
series of equal bar magnet^ supported horizontally at 
proper distances from one another, in a line. The mag- 
netic forces here take the place of the tension ; and by 
arranging the magnets with their like poles together, i.e. 
by inverting the alternate ones, we can produce the equiva- 
lent of pressure instead of tension along the series. If the 
magnets have each bifilar suspension, their moments of 
inertia will come in, as well as their masses, in the treat- 
ment of transverse disturbances. 

§ 330. This question is closely connected with Stokes's 
explanation of fluorescence (see Light, § 209), for the 
effect of a disturbing force, of a shorter period than the 
limit given above, applied continuously to one of the pellets, 
would be to accumulate energy mainly in the immediate 
neighbourhood; and this, if we suppose the disturbing 
force to cease, would be transmitted along the system in 
waves of periods equal at least to the limit. These would 
correspond to light of lower refrangibility than the inci- 
dent, but having as characteristic a definite upper limit of 
refrangibility. 

Such investigations, with their results, entitle us to 
suspect that the usual mode of investigating the propaga- 
tion of sound, to which we proceed, cannot be correct in 
the case of exceedingly high notes if the medium consist of 
discrete particles. 

§ 331. Consider the case of plane waves, where each 
layer of the medium moves perpendicularly 
to itself, and therefore may suffer dilatation ^J^i^n and" 
or compression. The case is practically the dUatation in 
same as that treated in 5 325 above, and a fluid— 
can be represented by the same graphic ^^zfjl^r™ 

^ •'Of Explosions. 

method. For we may obviously consider 
only the matter contained in a rigid cylinder of unit 
sectional area, whose axis is parallel to the displacements. 
The only point of difference is in the law connect' 
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pressure and consequent compression, and that, of course, 
depends upon the properties of the medium considered. 

§ 332. If the medium be a liquid, such as water, for 
instance, the compression may be taken as proportional to 
the pressure. Thus the acceleration on unit length of the 
column, multiplied by its mass (which in this case is simply 
the density of the medium), is equal to the increase of 
pressure per unit length, Le, to the increase of condensa- 
tion per unit length, multiplied by the resistance to com- 
pression, R. Thus the speed of the wave is '^'R/p, which 
is exactly analogous to the forms of § 324 and § 325. 
The density of water is 62*3 R per cubic foot, and for it R 
is about 20,000 atmospheres at 0"" C, so that the speed of 
sound at that temperature is about 4700 feet per second. 

That even intense differences of pressure take time to 
adjust themselves over very short distances in water was 
well shown by the damage sustained by the open copper 
cases of those of the "Challenger" thermometers w^hich 
were crushed by pressure in the deep sea. When a strong 
glass shell (containing air only) is enclosed in a stout open 
iron tube whose length is two or three of its diameters, 
and is crushed by water pressure, the tube is flattened by 
excess of external pressure before the relief can reach the 
outside (Challenger Narrative, vol. ii. App. A. p. 38). 

§ 333. In the case of a gas, such as air, we must take 
the adiabatic relation between pressure and density. The 
pressure increases faster than, instead of at the same rate 
with, the density, as it would do if the gas followed Boyle's 
law. Thus the changes of pressure, instead of being equal 
to the'changes of compression (multiplied by the modulus), 
exceed them in the proportion of the specific heat at con- 
stant pressure (K) to that at constant volume (N). Thus 
the speed of sound is VK/N.^/p, where p is the pressure 
and p the density in the undisturbed air. The ratio of the 
two latter quantities, as we know, is very approximately 
proportional to the absolute temperature. 

The questions of the gradual change of type or the 
dying away even of plane waves of sound, whether by 
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reason of their form, by fluid friction, or by loss of energy 
due to radiation, are much too complex to be treated here. 

In all ordinary simple sounds even of very high pitch 
the displacements are extremely small compared with the 
wave length, so that the approximate solution gives the 
speed with considerable accuracy. And a very. refined 
experimental test that this speed is independent of the 
pitch consists in listening to a rapid movement played by 
a good band at a great distance. But there seems to be 
little doubt that, under certain conditions at least, very loud 
sounds travel a great deal faster than ordinary sounds. 

§ 334. The above investigation gives the speed of sound 
relatively to the air. Kelatively to the earth's surface, it 
has to be compounded with the motion of the air itself. 
But^ as the speed of wind usually increases from the sur- 
face upwards, at least for a considerable height, the front 
of a sound-wave, moving tvith the wind, leans forward, and 
the sound (being propagated perpendicularly to the front) 
moves downwards ; if against the wind, upwards. 

§ 335. In the case of a disturbance in air due to a very 
sudden explosion, as of dynamite or as by the passage of 
a flash of lightning, it is probable that for some distance 
from the source the motion is of a projectile character; 
and that part at least of the flash is due to the heat 
developed by practically instantaneous and very great com- 
pression of each layer of air to which this violent motion 
extends. 

§ 336. Leaving out of consideration, as too vast a 
subject for any brief treatment, the whole ^ .. . . 
subject of Tides, whether in oceans or in and surface- 
tidal rivers, there remain many different tension 
forms of water-waves all alike interesting waves m 
and important. The most usual division of 
the free waves is into long waves, oscillatory waves, and 
ripples. The first two classes run by gravity, the third 
mainly by surface-tension. But, while the long waves 
agitate the water to nearly the same amount at all depths, 
the chief disturbance due to oscillatory waves or to ripples 
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is confined to the upper layers of the water, from which 
it dies away with great rapidity in successive layers below. 
We will treat of these three forms in the order named. 

§ 337. The first careful study of these waves was made 
r by Scott Russell in the course of an in- 

quiry into traffic on canals. He arrived 
at the remarkable result that there is a definite speed, 
depending on the depth of the water, at which a 
horse can draw a canal- boat more easily than at any 
other speed, whether less or greater. And he pointed 
out that^ when the boat moves at this speed, it agitates the 
water less, and therefore damages the banks less, than at 
any lower. This particular speed is thus, in fact, that of 
free propagation of the wave raised by the boat; and, 
when the boat rides, as it were, on this wave, its speed is 
maintained with but little exertion on the part of the horse. 
If the boat be made to move slower, it leaves behind it an 
ever-lengthening procession of waves, of course at the 
expense of additional labour on the part of the horse. 

§ 338. The theory of the motion of such a wave is based 
on the hypothesis that all particles in a transverse section 
of the canal have, at the same instant, the same horizontal 
speed. However great this horizontal motion may be, the 
vertical motion of the water may be very small, for it 
depends on the change of horizontal speed from section to 
section only. In the investigation which follows, the 
energy of this vertical motion will be neglected (even at 
the surface, where it is greatest) in comparison with that 
of the horizontal motion. The h3rpothesis is proved to be 
well grounded by the actual observation of the motion of 
the water when a long wave of slight elevation or depres- 
sion passes. A long box, with parallel sides of glass, 
partly filled with water, represents the canal ; and the 
wave is produced by slowly and slightly tilting the box, 
and at once restoring it to the horizontal position. The 
nature of the motion of the water is shown by particles of 
bran suspended in it. Such an apparatus may be usefully 
employed in verifying the theoretical result below, as to 
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the connexion between the speed of the wave and the 
depth of the water, — observations of the passage of the 
crest being made with great exactness by means of a ray 
of light reflected from the surface of the water in a vertical 
plane parallel to the length of the canal. It may also be 
employed, by tilting it about an inclined position, for the 
study of the changes which take place in the wave as it 
passes from deeper to shallower watery or the reverse. 

§ 339. The statement of § 324 above is immediately 
applicable to this question. For, if A be the (undisturbed) 
depth of the water, p its density, y and / the elevations in 
two successive transverse sections at unit distance from 
one another, the diflerence of pressures (at the same level) 
in the two sections is gpiy' -y\ The acceleration of a 
horizontal cylinder of unit section is the diflierence of pres- 
sures divided by p. But the whole depth is increased at 
each point in proportion as the thickness of a transverse 
slice is diminished. Hence, by the reasoning in § 324 
above, 

gp{y'-y)jp''-p ^^ y'-y , 

p p h 

or 

and the speed of propagation of the wave is that which a 
stone would acquire by falling through half the depth of 
the water. That the speed ought to be independent of 
the density of the liquid is clear from the fact that it is 
the weight of the disturbed portion which causes the 
motion, and that this (for equal waves in different liquids) 
changes proportionally to the mass to be moved. 

Since we have made no hypothesis as to the form of the 
wave, our only assumptions being that the vertical motion 
is not only small in comparison with the depth, but incon- 
siderable in comparison with the horizontal motion, while 
the latter is the same at all depths in any one transverse 
section, it is clear that, under the same limitations, a wave 
of depression will run at the same speed as does a wave of 
elevation. 
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A solitary wave of elevation obviously carries across 
any fixed transverse plane a quantity of water equal to 
that which lies above the undisturbed level. If H be the 
mean height of this raised water, b the breadth of the canal 
(supposed rectangular), and A the length of the wave, the 
volume of this water is bkH. But all particles in the 
transverse section behave alike ; and, when the wave has 
passed, the particles in cUl transverse sections have been 
treated alike. Hence the final result of the passage of the 
wave is that the whole of the water of the canal has been 
translated, in the direction of the wave's motion, through 
the space bXH/bh, or XH/h, If the wave had been one of 
depression, the translation of the water would have been 
in the opposite direction to that of the wave's motion. 
Hence, when the wave consists of an elevation followed by 
a depression of equal volume, it leaves the water as it found 
it. Thus any permanent displacement of the water is due 
to inequality of troughs and crests. 

A hint, though a very imperfect one, as to the formation 
of breakers on a gently sloping beach, is given by con- 
sidering that in shallowing water the front and rear of an 
ordinary surface-wave must move at different rates, the 
front being in shallower water than the rear, and therefore 
allowing the rear to gain upon it. 

§ 340. The typical example of these waves is found in 
what is called a "swell," or the regular 

^wi^lt^"^ rolling waves which continue to run in 
deep water after a storm. Their character 
is essentially periodic, and this feature at once enables us 
to select from the general integrals of the equations of 
non-rotatory fluid-motion the special forms which we require. 
The investigation may, without sensible loss of complete- 
ness for application, be still further simplified by the 
assumption that the disturbance is two-dimensional, i,e, 
that the motion is precisely the same in any two vertical 
planes drawn parallel to the direction in which the waves are 
travelling. The investigation is, unfortunately, very much 
more simple in an analytical than in a geometrical form. 
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If the axis of jc be taken in the surface of the undisturbed water, in 
, the direction in which the waves are travelling, and that of y vertically 
downwardSf the equation for the velocity-potential is simply 

d^ dy^ 

This is merely the "equation of continuity," — the condition that no 
liquid is generated, and none annihilated, during the motion. 
The type of solution we seek, as above, is represented by 

= Y cos {mt - naj), 

where Y depends on y alone. If this can be made to satisfy the equa- 
tion of continuity, we may proceed to further tests and restrictions of 
it. Substitution leads to 

so that Y=A€"y-l-Bc-«y, where A and B are arbitrary constants. 

If the depth of the water be unlimited, the value of A must be zero, 
for otherwise we should be dealing with disturbances which increase, 
without limit, as we go farther down. Hence, in this case, a particular 
integral of the equation, corresponding to a disturbance which can 
exist by itself, is 

= Bc-'^y cos {mt - nx). 

We will now avail ourselves of the supposition under which, as we 
have seen, disturbances are necessarily superposable, i.e. assume terms 
in B^ to be negligible. The ordinary kinetic equation then becomes 

C+i>/p=^-(f) 

=gy + mBc~»*y sin {tnt - nx). 

If we differentiate this expression with regard to ^, and apply the 
result to the surface only, where p is constant, and remember that 

0= -Tig+m^f 

which is the condition that no water crosses the bounding surface. 
This determines w, without ambiguity, when m is given, and thus 
gives a relation between the period of a wave and its length, or between 
the period or the length and the speed of propagation. For we may 
wi'ite 

7nt -7ix=—{vt- x), 

A 
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where X is the wave-length, and v the speed ; so that 

2irv 2ir 

Thus we have 

and the longer waves move faster, even when the vertical displace- 
ment is smallin both. This is quite diflFerent from the result for sound- 
waves. 

The components of the velocity of the particle of water whose mean 
position is x, y are 

\~^i~ ^"^"^ ^^^ (^^ ~ '*^)» parallel to jc, 
and 

Bwe-*y cos {mt - iix), parallel to y 



m- 



Hence the path is a circle whose radius is 

B-e-"y, orB-e-«y. 
m g 

At the surface this is Bm/gf as in fact we see at once by the equation 
for the pressure, which gives for the form of the surface 

C=grj+ rnB sin {mt - nx). 

Each surface-particle is at the highest point of its circular path, and 
moving forwards, when the crest of the wave passes it. When the 
trough passes, it is at the lowest point of its circle and moving back- 
wards. The radii of the circles diminish in geometrical progression 
at depths increasing in arithmetical progression. The factor is 
€-»»y=e-2^'\ so that at a depth of one wave-length only the disturb- 
ance is reduced to e"^, or about 1/535 of its surface- value. 

§ 341. From the investigation above we see that 
Atlantic rollers, of a wave-length of (say) 300 feet, travel 
at the rate of about 40 feet per second, or 27 miles an hour. 
But, even if they be of 40 feet height from trough to crest 
(which is probably an exaggerated estimate), the utmost 
disturbance of a water particle at a depth of 300 feet is 
not quite half an inch from its mean position. This shows, 
in a very striking manner, what a mere surface-effect is in 
this way due to winds, and how the depths of the ocean 
are practically undisturbed by such causes. 
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§ 342. This investigation has been carried to a second, 
and even to a third, approximation by Stokes, with the 
result that the form of a section of the surface is no longer 
the curve of sines, in which the crests and troughs are 
equal. The crests are steeper and higher, and the troughs 
wider and shallower, than the first approximation shows. 
Also the forward horizontal motion of each particle under 
the crest is no longer quite compensated for by its back- 
ward motion under the trough, so that what sailors call 
the "heave of the sea" is explained. The water is per- 
manently displaced forwards by each succeeding wave. 
But this effect, like the whole disturbance, is greatest in 
the surface-layer and diminishes rapidly for each lower 
layer. The third approximation shows that the speed of 
the waves is greater than that above assigned, by a term 
depending on the square of the ratio of the height to the 
length of a wave. 

When the depth of the water is limited, we cannot 
make the simplification adopted in the last investigation. 

If h be the depth of the water, our condition is that the vertical 
motion vanishes at that depth, and the relation between m and n is 
now 

m^=7ig(f^- c-«*)/(e"* + €"»*). 

If h be regarded as infinite, this gives, as before, 

If, on the other hand, h be small compared with the wave-length, the 
equation approximate to 

or 

and we have the formula for long waves again. Thus the expression 
above includes both extremes, — though, so far as long waves go, it 
limits them to harmonic forms of section. 

The surface-section is still the curve of sines, but the 
paths of the individual particles are now ellipses whose 
major axes are horizontal. Both axes decrease with great 
rapidity for particles considered at gradually increasing 
depths ; but the minor axes diminish faster than the major. 
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SO that the particles at the bottom oscillate in horizontal 
lines. 

§ 343. Stokes in 1848 pointed out that the surface-ten- 
p. , sion of a liquid should be taken account 

of in finding the pressure at the free 
surface, but this seems not to have been done till 1871, 
when Lord Kelvin discussed its consequences. If T be 
the surface-tension, and r the radius of curvature of 
the (cylindrical) surface, in the case of oscillatory waves, 
the pressure at the free surface must be considered as 
differing from that in the air by the quantity T/r (Pro- 
perties OF Matter, § 272). As T/gp is usually a small 
quantity, this term will be negligible unless r is very small. 
If the waves be oscillatory, this means that their lengths 
must be very short, so that the depth of the fluid may be 
treated as infinite in comparison. 

If ri represent the vertical displacement, the curvature is practically 
cPrj/da^f because tj/X is small ; so that the term - Tdhj/da^ must be in- 
troduced into the kinetic equation along with p. The result is that 

2 w3T 

" mp 
or 

^^^ 2xT. 
27r^ \ p 

Thus the speed is, in all cases, increased by the surface-tension ; and 
the more so the shorter is the wave-length. Hence, as the speed in- 
creases indefinitely with increase of wave-length when gi*avity alone 
acts, and also increases indefinitely the shorter the wave when surface- 
tension alone acts, there must be a minimum speed, for some definite 
wave-length, when both causes are at work. It is easily seen that v^ 
is a minimum when 



\=\=2w\/Tlgp, 
and that the corresponding value of v* is 



2V^. 

In the case of water the value of Xo is about 0*68 inch, and vq is 0*76 
in feet-seconds, nearly. 

§ 344. This slowest-moving oscillatory wave may there- 
fore be regarded as the limit between waves proper and 
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ripples. That ripples run faster the shorter they are is 
easily seen by watching the apparently rigid pattern of 
them which precedes a body moving uniformly through 
still water. The more rapid the motion the closer do the 
ripple-ridges approach one another. Excellent examples of 
ripples are produced by applying the stem of a vibrating 
tuning-fork to one side of a large rectangular box full of 
liquid. From the pitch of the note, and the wave-length 
of the ripples, we can make (by the use of the above 
formula) an approximate determination of surface-tension, 
a quantity somewhat difficult to measure by statical pro- 
cesses. 

§ 345. While the disturbances considered are so small as 
to be superposable, i,e, independent of one , 

,v J.!. IT J. c v • iDterference 

another, the effect of superposition is of waves, 
merely a kinematical question, and, as such, 
has been very fully treated above. Thus ripple-patterns, 
ordinary beats of musical sounds, composition of lunar and 
solar ocean tides, diffraction, phenomena of polarised light 
in crystals or in transparent bodies in the magnetic field, 
etc., are all, in principle at least, simple kinematical con- 
sequences of superposition. But the phenomena called 
Tartini's beats, breakers, a bore, a jabble, and (generally) 
cases in which a sufficient approximation cannot be obtained 
by omitting powers of the displacements higher than the 
first, are not of this simple character. 

As a single illustration, take one case of the first of 
these phenomena. The fact to be explained is that when 
two pure musical sounds, of frequencies as 2 to 3 (say), that 
is, forming a " perfect fifth," are sounded together, we hear 
in addition to them a graver note, viz. that of which the 
first sound is the octave and the second the twelfth. When 
a resonator, carefully tuned to this graver note, is applied to 
the ear, the note is usually not heard. Hence v. Helmholtz 
attributes its production to the fact that the drum of the 
ear (in consequence of the attachments of the ossicles) has 
different elastic properties for inward and for outward 
displacements. 
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The force tending to restore the drum from a displacement x may 
therefore be represented approximately by 

-jot^x + qa^. 

Thus, when the drum is exposed to the two sounds above mentioned, 
its equation of motion is of the form 

-Tj^ +ph;=qoi^+ a sin dmt + 6 sin (2mt + p). 

By successive approximations, it is found that there is a term in the 
value of X of the form 

cU^ cos {mt - p) 
{p^ - 9m2)(p2 _ 4w2)(^ - m^) ' 

which is the ** difference- tone " referred to. This, of course, is com- 
municated to the internal ear. 

V. Helmholtz points out, however, that such sounds may 
be produced objectively, provided the interfering disturb- 
ances are sufficiently great. That the amplitude of dis- 
turbances of air which can be heard as sound are excessively 
small has long been shown by many processes, but even 
more perfectly by the comparatively recent invention of 
the telephone. 

Waves of § 346. The form of the equation for 

temperature the linear motion of heat (which is the same 
^'''^otentuf"'' ^ ^^^^ ^^^ electricity and for diffusion) is 

dt dx\ dxj* 



where v represents temperature, c specific heat, and k 
thermal conductivity. 

When c and k are constants, this takes the very simple form 

dv _ d^v 
H'^d^' 

If plane harmonic waves of the type 

v=Xco8(7w^-77a;) 

are to be transmitted, we must have simultaneously 
The first gives 
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and the second, by means of this, gives 

2Kn\A^^ - Be-«*) = - m( Ac"* + Be-*«). 

Thus A vanishes, which implies that the amplitude of the waves must 
continuously diminish as they progress. Also 

so that 

v= B€-*»* cos (2KnH - nx). 

If the conductivity be not constant, then, even in the simple case of 

where a is small, the wave throws off others of inferior amplitude and 
of a different period. 



CHAPTER XII 

GENERAL CONSIDERATIONS 

§ 347. The preceding view of the subject of Abstract 
Dynamics has been based entirely upon 

^Stions'!" Newton^s Laws of Motion, which were 
adopted without discussion, as a complete 
and perfectly definite foundation ; and the terms employed, 
as well as the mode of treatment in general, have some- 
what closely followed Newton's system. The only consider- 
able apparent departure from that system is connected 
with the developement of the idea of energy, and its appli- 
cation to the simplification of many of the methods and 
results. This also was, as we have seen, really introduced 
by Newton ; but it has been immensely extended since his 
time both by mathematical and by experimental processes. 
It is time that we should now return to the laws of motion, 
and examine more closely, in the light of what we have 
learned, one or two of the more prominent ideas which they 
embody. To do so fairly we must go back to Newton's 
own definitions of the terms which he employs. About 
many of these, which have already been quoted in Chap. 
III., there is no difference of opinion. But it is otherwise 
when we come to the definition of "force" (§§ 5, 104). 

There can be no doubt that the proper use of the term 

" force " in modern science is that which is 

°^^* implied in the statement of the first law of 

motion, as we rendered it in § 1 from Newton's Latin. It 
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is thus seen to be the English equivalent of the term vis 
imjrressa. Newton uses the word vis in other connexions, 
and with a certain vagueness inevitable at a time when 
the terminology of science was still only shaping itself ; 
but his idea of " force " was perfectly definite, and when 
this is iu his mind the vague word vis is (when necessary) 
always qualified and rendered precise, either by the addi- 
tion of impressa or in some equally unambiguous way. To 
render vis by "force," wherever it stands without the im- 
jpressa or its equivalents, is to introduce a quite gratuitous 
confusion for which Newton is not responsible. We have 
only to think of the multitude of terms, such as vis insita 
(inertia), vis acceleratrix (acceleration), vis viva (kinetic 
energy), etc. etc., to see that all such complex expressions 
must be regarded as wholes, and that vis does not mean 
" force " in any one of them. 

§ 348. Thus in Newton's view force is whatever changes 
(but not " or tends to change ") a body's state of rest or of uni- 
form motion in a straight line. 

He mentions, as instances, percussion, pressure, and 
central force.^ Under the last of these heads he expressly 
includes magnetic as well as gravitational force. Thus 
force may have different origins, but it is always one and 
the same ; and it produces, in any body to which it is 
applied, a change of momentum in its own direction, and 
in amount proportional to its magnitude and to the time 
during which it acts. 

§ 349. Thus, from Newton's point of view, equilibrium 
is not a balancing of forces, but a balancing _, .,., . 
of the effects of forces. When a mass rests =<J"'^^™"'- 
on a table, gravity produces in it a vertically downward 
velocity which is continually neutralised by the equal 
upward velocity produced by the reaction of the table ; 
and these forces, whose origins and places of application 
are alike so widely .different, are (as forces), in every 

^ Vis cerUripeta. It has been already explained that such words as 
cerUripeta include impressa, so that the above rendering of Newton's 
phrase is the obvious one. 

23 
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respect except direction, similar and equal. And they 
are so because they produce, in equal times, equal and 
opposite quantities of motion. 

§ 350. The idea of *' force " was undoubtedly suggested 

.by the "muscular sense"; and there can 

^of forc^ * ^ ^^ question as to the vividness of the 

sensation of effort we experience when we 
try to lift a heavy weight or to open a massive gate. 
In this, as in other cases, it is the business of science to 
find what objective fact corresponds to the subjective 
data of sensation. It is very difficult to realise the fact, 
certain as it is, that light (in the sense of brightness) is a 
mere sensation or subjective impression, and has no 
objective existence. Yet we know that, beside those 
radiations which give us the sensation of light, there are 
others, in endless series both higher and lower in their 
ref rangibility, to which our eyes are absolutely blind. And 
the only difference between these and the former is one of 
mere wave-length or of period of vibration. Similarly, it 
is very hard to realise the fact that sound (in the sense of 
noise) is only a sensation ; and that outside us there is 
merely a series of alternate compressions and dilatations 
of the air, the great majority of which produce no sensible 
effect upon our ears. Thus because we know that we 
should seek in vain for brightness or noise in the external 
world, familiar as our senses have rendered us with these 
conceptions, we are driven to inquire whether the idea 
of force may not also be a mere suggestion of sense, corre- 
sponding (no doubt) to some process going on outside us, 
but quite as different from the sensation which suggests 
it as is a periodic shearing of the ether from brightness, 
or a periodic change of density of air from noise. 

§ 351. So far, we have treated of force as acting on a 

^ body without inquiring whence or why ; we 

have referred to the first and second laws 

of motion only, and have thus seen only one half of the 

phenomenon. As soon, however, as we turn to the third 

law, we find a new light cast on the question. Force is 
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always dual. To every action there is always an equal 
and contrary reaction. Thus the weight which we lift or 
try to lift, and the massive gate which we open or try to 
open, both as truly exert force upon our hands as we do 
upon them. This looking to the other side of the account, 
as it were, puts matters in a very different aspect. " Do 
you mean to tell me," said a medical man of the old 
school, " that, if I pull a * subject ' by the hand, it will 
pull me with an equal and opposite force ? " When he 
was convinced of the truth of this statement, he gave up 
the objectivity of force at once. 

§ 352. The third law, in modern phrase- Tension and 
ology, is merely this : — pressure. 

Every adion between two bodies is a stress. 

When we pull one end of a string, the other end being 
fixed, we produce what is called tension in the string. 
When we push one end of a beam, of which the other end 
is fixed, we produce what is called pressme throughout the 
beam. Leaving out of account, for the moment, the effects 
of gravity, this merely amounts to saying that there is 
stress across every transverse section of the string or 
beam. But, in the case of the string, the part of the 
stress which every portion exerts on the adjoining portion 
is a pull ; in the case of the beam it is a pu^. And all 
this distribution of stress, though exerted across every 
one of the infinitely numerous cross sections of the string 
or beam, disappears the moment we let go the end. We 
can thus, by a touch, call into action at will an infinite 
number of stresses, and put them out of existence again 
as easily. This, of itself, is a very strong argument 
against the supposition that force, in any form, can have 
objective reality. 

§ 353. We must now say a word or two on the ques- 
tion of the objective realities in the physi- 
cal world. If we inquire carefully into the ^^iTrllliti^^^^^^ 
grounds we have for believing that matter 
(whatever it may be) has objective existence, we find that 
by far the most convincing of them is what may be called 
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the " conservation of matter/' This means that, do what 
we will, we cannot alter the mass or quantity of a portion 
of matter. We may change its form, dimensions, state 
of aggregation, etc., or (by chemical processes) we may 
entirely alter its appearance and properties, but its 
quantity remains unchanged. It is this experimental 
result which has led, by the aid of the balance, to the 
immense developments of modern chemistry. If we receive 
this as evidence of the objective reality of matter, we 
must allow objective reality to anything else which we 
find to be conserved in the same sense as matter is con- 
served. Now there is no such thing as negative mass ; 
mass is, in mathematical language, a signless quantity. 
Hence the conservation of matter does not contemplate 
the simultaneous production of equal quantities of posi- 
tive and negative mass, thus leaving the (algebraic) sum 
unchanged. But this is the nature of conservation of 
momentum (§ 187) and of moment of momentum. The 
only other known thing in the physical universe, which is 
conserved in the same sense as matter is conserved, is 
energy. Hence we naturally consider energy as the other 
objective reality in the physical universe, and look to it 
for information as to the true nature of what we call 
force. 

§ 354. When we do so, the answer is easily obtained, 
rj. . ^ and in a completely satisfactory form. We 

force. &^^ ^^^y * ^^^y simple instance. When a 
stone, whose mass is M and weight W, has 
fallen through a space h towards the earth, it has acquired 
a speed Vy which is given by the equation 

This is a particular case of the conservation of energy, 
but the terms in which it is expressed are those suggested 
by Newton's laws of motion, and are therefore based on 
the recognition of "force." The first member of the 
equation represents the kinetic energy acquired; the 
second the potential energy lost, or the work done by 



GENERAL CONSIDERATIONS 357 

gravity upon the stone during its fall. Both members 
therefore express real things, having objective existence. 
But the " force " (so-called) which is said « 4. * 

oDSLCG-TSkbC Or 

to have produced the motion, has the value transformation of 

i.e. it is the rate per unit of length, at which potential 
energy is converted into kinetic energy during the fall. 
In other words, it is merely an expression for the space- 
rate at which energy is transformed. 

§ 355. Another mode of presenting the case will make 
this still more clear. The average speed with which the 
stone falls is (§ 28) v/2. Divide both sides of the equa- 
tion above by this quantity, remembering that 2h/v is the 
time of falling, which we call t. We have thus, as 
another perfectly legitimate deduction from our premises. 

Here the (so-called) force appears in a new Time-rate of 
light. It is now the time- rate at which change of 
Tnomentvm is generated in the falling stone. momentum. 

§ 356. The statements in the last two sections are, in 
fact, merely particular cases of Newton's two interpreta- 
tions of action in the third law, which have already been 
discussed in Chap. V. 

Analytically, the whole aflfair is merely this ; if s be the space 
described, v the speed of a particle, 

.. ,_dv_dv ds__ dv 

"" ~~ dt~ ds ' dt" ds ' 

Hence the equation of motion (formed by the second law) 

which gives / as the time-rate of increase of momentum, may be 
written in the new form* 

giving / as the space-rate of increase of kinetic energy. 
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§ 357. Bat a mere raU^ be it a space-rate or a time- 
2^ rate, is not a thing which, has objective 
existence. No one would confound the 
bank rate of interest with a snm of money, nor the birth 
or death rate of a country with a group of indiyidual 
human beings. These rates are, in fact, mere abstract 
numbers, by the help of which a man may compute 
interest per annum from the amount of capital, or the 
number of infants per annum from the amount of the 
population. The gradient of temperature, in an irregu- 
hirly heated body, is a mere vector-rate, by the help of 
which we can calculate how much energy (in the form of 
heat) passes in a given time across any assigned surface 
in the body. To attribute objectivity to a rate is even 
more ridiculous than it would be to attribute it to 
a sensation, or to a thought, or to a word or phrase 
which we find useful in characterising some material 
object. 

§ 358. On the other hand, all these different kinds of 
rates have been introduced and continue to be employed, 
because they have been found to be useful. There is no 
harm done by retaining them, provided those who use 
them know that they are introduced for convenience of 
expression, and not because there are objective realities 
corresponding to them. Even such a term as "centri- 
fugal force " is sometimes useful ; but always under the 
proviso that he who employs it shall remember that it is 
only one side of the stress under which a particle of 
matter is compelled, in spite of its inertia, to move in a 
curved line. But the term must be taken, like " algebra," 
"theodolite," "Abracadabra," or any other combination 
of letters whose derivation is uncertain or unknown, as 
one and indivisible, to which a certain definite meaning is 
attached, and as having nothing whatever to do with the 
meaning or derivation of the word centrifugal, whose 
embodiment in it is a perennial monument to the memory 
of an old error. 

§ 359. The main characteristics of energy, especially 
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from the experimental point of view, have already been 

discussed in Properties of Matter. 

But there is one point of importance ^"^^k^eti^^^^ 

connected with it which comes more 

naturally here than in such a work. 

When two measurable quantities, of any kind, are 
equivalent to one another, their numerical expressions 
must involve the same fundamental units, and in the 
same manner. This is obvious from the fact that an 
alteration of any unit alters in the inverse ratio the 
numerical measure of any quantity which is a mere 
multiple of it. And equivalent quantities must always 
be expressed by equal numbers when both are measured 
in terms of the same system of units. It appears, there- 
fore, from the conservation of energy directly, as well 
as from the special data in §§ 111, 113, that potential 
energy must, like kinetic energy, be of dimensions 
[ML2T-2]. 

Now it is impossible to conceive of a truly dormant 
form of energy whose magnitude should depend in any 
way on the unit of time ; and we are therefore forced to 
the conclusion that potential energy, like kinetic energy, 
depends (in some as yet unexplained, or rather un- 
imagined, way) upon motion. For the immediate pur- 
poses of this book the question is not one of importance. 
We have been dealing with the more direct consequences 
of a very compact set of laws, exceedingly simple in 
themselves, originally based upon observation and experi- 
ment, and, most certainly, true. But reason cannot 
content itself with the mere consequences of a series of 
observed facts, however elegantly and concisely these 
may be stated by the help of new terms and their defini- 
tions. We are forced to inquire into what may underlie 
these definitions, and the laws which are observed to 
regulate the things signified by them. And the conclu- 
sion which appears inevitable is that, whatever matter 
may be, the other reality in the physical universe, energy, 
which is never found unassociated with matter, depends 
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in all its widely varied forms upon motion of matter. 
In some cases we are sure, in others we can as yet only 
suspect, that it depends upon motions in a medium which, 
unlike ordinary matter, has not yet been subjected to the 
scrutiny of the chemist. The question, in its generality, 
is one of the most obscure in the whole range of physics. 
But it must be remarked that a state of strain of the 
ether, whether associated with the propagation of light 
and radiant heat or with a statical distribution of elec- 
tricity, represents so much " potential " energy, and must 
in its turn in some way depend on motion. 

§ 360. The remarks of Clerk Maxwell on the nature 

of the evidence for Newton's first law of 
^^^^ motion raise a question, in some respects 

novel, but in all respects well worthy of 
careful study. He says : — 

"Our conviction of the truth of this law may be greatly 
strengthened by considering what is involved in a denial of it. 
Given a body in motion. At a given instant let it be left to itself 
and not acted on by any force. What will happen ? According to 
Newton's law it will persevere in moving uniformly in a straight 
line ; that is, its velocity will remain constant both in direction and 
magnitude. 

•'If the velocity does not remain constant let us suppose it to 
vary. The change of velocity must have a definite direction and 
magnitude. By tne maxim that the sayne causes wUl always produce 
the same effects^ this variation must be the same whatever be the time 
or place of the experiment. The direction of the change of motion 
must therefore be determined either by the direction of the motion 
itself, or by some direction fixed in the body. Let us, in the first 
place, suppose the law to be that the velocity diminishes at a certain 
rate, which, for the sake of the argument, we may suppose so slow 
that by no experiments on moving bodies could we have detected the 
diminution or velocity in hundreds of years. The velocity referred to 
in this hypothetical law can only be the velocity referred to a point 
absolutely at rest. For if it is a relative velocity, its direction as well 
as .ts magnitude depends on the velocity of the point of reference. If, 
when referred to a certain point, the body appears to be moving 
northward with diminishing velocity, we have only to refer it to 
another point moving northward with a uniform velocity greater than 
that of the body, and it will appear to be moving southward with 
increasing velocity. Hence the hypothetical law is without meaning, 
unless we admit the possibility of defining absolute rest and absolute 
velocity. . 
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"It may thus be shown that the denial of Newton's law is in 
contradiction to the only system of consistent doctrine about space 
and time which the human mind has been able to form." 

This is a good example of a valuable application of a 
principle which, in its widest scope, is in- 
consistent with the true foundations of ^"^^^^^^^^^^^^ 
physical science. It is, in fact, the exceed- 
ingly dangerous " principle of sufficient reason " — which 
requires for its legitimate use the utmost talent and 
knowledge on the part of the user. 

§ 361. But in all methods and systems which involve 
the idea of force there is the leaven of arti- 
ficiality. The true foundations of the sub- ^^^^^""^ 
ject, based entirely on experiments of the 
most extensive and most varied kinds, are to be found in 
the inertia of matter, and the conservation and trans- 
formation of energy. With the help of kinematical ideas, 
it is easy to base the whole science of dynamics on these 
principles ; and there is no necessity for the introduction 
of the word " force " nor of the sense-suggested ideas on 
which it was originally based. 



THE END 
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